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Preface

In the qualitative theory of differential equations non-local problems play an im-
portant role, especially in regard to questions of boundedness, periodicity, almost
periodicity, Poisson stability, asymptotic behaviour, dissipativity, etc.

The present work takes a similar approach and is dedicated to the study of
abstract non-autonomous dissipative dynamical systems and their application to
differential equations.

In applications there often occur systems

u = f(t,u), (0.1)

which have every one of their solutions driven into fixed bounded domain and kept
there under further increase of time, becouse of natural dissipation. Such systems
are called dissipative ones [135]-[137],[270]-[272],[325], [326]. Solutions of dissipative
systems are called limit (finally) bounded [325, 326].

Dynamical systems occur in hydrodynamics studying turbulent phenomena,
meteorology, oceanography, theory of oscillations, biology, radio engineering and
other domains of sciences and engineering technics related to the study of asymp-
totic behaviour. Lately interest in dissipative systems increased even more
because of intensive elaboration of strange attractors (see, e.g.,[143,239, 296,
306)).

The study of the dissipative systems there are dedicated plenty of works, begin-
ning from the classical works of N. Levinson. Among works on dissipative systems
of ordinary differential equations two directions can be made out.

To the first belong works which contain some conditions assuring the dissipativ-
ity of system (0.1), some class or concrete system, representing theoretical or applied
interest. Examples are works of P. V. Atrashenok [9], B. P. Demidovich [135]-[137],
V. L. Zubov [336]-[338], V. M. Matrosov [251], V. V. Nemytski [259]-[260], V. A.
Pliss [270], V. N. Schennikov [298, 299], C. Corduneanu [125], N. Levinson [237], N.
Pavel [264]-[266], R. Reissig [272], T. Talpalaru [309] and a lot of other authors.

To the second direction belong works in which are studied inner conditions
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of dissipative systems, that is, conditions relating to the character of behaviour
of solution of the system when assuming its dissipativity, for different classes of
differential equations. Among them are the works of V. M. Gershtein [159]-[163],
V. V. Zhikov [331]-[332], I. L. Zinchenko [334], M. A. Krasnoselsky [159], S. Yu.
Pilyugin [269], V. A. Pliss [270]-[271], M. L. Cartwright and J. E. Littlewood [44]-
[46], N. Levinson [237], G. Fusco and M. Oliva [157], J. Skowronski and S. Ziemba
[307] and other authors.

For a compact map on a Banach space, V. M. Gerstein [162], V. M. Ger-
stein and M. A. Krasnoselskii [159] investigated the existence of maximal com-
pact invariant set and studied some of its properties. In works of G. Billoti,
G. Cooperman, J. LaSalle, O. Lopes, P. Massat, M. Slemrod, J. Hale [175, 26,
124], [171])-[176],[235],[246]-[248] and a lot of other authors many important results
obtained for ordinary differential equations [270]-[271] are generalized to functional-
differential equations.

Of late in the theory of partial differential equations there appeared works of
A. V. Babin and M. I. Vishik [12]-[16], Ju. S. Ilyashenko [194]-[197], O. A. La-
dyzhenskaya [230], A. N. Sharkovsky [296], R. Temam [314] and other authors,
in which, are studied evolutionary equations with maximal attractors (dissipative
evolutionary equations).

We note that all works mentioned above (with rare exceptions) studied periodical
or autonomous systems. These results are presented in monographs [175], [270]-
[272],[296].

If the right hand side f of the equation (0.1) is non-periodic, e.g. quasi-periodic
(almost periodic by Bohr, recurrent in sense the of Birkhoff, almost periodic by
Levitan, stable by Poisson) or depending on time in more complicated way, then
the situation essentially complicates already in the class of almost periodic systems.
It is caused at least by two reasons.

First, the definition of dissipativity in the non-autonomous case needs to be made
more precise because Levinson’s definition in the class of non-periodical systems
divides on some non equivalent notions and we need to choose one which allows
us develop a general theory which would contain as particular case most essential
results obtained for periodical dissipative systems.

Second, in the study of periodic dissipative systems an important role is played
by discrete dynamical system (cascade) generated by degrees of Poincaré’s trans-
formation (mapping). For non-periodic systems there is no Poincaré’s transforma-
tion and, consequently, the approach created for research on periodical dissipative
systems is not useful in the more general case. That is why to study non-periodical
dissipative systems we need new ideas; that is, making a theory of non-autonomous
dissipative dynamical systems demands making corresponding methods of research.

Our approach to the study of dissipative systems of differential equations consists
of drawing to the study of non-autonomous dissipative systems ideas and methods
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developed in the theory of abstract dynamical systems. We select one class of
dynamical systems (called in this work, dissipative) modelling the properties of
dissipative differential equations. The selected class is systematically researched
and then the general results obtained are applied to the study of dissipative systems
of differential and some other classes of equations.

The idea of applying methods of the theory of dynamical systems to the study
of non-autonomous differential equations is not new. It has been successfully
applied to the resolution of different problems in the theory of linear and non-
linear non-autonomous differential equations for more than thirty years. First
this approach to non-autonomous differential equations was introduced in works
of V. M. Millionshchikov [253]-[255], B. A. Shcherbakov [300,302], L. G. Dey-
seach and G. R. Sell [139], R. K. Miller [252], G. Seifert [289], G. R. Sell [290,
291], later in works of V. V. Zhikov [331], I. U. Bronshtein [32], R. A. Johnson
[203]-[204] and many other authors. This approach consists of naturally linking
with equation (0.1) a pair of dynamical systems and a homomorphism of the first
onto the second. In one dynamical system is put the information about right hand
side of equation (0.1) and in the other about the solutions of equation (0.1).

We note that there exists the another approach offered in the works of V. I.
Zubov [336] and then developed in works of C. M. Dafermos [128]-[131], J. K. Hale
[175], I. Hitoshi [189] and many other authors (for details, see survey [303]). It con-
sists of linking with every non-autonomous differential equation a two-parametric
family of mappings (by terms of some authors — process).

In the beginning a these two approaches developed independently but later there
was found a relation between them (see, e.g. [130],[187]).

This author adheres to the first approach because in his opinion it is better
adapted for resolving those problems which are studied in this work.

The proposed work consists of fourteen chapters.

In the first chapter for autonomous dynamical systems there are introduced and
studied different kinds of dissipativity: point, compact, local, bounded and weak
one. Criteria of point, compact and local dissipativity are given. It is shown that
for dynamical systems in locally compact spaces all three types of dissipativity
are equivalent. Examples are given showing that in the general case the notions of
point, compact and local dissipativity are different. The notion of Levinson’s center,
which is an important characteristic of compact dissipative system, is introduced.
The solution of one J. K. Hale’s problem for locally bounded dynamical systems is
given.

The second chapter is dedicated to non-autonomous dissipative dynamical
systems. It is noted that in the general case Levinson’s center of non-autonomous
dissipative dynamical system is not orbitally stable. The question of stability of
Levinson’s center of non-autonomous system is studied. A simple geometric descrip-
tion ensuring its stability is given, as is a description of Levinson’s center of non-
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autonomous systems satisfying the condition of uniform positive stability. There are
pointed conditions of keeping the property of dissipativity under homomorphisms.
It is selected a class of dynamical systems which allow full description of Levinson’s
center’s structure, called in this work systems with convergence. Some criteria of
convergence in terms of Lyapunov’s functions depending on two space variables are
given. It is shown that for non-autonomous dissipative dynamical systems with
finite-dimensional phase space all three types of dissipativity are equivalent. There
are given series of conditions that are equivalent to dissipativity in finite-dimensional
space. At last, it is proved that for linear systems dissipativity reduces to conver-
gence. Also there are given series of conditions equivalent to dissipativity of linear
systems.

The third chapter deals mostly with one special class of non-autonomous dissi-
pative dynamical systems called in the work C-analytic. It is proved that C-analytic
dissipative dynamical system has the property of uniform positive stability on com-
pact subsets. Full description of Levinson’s center of these systems is given. One
general construction allowing to connect with given non-autonomous dynamical
system an autonomous dynamical system in space of continuous sections is given.
With the help of these constructions are studied quasi-periodic solutions of analytic
systems with quasi-periodic coefficients. In conclusion conditions are given which
guarantee the dissipativity of weakly nonlinear systems of differential equations,
as is a condition which assure the existence of almost periodic solution of weakly
nonlinear system with almost periodic coeflicients in Levinson’s center.

The fourth chapter is dedicated to a study of Levinson’s center’s structure
with condition of hyperbolicity on closure of recurrent motion’s set. There we
establish some topological properties of Levinson’s center of compact dissipative
dynamical system. In particular, it is shown that Levinson’s center is indecompos-
able if the phase space of dynamical systems is also decomposable. It is proved
that in connected and locally connected space Levinson’s center of compact dissi-
pative dynamical system both with continuous and discrete time is a connected set.
There we establish some properties of a set of chain recurrent motions of dissipative
system. A theorem is proved about the spectral decomposition of Levinson’s cen-
ter which is analogous to known Smale’s theorem. For one-dimensional dissipative
dynamical systems it was proved theorem precising theorem about spectral decom-
position of Levinson’s center and, particularly, it was shown that Levinson’s center
of such systems contains a local maximal hyperbolic Markov set. In the end of the
chapter an application of obtained results to periodic systems is given.

In the fifth chapter we develop the method of Lyapunov’s functions for research
of non-autonomous dissipative dynamical systems in finite-dimensional space. Cri-
teria of dissipativity in terms of Lyapunov’s functions, with the help of which we
can get sufficient tests for dissipativity suitable in applications, are discassed. With
the help of Lyapunov’s functions there were proved series of tests for dissipativity of
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multi-dimensional non-autonomous differential equations. On the basis developed
for research of non-autonomous dissipative systems methods a criterion of asymp-
totic stability of zero section of non-autonomous systems has been obtained. In
particular, it is proved the analog of known Barbashin-Krasovsky’s theorem for
non-autonomous dynamical systems. There are established some tests for conver-
gence of systems of differential equations with the help of Lyapunov’s functions
depending on two space variable. There were proved tests for dissipativity and
convergence of some systems of differential equations of the 2nd and 3rd order
appearing in applications.

The sixth chapter is dedicated to some applications of general results obtained
in previous chapters to difference equations, equations with impulses, functional-
differential equations and evolutionary equations z’ + Az = f with uniformly mono-
tone operator A. In particular, there are given tests for dissipativity and con-
vergence of weakly nonlinear systems of difference equations and equations with
impulses. It is proved the criterion of asymptotic stability of linear functional-
differential equations. It is established test for convergence of evolutionary equation
7' + Az = f with uniformly monotone operator A.

In the seventh chapter we systematically study of the problem of upper semi-
continuity of compact global attractors and compact pullback attractors of abstract
non-autonomous dynamical systems for small perturbations. Several applications
of our results are given for different classes of evolutionary equations.

The eighth chapter is devoted to the study of the relationship between the
global attractor of the skew—product system and the pullback and forward attractors
of the cocycle system. We also note that forward attractors are stronger than
global attractors if we suppose a compact set of non-autonomous perturbations.
An example is presented in which the cartesian product of the component subsets
of a pullback attractor is not a global attractor of the skew—product flow. This
set is, however, a maximal compact invariant subset of the skew—product flow. By
a generalization of some stability results of V. I. Zubov [336] it is asymptotically
stable. Thus a pullback attractor always generates a local attractor of the skew—
product system, but this need not be a global attractor. If, however, the pullback
attractor generates a global attractor in the skew—product flow and if, in addition, its
component subsets depend lower continuously on the parameter, then the pullback
attractor is also a forward attractor. Several examples illustrating these results are
presented in the final section.

In the ninth chapter we systematically study the global pullback attractors of
C—analytic cocycles. For the large class of C—analytic cocycles we give the de-
scription of the structure of their pullback attractors. Particularly we prove that
it is trivial, i.e. the fibers of these attractors contain only one point. Several ap-
plications of these results are given (ODEs, Caratheodory’s equations with almost
periodic coefficients, almost periodic ODEs with impulse).
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The tenth chapter is dedicated to the investigation of the effect of time discretiza-
tion on the pullback attractor of a non-autonomous ordinary differential equation
for which the vector fields depend on a parameter that varies in time rather than
depending directly on time itself. The parameter space is assumed to be compact
so the skew product flow formalism as well as cocycle formalism also applies and
the vector fields have a strong dissipative structure that implies the existence of
a compact set that absorbs all compact sets under the resulting non-autonomous
dynamics. The numerical scheme considered is a general 1-step scheme such as the
Euler scheme with variable time-steps. Our main result is to show that the numeri-
cal scheme interpreted as a discrete time non-autonomous dynamical system, hence
discrete time cocycle mapping and skew product flow on an extended parameter
space, also possesses a cocycle attractor and that its component subsets converge
upper semi—continuously to those of the cocycle attractor of the original system
governed by the differential equation. We will also see that the corresponding skew
product flow systems have global attractors with the cocycle attractor component
sets as their cross-sectional sets in the original state space. Finally, we investigate
the periodicity and almost periodicity of the discretized pullback attractor when
the parameter dynamics in the ordinary differential equation is periodic or almost
periodic and the pullback attractor consists of singleton valued component sets, i.e.
the pullback attractor is a single trajectory.

In the eleventh chapter we study the non-autonomous Navier-Stokes equations.
It is proved that such systems admit compact global attractors. This problem is
formulated and solved in the terms of general non-autonomous dynamical systems.
We give conditions of convergence of non-autonomous Navier-Stokes equations . A
test of existence of almost periodic (quasi periodic, recurrent, pseudo recurrent)
solutions of non-autonomous Navier-Stokes equations is given. We prove the global
averaging principle for non-autonomous Navier-Stokes equations.

The twelfth chapter is devoted to the investigation of the global attractors of
general V- monotone non-autonomous dynamical systems and their applications to
different class of differential equations (ODEs, ODEs with impulse, some class of
evolution partial differential equations).

In the thirteenth chapter we study the linear almost periodic dynamical systems.
The bounded solutions, relation between different types of stability and uniform
exponential stability for those systems are studied. We give several applications the
obtained results for ODEs, PDEs and functional-differential equations.

Chapter 14 is devoted to the study of quasi-linear triangular maps: chaos, almost
periodic and recurrent solutions, integral manifolds, chaotic sets etc. This problem
is formulated and solved in the framework of non-autonomous dynamical systems
with discrete time. We prove that such systems admit an invariant continuous
section (an invariant manifold). Then, we obtain the conditions of the existence of
a compact global attractor and characterize its structure. We give a criterion for the
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existence of almost periodic and recurrent solutions of the quasi-linear triangular
maps. Finally, we prove that quasi-linear maps with chaotic base admits a chaotic
compact invariant set.

The results given in this work belong mostly to the author. The results of
chapters eight, ten and twelve are jointly obtained by the author, Peter Kloeden and
Bjoern Schmalfuss [96, 97,100, 106]. The results of chapter eleven and paragraph
six of chapter six are obtained jointly with Jinqiao Duan [104, 107]. The results of
chapter fourteen are obtained jointly with Cristiana Mammana [108].

The reader needs no deep knowledge of special branches of mathematics, al-
though it should easier for readers who know the fundamentals of the qualitative
theory of differential equations.

The quality of English of this exposition is adversely affected by its not being
the native tongue of the author, for which fact the author asks for the reader’s kind
indulgence and understanding.
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{an}
rzeX
0X
XCY
XY
X\Y

Notations

for all;

there exists;

is equal (coincide) by the definition;

the number 0 and also the null element of all additive group
(semigroup);

the set of all natural numbers;

the set of all integers;

the set of all rational numbers;
the set of all real numbers;

the set of all complex numbers;
one of the sets R or Z;

the set of all nonnegative (non-positive) numbers from the
set S;

the product space of two sets;

the product space of n copies of the set M;

the real or complex n-dimensional Euclidean space;
a sequence;

x is an element of the set X

the boundary of the set X;

the set X is a part of or coincides with the set Y;
the union of the two sets X and Y;

the complement of the set Y in the set X;

the intersection of the sets X and Y;

the empty-set;

the complete metric space with the distance p;

xxi
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the space of all closed bounded subsets of the metric
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the closure of the set M;

the inverse mapping of the mapping f;

the image of the set M C X by the mapping f: X — Y,
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the composition of the mappings f and g, i.e., (fog)(z) =
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range of values of the function f;

the domain of the definition of the function f;
the norm of the element =z;
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the set of all continuous mappings from X into Y with
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the set of all k-time continuously differentiable functions
f:U— M;

the mapping from X into Y

the open e-neighborhood of the set M in the metric

space X

the closed e-neighborhood of the set M in the metric
space X

the set consisting from the elements z,y, ..., z;

the set consisting from the elements 1,2, ..., n;

the set of all elements of the set X, possessing the
property R;

the pro-image of the set M C Y by the mapping f : X — Y,
ie. {xeX: f(x) e M},

the partial mapping, defined by the function f if the first
variable takes the value t;

the distance in the metric space X;

the limit of the sequence;
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the monotone decreasing to the 0 sequence;

the limit of the mapping f as ¢ — a;

the union of the family of sets {My}, € A;

the intersection of the family of sets { M}y € A;
Hilbert space with the scalar product (-, -);

the derivative of the function ¢;
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the family of all compacts from X;

the family of all bounded subsets from X;

the measure of non-compactness of the set A € B(X);

a dynamical system;

cascade, generated by the mapping P;

w(a)-limit set of the point z;

the whole trajectories of (X, T, 7) with condition ¢, (0) = x.
the set of all whole trajectories ¢, of (X, T, ).

a-limit set of the whole trajectory ¢, € ®;

the stable manifold of the set M;

the set M is stable in sense of Lagrange

in the positive direction;

positive extension (positive limit extension) of the point z;
the state of point x at the moment ¢;

the projection of X; x X9 on the i-th (¢ = 1,2) component
X

the positive extension of the set M;

the positive limit extension of the set M;

the positive semi-trajectory of the point z;

the positive semi-trajectory of the set M;

the closure of positive semi-trajectory of the point x;

the trajectory of the point x;

the closure of trajectory of the point x;

the closure of the union of all w-limit points of (X, T, );

the semi-deviation of the set A from the set B (4, B € 2%);



Chapter 1

Autonomous dynamical systems

1.1 Some notions, notations and facts from theory of dynamical
systems

1. Below we give some notions, denotations and facts from theory of dynamical
systems [32, 33, 258, 261, 300, 302, 304] which we will use in this book.

Let X be a topological space, R (Z) be a group of real (integer) numbers, R
(Z4+) be a semi-group of the nonnegative real (integer) numbers, S be one of the
two sets R or Z and T C'S (S4 C T) be a sub-semigroup of additive group S.

Definition 1.1  Triplet (X, T, ), where 7 : T x X — X is a continuous mapping
satisfying the following conditions:

7(0,2) = x; (1.1)

(s, 7m(t, x)) = m(s + ¢, 2); (1.2)

is called a dynamical system. If T =R (R4) or Z (Z), then the dynamical system
(X, T,n) is called a group (semi-group). In the case, when T = Ry or R the
dynamical system (X, T, ) is called a flow, but if T C Z, then (X, T, 7) is called a
cascade (discrete flow).

Sometimes, briefly, we will write xt instead of = (¢, z).
Below X will be a complete metric space with metric p.

Definition 1.2 The function 7(-,z) : T — X is called a motion passing through
the point  at the moment ¢t = 0 and the set 3, := 7(T, z) is called a trajectory of
this motion.

Definition 1.3 A nonempty set M C X is called positively invariant (nega-
tively invariant, invariant) with respect to dynamical system (X,T,n) or, sim-
ple, positively invariant (negatively invariant, invariant), if =(¢t,M) C M (M 2
w(t, M), n(t, M) = M) for every t € T.
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Definition 1.4 A closed positively invariant set, which does not contain own
closed positively invariant subset, is called minimal.

It easy to see that every positively invariant minimal set is invariant.

Definition 1.5 A closed positively invariant (invariant) set is called indecompos-
able, if it can not be represented in the form of union of two nonempty disjoint
positively invariant (invariant) subsets.

Definition 1.6 Let M C X. The set
w(M) = ﬂ U (1, M)

is called w-limit for M. If T = S, then the set

)= () | n(r. M)

t<0 <t

is called a-limit for M.

Denote by (M) := w(S,M) (X7 (M) := n(Sy,M)) and H(M) := «(S, M)
(HY(M) = =n(S;,M)). If M = {z}, then we put w, = w({z}), a, :=
a({z}), £ =37 ({z}), H(z) := H*({«}) and H(z) := H({z}).

Let (X, T, ) be a dynamical system.

Definition 1.7 The point € X is called a 7-periodic (7 > 0,7 € T) point, if
xt = x (x7 = x respectively) for all ¢ € T, where xt := 7 (¢, z).

Definition 1.8 The number 7 € T is called ¢ > 0 shift (almost period) if
p(xT,z) < & (respectively p(z(T +t),xt) < e for all t € T).

Definition 1.9 The point z € X is called almost recurrent (almost periodic) if
for any € > 0 there exists a positive number [ such that on any segment of length
I, will be found an ¢ shift (almost period) of point z € X.

Definition 1.10 If a point x € X is almost recurrent and the set H(z) =
{xt | t € T} is compact, then x is called recurrent.

Definition 1.11 The point = € X is called stable in the sense of Poisson in the
positive direction if € w,. If the dynamical system (X, T, 7) is a two-sided one
and x € a,, then the point x is called stable in the sense of Poisson in the negative
direction. If the point x is stable in the sense of Poisson in both directions, it is
called Poisson stable.

Definition 1.12 The continuous mapping ¢ : S — X with the properties:
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(1) #(0) = z;
(2) wtp(s) = @(t+s) forallt € Tand s €S

is called a whole trajectory of one-sided dynamical system (X, Ty, 7).

Denote by @, the family of all whole trajectory of dynamical system (X, Ty, )
passing through the point z € X at the moment ¢ = 0.

Definition 1.13 The motion 7(-,z) : Ty — X of one-sided dynamical system
(X, Ty, 7) is called extendable on S, if there exists a whole trajectory ¢ passing
through point x.

We denote by a,, = {y : 3, — —o0, t, € S and ¢(t,) — y}, where ¢ is an
extension on S the motion (-, x).

Definition 1.14 The set W*(A) (W"(A)), defined by equality
W3 (A) = {z € X| . ligl p(xt, A) = 0}

(W*(A) = {x € X| lim_p(at,A) = 0})
is called a stable (unstable) manifold of set A C X.

Definition 1.15 The set M is called:

— orbital stable, if for every ¢ > 0 there exists 6 = d(g) > 0 such that p(x, M) < ¢
implies p(xt, M) < € for all t > 0;

— attracting, if there exists v > 0 such that B(M,~y) C W*5(M);

— asymptotic stable, if it is orbital stable and attracting;

— global asymptotic stable, if it is asymptotic stable and W*(M) = X;

— uniform attracting, if there exists v > 0 such that

lim  sup p(at, M) =0.
HCeB(My)

Theorem 1.1  [305] Let M C X be a nonempty compact invariant set, then every
motion in M is extendable on S.

Theorem 1.2 [305] The compact set M C X is negative invariant, if and only if
for every point x € M there exists a whole trajectory ¢ passing through point x € M
such that o(t) € M for allt <O0.

Theorem 1.3 [305] Union and closure of positively invariant (negatively invari-
ant, invariant) sets is positively invariant (negatively invariant, invariant).

Theorem 1.4 [305] The following statements are true:
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(1) ¥V x € X the set w, is positively invariant;
(2) ¥z € X and ¢ € O, the set oy, is positively invariant.

2. Below we indicate one general method of construction of dynamical systems
on the space of continuous functions. In this way we will get many well known
dynamical systems on the functional spaces (see, for example, [32, 300]).

Let (X,T,n) be a dynamical system on X, Y be a complete pseudo metric
space and P be a family of pseudo metric on Y. Denote by C(X,Y) the family
of all continuous functions f : X — Y equipped with the compact-open topology.
This topology is given by the following family of pseudo metric {d}.} (p € P, K €
C (X)), where

d%(f,g9) = jglgp(f(x)a g())

and C(X) a family of all compact subsets of X. We define for all 7 € T the mapping
o, : C(X,Y) — C(X,Y) by the following equality: (o, f)(z) := f(w(1,2)) (z € X).
We note that the family of mappings{o, : 7 € T} possesses the following properties:

a. 0gpg = Z'dc(X)y);

b. V1,72 €T 01, 007, = Ory415

c. VT € T o, is continuous.

Lemma 1.1 The mapping 0 : T x C(X,Y) — C(X,Y), defined by the equality
o(r,f):=0.f (f€CX,Y), 7€T), is continuous.

Proof. Let f € C(X,Y), 7 € T and {f.,},{7.} are arbitrary directions which
converge to f and 7 respectively. Then

dy (o (70, fv),o(7, f)) = sup p(o (7, fu) (@), o(7, f)(2)) =

zeK

i‘égp((fu(ﬂ(ﬂ,w)% f(m(r,z))) 12 € K} <

sup p(fu (n(, ), f(7(70,))) + sup p(f (x (70, x)), f(7(7,x))) <

reK rzeK

sup  p(fu(n(s,x)), f(7(s,2))) + sup p(f (7 (7y, 2)), f(x (7, x)))

zeK, s€Q reK

< sup p(fu(m), f(m)) + sup p(f(x(7y, 2)), f(m(r,2))) =

men(Q,K) rzeK

& .oy Fos ) + 39D p(f (7 (70 2)), S(x(7.))); (1.3)
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where @ = {7, }. Passing to limit in the inequality (1.3) we obtain the necessary
statement. O

Corollary 1.1  The triple (C(X,Y),T, o) is a dynamical system on C(X,Y).
Remark 1.1 Lemma 1.1 is true, if X is an arbitrary Hausdorff topological space.

Consider now same examples of dynamical systems of form (C(X,Y), T, o) useful
in the applications.

Example 1.1 Let X = T and we denote by (X, T,n) a dynamical system
on T, where n(¢t,x) := x + t. Dynamical system (C(T,Y),T,o) is called Bebu-
tov’s dynamical system [300] (dynamical system of translations or shifts dynamical
system).

Definition 1.16 We will say that the function ¢ € C(T,Y’) possesses the prop-
erty A, if with this property possesses the motion o(-,¢) : T — C(T,Y) in the
dynamical system of Bebutov (C(T,Y), T, o), generated by the function ¢. In qual-
ity of property A may be periodicity, almost periodicity, recurrence, asymptotic
almost periodicity etc.

Example 1.2 Let X := T x W, where W some metric space and by (X, T, )
we denote a dynamical system on X defined in the following way: 7(t, (s,w)) :=
(s +t,w). Using the general method proposed above we can define on C(T x W,Y")
a dynamical system of translations (C(T x W,Y), T, o).

The function f € C(T x W,Y) is called almost periodic (recurrent, asymptotic
almost periodic etc) with respect to ¢ € T uniform on w on every compacts from
W, if the motion o(-, f) is almost periodic (recurrent, asymptotic almost periodic,
etc.) in the dynamical system (C(T x W,Y), T, o).

Example 1.3 Let W := C", Y := C™ and A(T x C",C™) be a family of all
functions f € C(T x C",C™) which are holomorphic with respect to second vari-
able. It easy to verify that the set A(T x C™,C™) is closed and invariant subset of
dynamical system (C(T x C™*,C™), T, o) and, consequently, on A(T x C™* C™) it is
induced a dynamical system of translations (A(T x C™*,C™), T, o).

Example 1.4 Let W and X be complete pseudo metric spaces [213]. Denote by
P(T x W, X) a set of all continuous functions f : T x W — X which are bounded
on every bounded subset from T x W and continuous w.r.t. ¢ € T uniformly on
w on bounded subsets W equipped with the topology of uniform convergence on
bounded subsets from T x W. This topology can by generate by the following family
of pseudo metrics {d';} (p € P, B € B(T x W)), where

dy(f.9) = (ts%réBp(f(t,w),g(hw))y (1.4)
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B(T x W) is a family of all bounded subsets of T x W and P is a family of pseudo
metric on X. We note that the set P(T x W, X) endowed with the family of
pseudo metric {d%|p € P, B € B(T x W)} become a complete pseudo metric
space, invariant with respect to translations on t € T. For each 7 € T we denote
by f; the translation of function f € P(T x W, X) on 7 w.r.t. variable ¢t € T,
ie. fr(t,w) = f(t +71,w) ( (t,w) € T x W). Now we define a mapping o :
TxP(TxW,X)— P(TxW,X) as following: o(r, f) := f; forall f € P(TxW, X)
and 7 € T. Tt is easy to see that o(0, f) = f and o(72,0(m1, f)) = o(11 + 72, f) for
all f e P(T x W, X) and 71,72 € T. Using the same reasoning as in the lemma 1.1
it is possible to verify the mapping ¢ is continuous and, consequently, the triplet
(P(T x W, X),T,o) is a dynamical system on P(T x W, X).

Remark 1.2 If the function f € C(T x W, X) is uniform continuous on every
bounded subset from Tx W, then f € P(TxW, X). Denote by U(TxW, X) the set of
all functions f € C(T x W, X) which are bounded and uniform continuous on every
bounded subset from TxW. Then the set U(Tx W, X) is invariant w.r.t. translations
ont e T and it is closed in P(T x W, X) and, consequently, on U(T x W, X) it is
induced a dynamical system of translations (U(T x W, X), T, o) (see, for example,
(32, 300] and [302]).

Definition 1.17 Let (X,Ty,n) and (Y,Te,0) (S € T3 € Ty C S) be
two dynamical systems. The mapping h : X — Y is called a homomorphism
(respectively isomorphism) of dynamical system (X,Ti,7) on (Y, Ty, o), if the
mapping h is continuous (respectively homeomorphic) and h(w(z,t)) = o(h(x),t)
(t e Ty, x € X). In this case a dynamical system (X, T;,7) is an extension of
dynamical system (Y, Tz, o) by homomorphism A, but a dynamical system (Y, Ty, o)
is called a factor of dynamical system (X, Ty, 7) by homomorphism h. Dynamical
system (Y, To, o) is called also a base of extension (X, Ty, 7).

Definition 1.18 The triplet ((X,Ty,7), (Y,T2,0), h), where h is a homo-
morphism from (X, Ty, 7) on (Y, To,0) and (X, h,Y) is a local-trivial fibering [190],
is called a non-autonomous dynamical system.

Remark 1.3 In the latter years in the works of I.U.Bronsteyn and his col-
laborators (see, for ewample, [32,33,34,158]) an extension is called a triplet
(X, T,n), (Y,T,h), h), i.e. the object which we name here a non-autonomous
dynamical system.

Definition 1.19 The triplet (W, ¢, (Y, T2, 0)) (or shortly ¢), where (Y, Tq,0) is
a dynamical system on Y, W is a complete metric space and ¢ is a continuous
mapping from T; x W x Y in W, possessing the following conditions:

a. p(0,u,y) =u (ue W,y eY);
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b. ot +7,u,y) = (7,0t u,y),0(t,y)) (t,7 €T, ue W,y €Y),
is called [6,290,291] a cocycle on (Y, Tq, o) with fiber W.

Definition 1.20 Let X := W x Y and we define a mapping 7 : X x T; — X
as following: w((u,y),t) := (o(t,u,y),0(t,y)) (i,e. ® = (p,0)). Then it easy
to see that (X, Ty, 7) is a dynamical system on X which is called a skew-product
dynamical system [2,292] and h = pry : X — Y is a homomorphism from (X, Ty, 7)
on (Y,Tse,0) and, consequently, ((X,Ty,n), (Y,T2,0),h) is a non-autonomous
dynamical system.

Thus, if we have a cocycle (W, ¢, (Y, T2, 0)) on dynamical system (Y, Ty, o) with
the fiber W, then it generates a non-autonomous dynamical system ((X,Tq, ),
(Y,Te,0),h) (X :=W xY), which is called a non-autonomous dynamical system,
generated by cocycle (W, p, (Y, T3, 0)) on (Y, Te,0).

Non-autonomous dynamical systems (cocycles) play a very important role in the
study of non-autonomous evolutionary differential equations. Under appropriate
assumptions every non-autonomous differential equation generates some cocycle
(non-autonomous dynamical system). Below we give an example of this type.

Example 1.5 Let E” be an n-dimensional real or complex Euclidean space. Let
us consider a differential equation

u = f(t,u), (1.5)

where f € C(R x E™, E™). Along with equation (1.5) we consider its H-class
(32,137,238, 300, 302], i.e., the family of equations

v = g(t,v), (1.6)

where g € H(f) ={f- : 7 € R}, f-(t,u) = f(t +7,u) for all (t,u) € R x E™ and by
bar we denote the closure in C(R x E™, E™). We will suppose also that the function
f is regular, i.e. for every equation (1.6) the conditions of existence, uniqueness and
extendability on R are fulfilled. Denote by ¢(-, v, g) the solution of equation (1.6),
passing through the point v € E™ at the initial moment ¢ = 0. Then it is correctly
defined a mapping ¢ : Ry x E™ x H(f) — E™, verifying the following conditions
(see, for example, [32,290, 291]):

1) ¢(0,v,9) =wv for all v € E™ and g € H(f);
2) (P(t,QD(T,U,g),g7—> = (p(t + T7U7g) for every v € En7 g€ H(f) and t, 7€ RJr;
3) the mapping ¢ : Ry x E™ x H(f) — E™ is continuous.

Denote by Y := H(f) and (Y,R4,0) a dynamical system of translations
(semigroup system) on Y, induced by dynamical system of translations (C(R x
E™ E™),R,0). The triplet (E™, ¢, (Y,R4,0)) is a cocycle on (Y,R,, o) with the
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fiber E™. Thus the equation (1.5) generates a cocycle (E™, ¢, (Y,R4,0)) and a
non-autonomous dynamical system (X, Ry, 7), (Y,Ry,0),h), where X := E" XY,
7= (p,0) and h:=pro: X — Y.

1.2 Limit properties of dynamical systems

Let M C X and w(M) be w-limit set of M. Directly from the definition of w(M)
follows

Lemma 1.2 The following statements take place:

(1) the point y € w(M) if and only if there exist sequences {z,} C M and {t,} C T

such that t,, — 400 and y = lirf Tnln;
n—-+0o0

(2) the set w(M) is closed and positively invariant;

(8) if AC B then w(A) C w(B);

(4) w(AUB) Cw(A)Uw(B) for any pair of subsets A and B from X;

(5) if set A is positively invariant (negatively invariant, invariant) then w(A) C A
(Z - w(A)v w(A> = Z)>

(6) Hw, | z€ M} Cw(M);

(7) if 3T (M) is relatively compact, then w(M) is invariant.

Lemma 1.3 Let B C X then the following conditions are equivalent:

(1) for every {zx} C B and tj, — 400 sequence {xty} is relatively compact;
(2)(a) w(B) is not empty and is compact;
(b) w(B) is invariant and the equality below takes place

lim sup p(xt,w(B)) = 0; (1.7)
t—-4o00 xEB

(8) there exists a non empty compact K C X such that

lim sup p(at, K) = 0.
t—4o0 r€B

Proof.  Let us show that from 1. follows 2. Let {3} C B and ¢, — +oo,
then according to 1. the sequence {zxtr} can be considered convergent. Assume
T = lim xxty, then T € w(B) and consequently w(B) # (. Let us show w(B) is

k— o0

compact. Let e | 0 and {yx} C w(B), then there exist z, € B and t; > k such
that

p(@rtr, Yr) < €k

According to the condition (1), the sequence {xtx} is relatively compact and since
ex 1 0, {yr} also is relatively compact. From the definition of w(B) follows its
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positive invariance and consequently for w(B) to be invariant it is sufficient to

show that it is negatively invariant. Let y € w(B) and t € T, then there exist

{zr} C B and t; — +oo such that y = lim zxtx = lm xp(ty —t+t) =
k—-+o00 k—-+o00

i lim 7t(zg(ty —t)). Astp —t — +oo then according to condition (1), the sequence

— 400

{zp(tx — t)} can be considered convergent. Assume y; = klim xk(ty — t), then

— 400

y = 7ly; and y; € w(B), i.e. y € mtw(B). Like so the invariance of w(B) is proved.

Now let us show that the equality (1.7) takes place. If we suppose that (1.7) does

not take place, then there will exist €9 > 0, tx — 400 and x € B such that

p(zity,w(B)) = €o. (1.8)

According to the condition (2), the sequence {xtr} can be considered convergent.

Let y = . lim xyt, then y € w(B). On the other hand, passing to the limit in (1.8)
— 400

when k — 400 we will obtain y ¢ w(B). This contradiction completes the proof of
the implication condition (1) = condition (2).
It is evident that (2) = (3) and (3) = (1). The lemma is proved. O

Corollary 1.2 Let M C X be nonempty and X7 (M) be relatively compact, then
w(M) # 0, is compact, invariant and

lim sup p(at,w(M)) =0. (1.9)
t—=+o0 e

The statement inverse to the corollary 1.2 takes place, but before formulating it
we will review the notion of the measure of non-compactness.
Definition 1.21 The mapping A : B(X) — R, satisfying the following condi-
tions:
(1) A(A) =0 if and only if A € B(X) is relatively compact;
(2) AM(AU B) = max(A(A),A\(B)) for every A, B € B(X).
is called [175, 179, 278] a measure of non-compactness on X.

Definition 1.22 The measure of non-compactness of Kuratowsky A : B(X) —
R is defined by the equality A(A) := inf{e > 0 | A admits finite e-covering }.

Lemma 1.4 Let M C X be nonempty and relatively compact. If set w(M) is
nonempty, compact and the equality (1.9) tales place, then YT (M) is relatively
compact.

Proof. Let € > 0, then from the equality (1.9) follows the existence of a positive
number L(e) such that

M.:= | #'M C B(w(M),e). (1.10)
t>L(e)
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Denote by A(K) the measure of non-compactness of Kuratowsky of the set K. From
the inclusion (1.10) follows that

A(BF(M)) = A(m(M, [0, L(e)]) U M) =

max(A(r(M, [0, L.]), A(M.)) = A(M.) < 2.
From this we obtain the equality A(XT(M)) = 0. The lemma is proved. O

Theorem 1.5 Let M C X be nonempty and relatively compact. For the set
YT (M) to be compact it is necessary and sufficient the fulfillment of the following
3 conditions:

(1) w(M) # 0;
(2) w(M) is compact;
(8) the equality (1.9) takes place.

The formulated statement follows from the Corollary 1.2 and Lemma 1.4.

1.3 Center of Levinson

Let 991 be some family of subsets from X.

Definition 1.23 Dynamical system (X, T, ) will be called 9-dissipative if for
every € > 0 and M € 9 there exists L(e, M) > 0 such that 7'M C B(K,¢) for any
t > L(e, M), where K is a certain fixed subset from X depending only on 9. In
this case K we will call the attractor for 91.

For the applications the most important ones are the cases when K is bounded or
compact and M = {{z} |z € X} or M = C(X), or M = {B(x,0,) | z € X, 6, > 0},
or M = B(X).

Definition 1.24 The system (X, T, ) is called:
— point dissipative if there exist K C X such that for every z € X
tligl p(xt, K) = 0; (1.11)

— compact dissipative if the equality (1.11) takes place uniformly w.r.t. z on the
compacts from X;

— locally dissipative if for any point p € X there exist J, > 0 such that the
equality (1.11) takes place uniformly w.r.t. € B(p, d,);

— bounded dissipative if the equality (1.11) takes place uniformly w.r.t. z on
every bounded subset from X.
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As we have already mentioned above, for applications our main interest rests on
cases in which K is compact and bounded. According to this the system (X, T, )
is called point k (b)-dissipative if (X, T, ) is point dissipative and the set K from
(1.11) is compact (bounded). Also like that is defined the notion of the compact k
(b)-dissipative system and of other types of k (b)-dissipativity.

From the definitions above follows that bounded k (b)-dissipativity implies local
k (b)-dissipativity (see Lemma 1.5), local k (b)-dissipativity implies compact k (b)-
dissipativity, and compact k (b)-dissipativity implies point k(b)-dissipativity.

As it will be shown below in general case introduced by us classes are different.
We will take interest in the following tasks:

(1) What connection does exist between different types of dissipativity?

(2) Conditions under which a dissipative system admits maximal compact invariant
set.

(3) Structure of the center of Levinson (maximal compact invariant attractor) for
different classes of dynamical systems.

(4) Conditions of asymptotic and uniform asymptotic stability of the center of
Levinson.

Lemma 1.5 Let (X, T,7w) be local k (b)-dissipative, then it is compact k (b)-
dissipative.

Proof. Let (X,T,7) be local k (b)-dissipative. Then there exist a nonempty
compact (bounded) set K C X, such that for any ¢ > 0 and « € X there exist
d(z) >0 and I =1(e,z) > 0 for which

plyt, K) <e (1.12)

for every t > 1 and y € B(z,d(z)).

Let M is a nonempty compact from X. Then for every x € M there exist § =
d(x) > 0 and | = I(e,z) > 0 such that the inequality (1.12) takes place. Consider
the open covering { B(x,d(z)) | € M} of the set M. By virtue of the compactness
of M and completeness of the space X, from the constructed covering of the set M
we can extract { B(x;, §(x;)) | i € 1,m}. Assume L(e, M) = max{l(e,x;) | i € 1,m},
then from (1.12) follows that p(xt,K) < € for all x € M and ¢t > L(e, M). The
lemma is proved. 0

Lemma 1.6 Let M C X and the set ¥ (M) be relatively compact. If w(M) C M,
then

w(M)=n{r'M | t € T}. (1.13)

Proof. Denote by I(M) := N{xtM]|t € T}. Tt is clear that (M) C w(M). Let us
show that the inverse inclusion also takes place if w(M) C M. In fact, according to
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Lemma 1.3 and Corollary 1.2 the set w(M) is invariant and, consequently, w(M) =
mtw(M) C 7w M for every t € T. From what follows the inclusion w(M) C I(M).
The lemma is proved. O

Remark 1.4 Below we will mainly consider k-dissipative dynamical systems.
That’s why the sign k- we will drop out everywhere where it won’t lead to mis-
understanding.

Let (X, T, ) be compact dissipative and K is a nonempty compact set that is
an attractor for compact subsets X. Then for every compact M C X the equality

lim sup p(at, K) =0
t=toogem

holds. Hence w(K) C K and, consequently,
J=w(K)=n{r'K | t € T}. (1.14)

Let us show that the set J does not depend on the choice of the set K attracting
all compact subsets of the space X. In fact, if we denote by J(K) := w(K) and
K, every other compact set attracting all compacts from X, then there will be
L = L(K,Ky,¢e) > 0 such that 7t J(K) C Ky and 7wt J(K1) C K for all t > L. As
J(K) =w(K) C K and J(K1) = w(K;7) C K; then from the invariance of J(K7)
and J(K) follows that J(K) C K;, J(K;) C K, J(K) C 'K, and J(K;) C 'K
for all ¢t € T and consequently J(K) = J(K3).

So, the set J defined by the equality (1.14) does not depend on the choice of
the attractor K but is defined only by inner properties of the dynamical system
(X, T,n).

Definition 1.25 The set J defined by the equality (1.14), according to [332]
we will call the center of Levinson of the compact dissipative dynamical system
(X, T,n).

Theorem 1.6 [102,175,232] Let (X, T, ) be compact dissipative system and let
J be its center of Levinson. Then:

(1) J is compact invariant set;

(2) J is orbitally stable;

(8) J is the attractor of the family of all compacts of X ;
(4) J is the maximal compact invariant set in (X, T, ).

Proof. The first statement of the Theorem directly follows from the definition of .J
and from Lemma 1.3. Let us show that the set J is orbitally stable. If we suppose
the contrary we will obtain the existence of e > 0, §,, — 0 (6, > 0), z,, € B(J, )
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and t,, — +oo such that
p(Xntn, J) > €o. (1.15)

As z, € B(J,6,), 6, — 0 and J is compact, without loss of generality the sequence
{zn} can be considered convergent. By virtue of the compact dissipativity of the
system (X, T, ) the set 7 ({x,,}) is relatively compact. Note that together with the
set K the set K’ = KUH ™ ({z,}) is the attractor for the family of all compacts from
X and consequently w(K') = w(K) = J. In particular, w(H*({z,})) Cw(K) = J.
By compactness of HT({x,}) the sequence {z,t,} can be considered convergent.
Let p = nEIJIrloo Tptn, then p € w(HT({z,})). On the other hand from (1.15) follows

that p ¢ J. The obtained contradiction proves the second statement of the theorem.

Now let M € C(X). Then by virtue of the compact dissipativity of (X, T, ) the
set X (M) is relatively compact and according to Theorem 1.5 the conditions (1)-
(2) are fulfilled. In particular, for every e > 0 there exists L(g) > 0 such that 7'M C
B(w(M),e) for all t > L(e). Together with the set K the set K/ = K Uw(M) also is
the attractor of the compact subsets from X and consequently w(K') = w(K) = J.
So, w(M) C w(K') = J, and hence

B(r' M, J) < B(n"M,w(M)) < ¢,

ie. t_1§+moo B(rtM,J) =0 for all M C C(X) where 3(A, B) is semi-deviation of the
set A from the set B.

At last let us prove the 4th statement of the theorem. Let J; be compact
invariant subset from X. Then according to the 3rd statement of the theorem we

have
 Jim B(rtJy, J) = 0. (1.16)

By virtue of the invariance of J; the equality 7'.J; = J; holds for all t € T. From
this and from the equality (1.16) we obtain J; C J. The theorem is completely
proved. O

Denote by {K)|A € A} the family of all nonempty compact positive invariant
sets that attract all compacts from X.
The following theorem holds.

Theorem 1.7 Let (X, T, ) be compact dissipative dynamical system and let J be
its Levinson center.

J=J =n{K\\ € A},

i.e. J is the least compact positive invariant set attracting all compacts from X.
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Proof. Assume
K :=n{K\|\ € A}.

First of all note that J C K and consequently K # (. In fact, for every A € A we
have J = w(K)) C K, i.e. J C K.

Let us show now that the reverse inclusion also holds. As J attracts all com-
pacts from X and is nonempty and positive invariant, then J € {K)|A € A} and
consequently K C J. The theorem is proved. (I

Lemma 1.7 Let (X, T, w) be compact dissipative dynamical system, J be its Levin-
son’s center and K be a monempty compact attracting all compacts from X, then

J = ﬂﬂ'tK.

teT

Proof. As K is the attractor of all compacts from X, then w(K) C K and according
to Lemma 1.6

J:=w(K)= ﬂTl’tK.
The lemma is proved. O

Lemma 1.8 Let M be compact positive invariant asymptotically stable set, then
the following statements hold:

(1) the domain of attraction W*(M) of the set M is open;
(2) the equality
lim B(x"'K,M)=0 (1.17)

t——+oo

takes place for every compact K from W*(M).

Proof. Show that W*(M) is open. Really, as M is attracting set, then there
exists 6 > 0 such that B(M,0) C W*(M). Let us show that for every point p €
W (M)\B(M,d) there exists n > 0 such that B(p,n) C W5(M). As p € W*(M),
there will be ¢, > 0 such that pt, € B(M,J). By openness of B(M,d) thereisy >0
for which B(pt,,vy) C B(M,¢). According to continuity of the mapping 7 (t,,-) :
X — X there exists n > 0 such that the inclusion 7'» B(p,n) C B(M,d) C W*(M)
holds and consequently the set W*(M) is open.

Let us prove the second statement of the lemma. Let ¢ > 0 and K be a compact
from W?*(M). For the number € > 0 we choose d(¢) > 0 taking into account the
condition of the stability of M. As M attracts points from W?*(M), for every point
x € K there are y(x,¢) > 0 and I(z,e) > 0 such that

' B(x,y(x,¢)) € B(M,e) (1.18)
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for all ¢ > I(z, e). By the compactness of K from the open covering { B(z,v(z,¢)) |
x € K} D K we can extract sub-covering U{ B(x;,y(x,€)) | i = 1,n} 2 K. Assume
L(M,¢) := max{l(z;,¢) | i = 1,n}, then 7'M C B(K,e¢) for all t > L(M,¢), i.e. M
attracts K. The lemma is proved. O

Denote by {My | A € A} the family of all nonempty compact positively invariant
and globally asymptotically stable sets from X and J” := ({Mx|\ € A}.

Theorem 1.8 Let (X, T,w) be compact dissipative and J be its center of Levin-
son, then J = J", i.e. the center of Levinson J of the compact dissipative system
(X, T,n) is the least compact positively invariant globally asymptotically stable set
n X.

Proof. According to Lemma 1.8 the inclusion J’ C J” takes place and according to
Theorem 1.7 J = J' C J”. The reverse inclusion also holds. For that it is sufficient
to note that for certain Ao € A the equality M), = J holds and consequently
J" =n{Mx|X € A} C J. The theorem is proved. O

Theorem 1.9 Let (X, T, ) be compact dissipative dynamical system and K be a
nonempty compact invariant set from X, then the following statements are equiva-
lent:

1. K is the center of Levinson of (X, T,r);
2. K 1is globally asymptotically stable;
3. K is mazimal compact invariant set in X.

Proof. According to Theorem 1.6 from 1. follows 2. Now we will show that the
inverse statement holds. Denote by J the center of Levinson of (X, T, 7), then
according to Theorem 1.8 J C K. On the other hand, the center of Levinson
according to Theorem 1.6 is the attractor of all compact subsets from X and by
invariance of K we have K C J. So, J = K.

From Theorem 1.6 follows that 1. implies 3. To complete the proof of the
theorem it is sufficient to show that the inverse implication also holds. Let J be the
center of Levinson of (X, T, ). Then from one hand in virtue of Theorem 1.6 the
set J is compact and invariant and by the maximality of K we have J C K. On
the other hand, according to Theorem 1.6 the center of Levinson is the attractor
of the family C(X) and by the invariance of K we have K C J and consequently
K = J. The theorem is proved. O
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1.4 Dissipative systems on the local compact spaces

As it was mentioned above from the local dissipativity of the system (X, T, 7) follows
its compact dissipativity. On the other hand if the space X is locally compact then
is is easy to see that the converse also is true. So, in locally compact spaces compact
and local dissipativity are equivalent. In fact, as it will be shown bellow a stronger
statement holds, namely: in locally compact spaces point dissipativity implies local
dissipativity.

Definition 1.26 The dynamical system (X, T, ) we will call:

— locally completely continuous if for every point p € X there exist § = d(p) > 0
and [ = I(p) > 0 such that 7' B(p, §) is relatively compact;

— weakly dissipative if there exist a nonempty compact K C X such that for every
e >0 and z € X thereis 7 = 7(¢,x) > 0 for which 7 € B(K,¢). In this case
we will call K weak attractor.

Note that every dynamical system (X, T, ) defined on the locally compact met-
ric space X is locally completely continuous.

Lemma 1.9 Let K C X be a nonemptly compact, p; € X and 0; > 0 (i = 1,m).
If K CU{B(p;,d;) | i =1,m}, then there exists v > 0 such that

B(Kv /7) - U{B(piaéi) | L= 17m}' (119>

Proof. Assume that the inclusion (1.19) does not hold for any v > 0. Then there
are v, | 0 and r,, € B(K,~,) such that r, & U{B(p;, ;) | i = 1,m}. Asy, | 0 then
for every point 7, there exists the point ¢, € K such that

p(Tn7QH) < Yn- (120)

By the compactness of K the sequence {¢,} can be considered converging to some
point ¢ € K. Then according to (1.20) r,, — ¢, which contradicts the choice of the
sequence {r,}. O

Lemma 1.10 Let (X, T, w) be weakly dissipative and locally completely continuous
and K C X be the weak attractor of (X, T, ), then:

1) there exist ap > 0 and ly > 0 such that 7 B(K,ag) is relatively compact for
every t > ly;
2) there exist Lo > ly such that for allt > Lg

' B(K,ap) C 7 B(K, ag).
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Proof. Let x € K. By virtue of the local complete continuity of (X, T, ) for the
point € K there exist {(x) > 0 and 6, > 0 such that 7'B(z,d,) is relatively
compact for all ¢ > I(x). Tt is clear that {B(z,d,) | * € K} is an open covering of
K and by its compactness we can extract finite sub-covering {B(x;,d,,) | i € 1,n}
from the constructed covering. Let lg = max{l(x;) | i € 1,n}. According to Lemma
1.9 there exists ag > 0 such that

Consequently
7' B(K,ap) C U{n'B(x;,0,,) | i € T,n},

that is why the set 7' B(K, ao) is relatively compact for all ¢ > 1.

Let us now prove the 2nd statement of the lemma. Let ag and [y be positive
numbers from the previous point. Supposing that the 2nd statement of the lemma
is not true, we will find that there exist {xy} C B(K,ao) and t; — +o0o such that

(1) x € B(K,ap).
(2) xxt € X \ B(K,ap) for all 0 < ¢ < .
(3) zxty € B(K,ap).

From 2. follows that
4. zit € X \ B(K,ap) for all 0 < ¢t <ty — lp, where x}, = zxlo.

By virtue of the relative compactness of 7'° B(K,ag) the sequence xt, = xzxlo
can be considered convergent. Assume xg = lim =z}, then from 4. follows that

k—-+oo

xot € X \ B(K,ap) for all 0 < ¢t < 400 and consequently @) # w,, C X \ B(K, ag).
So wy, N K = 0 that contradicts the weak dissipativity of (X, T, n) and to the fact
that K is a weak attractor. The contradiction obtained completes the proof of the
lemma. |

Theorem 1.10  For the locally completely continuous dynamical systems the weak,
point, compact and local dissipativity are equivalent.

Proof. 1t is clear that for the proof of the formulated theorem it is sufficient to show
that from the weak dissipativity of (X, T, 7) follows its local dissipativity if (X, T, )
is locally completely continuous. Let K # () be compact and be the weak attractor
of (X, T, 7). Denote by ag the number from Lemma 1.10. If x € X then there exists
7 > 0 such that 7 € B(K,ag). Let v > 0 be such that B(z7,7v) C B(K,ap). By
the continuity of the mapping 77 : X — X in the point x there exists ae > 0 such
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that

7" B(x,a) C B(zT,v) C B(K, ap).

Assume M = B(K,ap). According to Lemmas 1.3 and 1.10 the set M # 0 is
compact and
li ‘B M) =0.
Jm S(r"B(z, ), M) =0
So, we constructed the nonempty compact M C X attracting every point with some
a-neighborhood that is (X, T, ) is locally dissipative. The theorem is proved. O

1.5 Criterions of compact dissipativity

Assume Q := U{w, |z € X}. Let (X, T, n) be compact dissipative dynamical system
and J be its Levinson center. It is clear that @ C J. At once plain examples
show that in general case 2 # J. At the same time the set € is an important
characteristic of dissipative dynamical system. For example, from Theorem 1.10
follows that in the locally compact space X the dynamical system (X, T, ) is point
dissipative if and only if  is not empty, compact and w,, # @ for all z € X. In view
of that has been said above, we take on interest in such questions:

a. Which are the conditions necessary for the coincidence of the sets 2 and J?
b. What is the connection between €2 and J in general case?

From the results given bellow follow the answers to the formulated questions.
Denote by

DY (M) = (V| {='B(M,e)[t > 0},

e>0

JH(M) = () {7 B(M o) > t},

e>0t>0
D} := DT ({z}) and J := J*({z}).
Directly from the definition D* (M) and J* (M) follows the following lemma.

Lemma 1.11  The following statements hold:

(1) pe DT (M) (p € JH(M)) if and only if there exist {x,,} and {t,}(t, — +c)
such that p(zn, M) — 0 and x,t, — p;
(2) the set DY (M) (JT(M)) is closed and positive invariant.

Lemma 1.12 Let y € w,, then J& C J;.
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Proof. Let y € w, and p € J, then there exist sequences {7/,} — +oo, 27), — ¥,

{t,} and {x,} such that x,, — z, t|, — 400 and x,t!, — p. According Lemma 1.11

we can consider that ¢}, —7,, > n for all n € N. For every k € N consider the sequence

{zn7,}. By the axiom of continuity x, 7, — x7, for n — +oo (for every k € N) and

consequently for every k € N there is ny, > k such that p(x, 7}, x7],) < k! foralln >

ng. As a1, — y, we have p(y, xn, 77,) < p(y, 27},) + p(x7h, 20y 1) < ply, zmi) + 71
/

Note that ., t;, = xn, 7, (t,, — 7 ) Tn, Ty, — yand t;, —7) >ng > k. From

this follows that p € Jf, i.e. J;& C JF. The lemma is proved. O

Corollary 1.3 Ify € w, then J} = D .

Proof. 1In fact, as J; C D;, it is sufficient to show that Dz‘f C JJ. Note that
D;‘ :E;UJJ. Since y € w,, E;j Cw, CJf C J;. Hence, Dz‘f = E;‘UJJ C
JEUTE = JF, 0

Lemma 1.13 If 2, — , yo — y for n — 400 and x,, € D, (v, € J ), then
reDf (xeJf)

Proof. Let ¢ > 0 and § > 0. From the inclusion z,, € D (z, € J,} ) for every n
follows the existence of the point z,, € B(yn, g) and of the number ¢, > 0 (¢, > n)
such that

Ty 2ptn) < % (1.21)

From x,, — x and y,, — y follows the existence of such integer ng that for all n > ng
simultaneously the inequalities

and  p(xn,,z) < (1.22)

N ™

5
Py, yn) < 3

hold. From z, € B(yy, ) and (1.22) we obtain p(y,z,) < 6, and from (1.21) and
(1.22) follows the inequality p(z, zntn) < €, i.e. x € D (x € J;f). The lemma is
proved. O

Lemma 1.14 If the set M C X is compact, then DT (M) = U{D}|x € M} and
JT(M) =Uu{J}|z € M}.

Proof. Since U{D}|z € M} C D" (M), then to prove the lemma it is sufficient
to show that Dt (M) C U{D;} |z € M}. Let y € DT(M), then there exist {z),}
and t, > 0 such that p(z,,M) — 0 and y = lim a,t,. As M is compact

n—-+o0o
the sequence {z,} can be considered convergent. Assume z := lim z,, then

n—-+o0o

x € M. So, x, — z,y € D} and y, — y (yn := xptn). According to Lemma 1.13
y € D C U{DJ|x € M}. The second statement is established in the same way.
The lemma is proved. g
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Lemma 1.15  If M is nonempty compact negative invariant set, then M C JT(£).

Proof. Let M be nonempty compact negatively invariant set and = € M, then
according to Theorem 1.2 there exists an entire trajectory ¢ : S — X such that
©(0) = z and ¢(t) € M for all t > 0. As a,, # 0, is closed and «,, C M, then it is
compact. Let y € ay,, then wy C ay,,. If p € wy C €, then there exists ¢, — +oo
such that xp = ¢(—tx) — p, © = 7' p(—t;) and consequently z € J C JT().
The lemma is proved. O

Corollary 1.4 If (X, T,n) is point dissipative, Q # 0 and it is compact, then
QCJT(Q).

Proof. In fact, since w, is invariant for all x € X and = U{w, | z € X}, then Q
is also invariant and according to Lemma 1.15 Q C J 1 (). O

Lemma 1.16 If the dynamical system (X, T, ) is point dissipative and DT (£2)
(JT(Q)) is compact, then DT(Q) = DT (DT (Q)) (JT(Q) = JH(JT(Q))).

Proof. As Q C DT(Q), then DT (D*(Q)) C DT(Q) and, consequently, to prove
Lemma 1.16 it is sufficient to establish the inverse inclusion DT (D*(Q)) C DT (Q).
Let x € DT(Q), then w, C Q, and if y € w, C Q then according to Lemma 1.12 and
Corollary 1.3 J,F C J,f = D} € DT(Q). Since D} =X} UJ,f C DT(QUDT(Q) =
DT(Q) for all z € DT (Q) and DT (Q) is compact, then according to Lemma 1.14
D (D*(Q)) = U{Df|z € DT(2)} C D*(2). By analogy with this the proof of
the second equation is executed but we should keep in mind that Q C J(Q). The
lemma is proved. O

Lemma 1.17 If (X, T,n) is compact dissipative, then DT (DT(Q)) = DT(Q)
(JEIH) =TT Q).

Proof. Let (X, T,n) be compact dissipative and let J be its Levinson’s center.
Then © C J. By virtue of orbital stability of J we have D*(J) = J (J*(J) C J)
and, consequently, D*(Q) C J (J*(Q) C J). As DT(Q) (J*(2)) is closed and J is
compact, DT (Q) (J*()) is also compact and to finish the proof of the lemma it is
sufficient to refer to Lemma 1.16. d

It is known [25] that for compact positive invariant set M the equality D* (M) =
M holds if and only if M is orbital stable (X is locally compact and T = R).
Below we will show that this statement is valid also for compact dissipative systems
on arbitrary metric space both with continuous and discrete time. Namely, the
following lemma holds.
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Lemma 1.18 Let (X, T, w) be compact dissipative. For the compact positive in-
variant set M C X to be orbital stable, it is necessary and sufficient that the equality
DT (M) = M holds.

Proof. If M is orbitally stable, then by standard reasoning (see, for example, [25])
is shown that DT (M) = M for every systems (including dissipative ones).

Let now DT(M) = M and show that M is orbital stable. If we suppose the
contrary then there exist g > 0, z,, — x € M, and t,, > 0 such that

p(Xntn, M) > &o. (1.23)

Since the system (X, T, 7) is compact dissipative, the set 3% (K) is relatively com-
pact where K := {x,} and, consequently, the sequence {z,t,} can be considered

convergent. Assume y := lirf Tntn. Then on the one hand y € DY (M) = M.
On the other hand, from (1.23) follows that p(y, M) > o > 0. The obtained
contradiction proves the lemma. 0

Theorem 1.11 If the dynamical system (X, T,x) is compact dissipative, then
J=JT(Q).

Proof. As Q C J and J is asymptotically stable, then JT(Q) C JT(Q).
From Lemmas 1.17 and 1.18 follows that the set JT(Q) is orbital stable because
DT (JT(Q)) = JT(Q). Let z € J\ JT(Q) and d, := p(z, JT()) > 0. If d, =0 for
allz € J\JT(Q), then the theorem is proved. Suppose that for some z¢ € J\ JT(£2)
we have d, > 0. For the number 0 < & < 27!d,,, choose §(¢) > 0 out of the condi-
tion of orbital stability of J¥(£2). Since x¢ € J, according to Theorem 1.2 there ex-
ists a continuous mapping ¢ : S — J such that 7tp(s) = p(t+s) forallt € T, s € S
and ¢(0) = x¢. Since J is compact, the set « of limit points v, ~of the motion ¢ is
not empty, compact and a,, N§2 # () and, consequently, there exists t,, — —oo such
that p(zoty,, ) — 0. Choose ng such that p(xot,, ) < (n > ng). Then we have
p(xoty, A, AA?, JT(Q)) < § and, consequently, p(xo(t+t,), JT(Q)) < e for all tg > 0
and n > ng. In particular, when t = —t,,, we have d,., = p(zo, J7(Q)) < & < 27'd,,.
The obtained contradiction completes the proof of the theorem. O

Corollary 1.5 Under the conditions of Theorem 1.11 the equality J = DT ()
holds.

Proof. The formulated statement follows from Theorem 1.11 taking into account
that J C JT(Q) C DT(Q) C J. |

Corollary 1.6 If (X, T,n) is compact dissipative, then J = Q if and only if Q is
orbital stable.
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Proof. This statement follows from Theorem 1.11 and Lemma 1.18. |

Theorem 1.12  For the dynamical system (X, T, ) to be compact dissipative, it is
necessary and sufficient that there exists a nonempty compact set K C X satisfying
the condition: for every e > 0 and x € X, there exist §(e,z) > 0 and l(e,z) > 0
such that

7' B(x,6(e,z)) C B(K,¢) (1.24)

for allt > (e, ).

Proof. Let (X, T, ) be compact dissipative, J be its center of Levinson, £ > 0 and
z € X. According to Theorem 1.6 J is orbital stable. Denote by y(g) > 0 a number
defined by € out of the condition of orbital stability of J. The set J is globally
asymptotically stable, hence for z € X and () > 0 there exists I(e, z) such that
at € B(J,7) for all t > l(e,x). Since B(J,7) is open, there exists & = a(eg,xz) > 0
for which B(w(z,l(e,z)),a) C B(J,7). By virtue of continuity of the mapping
w(l(e,z),) : X — X for all z € X and « > 0, there exists § = d(e,z) > 0 such
that

w(l(e,x), B(x,0)) C B(n(l(e,z), z), a). (1.25)

From the inclusion (1.25) and by the choice of v we have 7! B(x,§) C B(J,¢) for all
t>l1(e,x).

Let now K C X be a nonempty compact satisfying the condition (1.24). If ¢ > 0
and M is a nonempty compact from X, then for every x € M there exist §(e, z) > 0
and (e, 2z) > 0 such that (1.24) holds. Consider open covering {B(z,d(e,xz)) | z €
M} of the set M. By virtue of compactness of M and of the completeness of the
space X we can extract from this covering a finite sub-covering { B(z;, (e, x;)) | i €
1,n}. Assume L(e, M) := max{l(e, ;) | i = 1,n}. From (1.24) follows that 7'M C
B(K,e¢) for all t > L(e, M). The theorem is proved. O

Theorem 1.13 Let (X, T,w) be point dissipative. For (X, T,m) to be compact
dissippative it is necessary and sufficient that there exists a nonempty compact set
M possessing the following properties:

(1) @ C M;
(2) M is orbital stable.

In this case J C M where J is the center of Levinson of (X, T, ).
Proof. Necessity of the conditions of the theorem is obvious. To prove the formu-

lated statement it is enough to show the sufficiency of the conditions (1) and (2).
Reasoning in the same way as in the first part of Theorem 1.12 we establish that
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for every € > 0 and x € X there exist d(e,z) > 0 and I(e,z) > 0 satisfying the
condition (1.24). In this case as K we should take the set M from Theorem 1.13.
Applying Theorem 1.12 we obtain compact dissipativity of (X, T, ).

Now let us show that J C M. Since 2 C M and M is orbital stable, D* () C
DT (M) = M. To finish the proof of the theorem it is sufficient to refer to Corollary
1.5. |

Theorem 1.14 Let (X, T, 7) be point dissipative. For (X,T,w) to be compact
dissipative it is necessary and sufficient that the set DT (Q) (JTQ)) be compact and
orbital stable. In this case J = DV(Q) (J = JY(Q)) where J is the center of
Levinson of the dynamical system (X, T, ).

Proof.  The formulated statement follows from Theorems 1.11, 1.12, 1.13 and
Corollary 1.5. 0

Theorem 1.15 Let (X, T, n) be point dissipative. For (X,T,w) to be compact
dissipative it is necessary and sufficient that X+ (K) be relatively compact for any
compact K C X.

Proof. The necessity of the conditions of the theorem follows from Theorem 1.5.
Let us prove the sufficiency. First of all, note that under the conditions of the
theorem the set J*(2) # @ and is compact. In fact, according to Corollary 1.4
Q C JT(Q) and, consequently, J*(2) # 0. Show now that JT(Q) is compact. Let
{ye} € JT(Q) and e | 0, then there exist pr € Q, yr € J, By, € B(pk,ex) and
tr > 0 such that

P(Yk Prtr) < k- (1.26)

Since {pr} C Q, Q is compact and ¢ | 0, the sequence {p} is relatively compact
and, consequently, under the conditions of the theorem the sequence {p,tx} is also
compact. Then from the inequality (1.26) follows that the sequence {yy, } is relatively
compact, i.e. JT(Q) is compact.

Let us show that J*(Q2) attracts all compacts from X. Let K be an empty com-
pact from X. Then under the conditions of the theorem the set ¥ (K) is relatively
compact and according to Theorem 1.5 the set Q(K) is not empty and the equality

lim B(r'K,Q(K)) =0 (1.27)

t——+oo

holds. According to Lemma 1.3 the set Q(K) is invariant and by Lemma 1.15
Q(K) C JT(Q) and, consequently, from (1.27) follows that J*(Q) attracts K. The
theorem is proved. O

At the end of this chapter, we give an example of point dissipative dynamical
system that is not compact dissipative.
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Example 1.6 Let ¢ : R — R be a continuous function equal to zero on R_ and
defined on R by the equality

(p(t):{exp{[(t—l)Q—l]_l—i—l}0§t<2 (128
0, 2 <t < foo.

Assume X = {p(at+b)| a,b;t € R}. Note that X C C'(R,R) is closed and invariant
w.r.t. the shifts subset of C(R,R) and, consequently, the dynamical system of
Bebutov induced on X a group dynamical system of shifts (X, R, o). We remark on
some properties of the constructed dynamical system:

(1) For any function ¢ € X, the set {o(t,%)) :t € R} is relatively compact and
there exists ¢ = ¢(¢) € [0,1] such that wy, = ay = {@.} where p.(t) = ¢ for all
t € R;

(2) (X,R,0) is point dissipative and Q@ = {p. | 0 < ¢ <1}

(3) DT (Q) =X.

Note that X is not compact. In fact, if that were not so, then according to
Theorem of Arzela-Ascoli the functions from X would be equicontinuous on the
segment [0, 2]. Let us construct a subset from X that does not possess this property.
Let 0, (t) = o(nt). Assume tL = n~' and t2 = 2n~1. It is clear that t.,#2 € [0,2],
th — 12 — 0 for n — +oo and |pn(tl) — wn(t2)] = |e(1) — ¢(2)] = 1, ie. the
sequence {@,} is not equicontinuous on the segment [0,2]. So, DFT(2) = X is
not compact and according to Theorem 1.14 the dynamical system (X, R, o) is not
compact dissipative.

In relation to Example 1.6, note that according to Theorem 1.14 examples of
point dissipative but not compact dissipative dynamical systems can be either of
two types: DT () is not compact (as in Example 1.6), or DT () is compact but is
not orbital stable. Let us show the latter case.

Example 1.7 Let ¢ be the function from the previous example. Assume X =
{¢(at + )] a,b € R and ¢t € R}. By (X,R,0) denote a semigroup dynamical
system of shifts on X. We note the following properties of the constructed dynamical
system:

(1) For any function ¢ € X, the set {o(¢,¢) | t € R4} is relatively compact and
there exists ¢ € [0, 1] such that wy, = {¢c};
(2) D*(Q) = Q and, consequently, DT (Q) is compact, as Q = {p. | 0 < ¢ < 1}

Show that D () is not orbital stable. It is clear that to prove this statement
it is sufficient to construct the sequence {¢,} C X and ¢, > 0 such that ¢, —
o € Q and inf{p(c(tn,¥n), )| n > 0} > 0. Assume ¢, (t) = @(nt + 1 — n?)
(t € R) and ¢, = n. Then o(t,,¥,)(s) = p(ns + 1) is not convergent in X, hence
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inf{p(co(tn,¥n),?) | n >0} > 0 (in fact, the sequence, p(ns + 1) does not contain
sub-sequences convergent in X). So, for semigroup point dissipative dynamical
system (X,R, o) the set DT(Q) is compact but not orbital stable. According to
Theorem 1.14 (X, R, , o) is not compact dissipative.

Remark 1.5 As it was proved in Lemma 1.18, for the compact positively invariant
set M C X the equality DT(M) = M assures the orbital stability of M if the
dynamical system (X, T, ) is compact dissipative. Example 1.7 shows that for point
dissipative systems the corresponding fact does not hold, i.e., in this case the well
known Theorem of Ura [25] does not hold.

1.6 Local dissipative systems

Theorem 1.16  For the compact dissipative dynamical system (X, T, ) to be lo-
cally dissipative is necessary and sufficient that for every point p € X there exists
dp > 0 such that

lim B(r'B(p,d,),J) =0, (1.29)

t——+oo

where J is the center of Levinson of (X, T, ).

Proof. The sufficiency of the theorem is obvious. Let (X, T, 7) be locally dissipative
dynamical system. Then there exists a nonempty compact K C X such that for
every point p € X there exists d, > 0 for which the following equality holds:

dim_B(x'B(p,5,), K) = 0. (1.30)

From Lemma 1.3 follows that the set K, := w(B(p,d,)) is nonempty, compact,
invariant and

lim B(x'B(p,d,), K,) = 0. (1.31)

t——+oo

From the equality (1.30) follows the inclusion K, C K and consequently w(kK,) C
w(K) C J. By virtue of the invariance of the set K, we have K, = w(K,); hence
K, C J. From the last inclusion and the equality (1.31) follows the equality (1.29).
The theorem is proved. g

Theorem 1.17  For the compact dissipative dynamical system (X, T, ) to be lo-
cal dissipative, it is necessary and sufficient that its Levinson center J would be
uniformly attracting set.

Proof. Let (X, T,n) be local dissipative, J be its center of Levinson and p € J.
Then according to Theorem 1.16 there exists ¢, > 0 such that the equality (1.29)
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holds. By compactness of J from its open covering {B(p,d,)| p € J}, it is possible
to extract finite sub-covering {B(p;, d,,)| i € 1,m}. According to Lemma 1.9 there
exists v > 0 such that B(J,v) C U{B(p;,dp,)| i € 1,m}. It is clear that for the
~v > 0 the equality

Jlim B(x B(J,7), J) =0 (1.32)

holds, i.e., J is uniformly attracting set.

Let now (X, T, ) be compact dissipative and its Levinson center be uniformly
attracting set, i.e., there exists v > 0 such that the equality (1.32) holds. For z € X
there exists [ = I(z) > 0 for which

plat,J) <~ (1.33)

for all t > I. According to (1.32) for every positive number £ we can choose L(g) > 0
such that

plyt,J) <e (1.34)

for all ¢ > L(e) and y € B(J,v). Since B(J,7) is open by virtue of (1.33) we
can select n = n(x) > 0 such that the inclusion B(zl,n) C B(J,v) holds. By
the continuity of the mapping 7(l,-) : X — X for n we can find 6 = §, > 0
such that yl € B(zl,n) and yl € B(J,~) for all y € B(x,d,). By virtue of (1.34)
y(t+1) € B(J,e) forall t > L(e) and y € B(z,d,). Let L(e,z) := I(z) + L(e), then
yt € B(J,e) for all t > L(e,z) and y € B(x,d;), i.e. (X,T,m) is local dissipative.
The theorem is completely proved. O

Lemma 1.19 Let M C X be a nonempty compact positive invariant set in
(X, T,n). If M is uniformly attracting it is orbital stable.

Proof. Suppose that the conditions of the lemma are fulfilled but M is not orbital
stable. then there exist 9 > 0, §,, | 0, x,, € B(M,d,) and t,, — 400 such that

p(xntn, M) > eg. (1.35)

Since M is uniformly attracting, for the number ¢ there exists positive number
L(eo) such that

plat, M) < %0 (1.36)
for all x € B(M,~) and t > L(egg) where v > 0 is such that

Jim_B(x* B(M, ), M) = 0.
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As x, € B(M,6,) and d, | 0, the sequence {z,} can be considered convergent.

Assume zg = hIJIrl Zpn. Then xyg € M and t, > L(gg) for sufficiently large n.

According to (1.36) holds the equality
p(@ntn, M) < %0 (1.37)

The inequalities (1.35) and (1.37) are contradictory. The obtained contradiction
completes the proof of the lemma. O

Theorem 1.18 For a point dissipative dynamical system (X, T, ) to be local
dissipative, it is necessary and sufficient that the following two conditions hold:

1. DT(Q) (JT(R)) is compact;
2. DT(Q) (JT(Q)) is uniformly attracting set.

Proof. Let (X,T,n) be point dissipative and the conditions 1. and 2. of the
theorem are fulfilled. Since according to Lemma 1.19 the set D1T(Q) (JT(Q)) is
orbital stable, then according to Theorem 1.14 the dynamical system (X, T, ) is
compact dissipative and DT(2) (JT(Q)) coincides with its center of Levinson .J.
Now to finish the proof of the theorem it is sufficient to refer to Theorem 1.17.
Let (X, T, ) be local dissipative. As according to Lemma 1.5 the dynamical
system (X, T, ) is compact dissipative. Then according to Theorem 1.14 DT(Q)
(JT(2)) is compact and orbital stable. By Theorem 1.11 and Corollary 1.5 the
equality J = DT(Q) (J = JT(Q)) holds, where J is the center of Levinson of
(X, T,n). From Theorem 1.17 follows that D (Q) (J*(w)) is a uniformly attracting
set. The theorem is completely proved. O

Definition 1.27 We will call the dynamical system (X, T, 7) local asymptotically
condensing if for every point p € X there exist J, > 0 and a nonempty compact
K, C X such that

lim B(x'B(p,d,), K,) = 0. (1.38)

t——+oo

The following holds:

Theorem 1.19  Let (X, T, ) be point dissipative. For (X, T, ) to be local dissipa-
tive it is necessary and sufficient that (X, T, ) be locally asymptotically condensing.

Proof. 1If (X, T,n) is locally dissipative, then it is clear that (X, T, ) is asymp-
totically condensing too. Suppose that (X, T,7) is point dissipative and locally
asymptotically condensing and let us show that (X, T, 7) is local dissipative. First
of all, let us show that for every compact K € C(X) the set X1 (K) is relatively
compact. Let p € K, ¢, > 0 and K, € C(X) be such that the equality (1.38) is
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fulfilled. By compactness of K from its open covering { B(p, d,,)| p € K} we can ex-

tract finite subcovering {B(p;, dp,)| 1 <i < n}. Assume W = K, UK,,U...UK,, .

Then W is compact and

. 1ir+n B(r*K,W) = 0. (1.39)

From the equality (1.39) follows relative compactness of ¥ 7(K). According to

Theorem 1.15 the dynamical system (X, T, ) is compact dissipative. Let now J be

the center of Levinson of (X, T, n), and that p € J, 0, > 0, and K, € C(X) are such

that the equality (1.38) holds. By Lemma 1.3 the set w(B(p,d,)) # 0, is compact,
invariant and the equality

tlg_nooﬁ(ﬂ—tB(pvép)?w(B(pv 517))) =0 (1'40)

holds. Since J is maximal compact invariant set of (X, T, ), then w(B(p,d,)) C J

and from the equality (1.40) follows the equality (1.29). According to Theorem 1.16

the dynamical system (X, T, ) is local dissipative. The theorem is proved. (|

At the end of this paragraph, we give an example of compact dissipative
dynamical system that is not local dissipative.

Example 1.8 Counsider a linear differential equation
T = Az (1.41)

in the Hilbert space H := Ls[0,1] with the continuous operator A : Ls[0,1] —
L]0, 1] defined by the equality (Ap)(7) = —7¢(7) for all 7 € [0,1] and ¢ € L2[0, 1].
Note that the spectrum of the operator A coincides with the segment [—1, 0]. Denote
by U(t) the Cauchy operator of the equation (1.41). It is clear that (U(t)p)(r) =
e~ Tlp(r) for all t € R, 7 € [0,1] and ¢ € L2[0,1] (see [250, p.404]). Denote by
(H,R, ) the dynamical system generated by the equation (1.41) i.e. w(p,t) =
U(t)p for every t € R and ¢ € L3]0,1]. According to Theorem of Lebesgue on the
limit passage under the sign of integral we have

1
me@mzzlieﬂﬂwvnmreo

as t — +oo. Hence, the dynamical system (H,R,7) is point dissipative and w, =
{0} for every ¢ € H and consequently Q = U{w,|p € H} = {0}. Further note that

1 1
wwwwzée*%mwwglmwwmzww

for all t > 0. According to Theorem 1.14 the dynamical system (H, R, ) is compact
dissipative and its Levinson center J = {0}.
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Let us show that the constructed dynamical system (H,R, ) is not local dissi-
pative. In fact, if (H,R,7) were local dissipative then according to Theorem 1.17
there would be v > 0 such that

lim sup |[|7(t,¢)|| =0. (1.42)
T lglI<y

By virtue of the linearity of the system (H,R,7) the equality (1.42) is equivalent
to the condition

lim sup ||7(t,¢)|| = 0. (1.43)
e lpl<1

Define the function ¢, € H (n =1,2,...) by the following rule: o, (7) := v/nxn(7)
for all 7 € [0,1] where y,, is the characteristic function of the set [0,n~!] C [0,1].
Note that ||¢n|| = 1 and

|~

N
0
n

= o0 [1 —e—zﬂ —1-el 40, (1.44)

where t,, = §. However, (1.43) and (1.44) cannot take place simultaneously. The
obtained contradiction shows that our assumption about the local dissipativity of
(H,R, ) is not true. The necessary example is constructed.

1.7 Global attractors

Definition 1.28 A nonempty compact set I C X we will call the global attractor
of the dynamical system (X, T, ) if the following conditions are fulfilled:

a. I is invariant w.r.t. (X, T,r);
b. I attracts all the bounded subsets from X.

Theorem 1.20 The following conditions are equivalent:

1. the dynamical system (X, T,m) admits a compact global attractor;

2. the dynamical system (X, T,7) is bounded k-dissipative;

3. the dynamical system (X, T, ) is compact k-dissipative and its center of Levin-
son attracts all bounded subsets of X .

Proof. The implication 1. = 2. is obvious. Let us show that from 2. follows 3. Let
(X, T, ) be bounded k-dissipative, then (X, T, ) is compact k-dissipative. Denote
by J the center of Levinson of (X, T, 7) and show that J attracts all bounded subsets
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from X. Let B € B(X) and let K be a nonempty compact from X attracting all
bounded subsets from X, then

Jim B(r'B,K) = 0. (1.45)

From the equality (1.45) and Lemma 1.3 follows that w(B) # 0, is compact, invari-
ant and

Jim B(r'B,w(B)) = 0. (1.46)

According to Theorem 1.6 J is maximal compact invariant set of (X, T,n) and
consequently w(B) C J. From the last inclusion and the equality (1.46) follows
that

, Jim B(r'B,J) = 0. (1.47)
At last, it is clear that from 3. follows 1. The theorem is proved. O

Definition 1.29 Following to [206] we will say that the dynamical system
(X, T, ) satisfies the condition of Ladyzhenskaya if for every bounded set B C X
there exists a nonempty compact K C X such that the equality (1.45) holds.

Theorem 1.21  The following conditions are equivalent:

1. (X, T,x) is bounded k-dissipative;
2. (X, T,x) is point b-dissipative and satisfies the condition of Ladyzhenskaya.

Proof. According to Theorem 1.20 from 1. follows 2. Let us now prove that from 2.
follows 1. First of all note that from the condition 2. follows compact k-dissipativity
of (X, T,n). Let K € C(X), then from the condition of Ladyzhenskaya, Lemma 1.3
and Theorem 1.5 follows relative compactness of X7 (K). According to Theorem
1.15 the dynamical system (X,T,7) is compact k-dissipative. Denote by J the
center of Levinson of (X, T,n) and let B € B(X). Then by virtue of the condition
of Ladyzhenskaya and Lemma 1.3 w(B) # (}, is compact, invariant and the equality
(1.46) holds. As w(B) C J, from the equality (1.46) follows that J attracts B. The
theorem is proved. O

Definition 1.30 We will call the dynamical system (X, T, 7):

— completely continuous if for every B € B(X) there exists | = {(B) > 0 such
that 7! B is relatively compact;

— weakly b-dissipative if there exists a nonempty bounded set By C X such that
Y1 NBy # 0 for every point = from X (i.e. for every z € X thereis 7 = 7(z) >0
such that 7 € By). In this case the set By we will call a weak b-attractor of
the dynamical system (X, T, 7).
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Theorem 1.22 Let (X, T, ) be weakly b-dissipative and completely continuous.
Then (X, T, ) admits a compact global attractor.

Proof. Let By € B(X) be a weak attractor of the system (X, T, ), lo =1(Bg) >0
be such that 7o By is relatively compact and let K := 7l By. Under the conditions
of Theorem 1.22 for every point « € X there exists 7 = 7(x) > 0 such that 7 € By
and consequently z(7 + ly) € K. So, the dynamical system (X,T,n) is weakly
k-dissipative and the compact K is its weak k-attractor. According to Theorem
1.10 the dynamical system (X, T, ) is compact k-dissipative. Let J be the center
of Levinson of (X, T,n), B € B(X) and [ = [(B) > 0 be such that 7! B is relatively
compact. According to Theorem 1.6 the center of Levinson J attracts the compact
7' B and consequently holds the equality (1.47). The theorem is proved. (|

Definition 1.31 The dynamical system (X, T, 7) is called (see [179, 234]) asymp-
totically compact if for every bounded positive invariant set B C X (i.e. #'B C B
for all t > 0) there exists a nonempty compact K C X such that the equality (1.45)
holds.

Theorem 1.23 Let (X, T, n) be compact k-dissipative and asymptotically com-
pact. Then (X, T,7) is local k-dissipative.

Proof. Let J be the center of Levinson of (X, T, 7). According to Theorem 1.17
for (X, T,7) to be local k-dissipative it is necessary and sufficient to show that
the set J is uniformly attracting. Let 9 = 1 and d9 = (1) > 0 be such numbers
that from x € B(J,dg) follows xt € B(J,1) for all ¢ > 0 (according to Theorem 1.6
such dy exists). It is clear that the set B := U{n'B(J,d)| t > 0} is bounded and
positively invariant. By virtue of the asymptotic compactness of (X, T, ) there
exists a nonempty compact K C X such that the equality (1.45) holds . According
to Lemma 1.3 the set w(B) # 0, is compact, invariant and the equality (1.46) holds
. Since J is the maximal compact invariant set of (X, T,n), then w(B) C J and,
in particular, from (1.46) follows (1.47). From the equality (1.47) and from the
inclusion B(J,do) C B follows the equality below
lim B(x'B(J,6),J) = 0.

t——+oo

The theorem is proved. O

Lemma 1.20 Let (X, T, w) be b-dissipative w.r.t. the family M and asymptotically
compact. Then (X, T,x) is also k-dissipative w.r.t. the family M.

Proof. There exists a bounded closed set By C X such that for every M € 9
there is L > 0 for which 7'M C By for all t > L. Assume B := {x € By|xt € By
for all t > 0}. It is clear that B # 0, is bounded and positively invariant. By the
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asymptotic compactness of (X, T, 7) there exists a compact set K C By such that
the equality (1.45) holds. According to Lemma 1.3 the set w(B) # 0, is compact
and the equality (1.46) holds. Note that My = U{x'M |t > L} C B and M
is positively invariant. By virtue of the asymptotic compactness of (X, T, 7) and
according to Lemma 1.3 the set w(My,) # 0, is compact, w(My) C w(B) and w(My)
attracts Mp. Now to finish the proof of the lemma it is sufficient to note that the
set M is attracted by the compact w(M7p,), hence by the compact w(B) too. In such
way we constructed the nonempty compact w(B) attracting all set from the family
M. The lemma is proved. g

Corollary 1.7 Let (X, T,w) be point (compact, local, bounded) b-dissipative and
asymptotically compact. Then (X, T,m) is point (compact, local, bounded) k-

dissipative.

Corollary 1.8 Let (X, T, ) be asymptotically compact. Then local b-dissipativity

and compact b-dissipativity are equivalent.

Proof. The formulated statement follows from Corollary 1.7 and Theorem 1.23. [J

Theorem 1.24 Let (X, T,w) satisfy the condition of Ladyzhenskaya. Then the
following conditions are equivalent:

1. the dynamical system (X, T,w) is weakly b-dissipative;

2. there exists a bounded set By C X absorbing all points from X, i.e. for every
x € X there exists T = 7(x) > 0 such that xt € By for all t > T;

. the dynamical system (X, T, ) is point k-dissipative;

. the dynamical system (X, T,w) is weakly k-dissipative;

. the dynamical system (X, T, ) is bounded k-dissipative;

S N

. there exists a bounded set Bo C X absorbing all bounded subsets of X, i.e.
for every B € B(X) there exists L = L(B) > 0 such that n*B C By for all
t > L(B).

Proof. Tt is clear that from 2. follows 1.. Let us show from 1. follows 3.. Let By
be a weak attractor of the system (X, T, 7). As (X, T, ) satisfies the condition of
Ladyzhenskaya, the set Ky := w(By) # 0, is compact and attracts the set By. Since
for every € X there exists 7 = 7(x) > 0 such that 27 € By and consequently
tlig_noo plat, K1) = 0.

Obviously, from 3. follows 4. Let the condition 4. be fulfilled and Ko C X
be a nonempty compact such that w, N Ko # 0 for every z € X, v > 0 and
K3 := w(B(Ka2,7)). Under the conditions of the theorem the set K3 # (), is compact
and attracts B(K3,7). According to the condition 4. for every x € X there exists
7(x) > 0 such that 7 € B(Ks,7) and consequently x is attracted by the set Ks.
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So, (X, T, n) is point k-dissipative and according to Theorem 1.21 it is bounded
k-dissipative.

To finish the proof of the theorem it is sufficient to note that from 5. follows 6.
and from 6. follows 2. The theorem is proved. O

1.8 On a Problem of J. Hale

Let P : X — X be a continuous mapping and (X, P) be a discrete dynamical
system, generated by the positive powers of mapping P.

Definition 1.32 A continuous mapping P : X — X is called a A-contraction of
order k €]0,1[, if A(P(A4)) < kA(A) for all A € B(X), where A is some measure of
non-compactness on X.

In the work [174] it was formulated the following problem

Problem (Problem of J. Hale). Let a discrete dynamical system (X, P) be
pointwise b-dissipative and the mapping P be a A-contraction. In the dynamical
system (X, P), does a maximal compact invariant set exist?

In the relation to the problem of J. Hale it is interesting to note the following
problem.

Problem. Let a discrete dynamical system (X, P) be pointwise b-dissipative.
To find the conditions which guarantee existence in the dynamical system (X, P) a
maximal compact invariant set.

Below we give some results in relation to this problem.

The example 1.6 shows, that there exist pointwise k-dissipative dynamical
systems which do not admit a maximal compact invariant set. On the other hand,
by Theorem 1.6 for the compact k-dissipative dynamical system, its Levinson center
is a maximal compact invariant set.

The following assertion holds.

Lemma 1.21 Let (X,T,7) be a pointwise k-dissipative dynamical system and
JT(Q) be a compact set, then in (X, T, ) there is a mazimal negatively invariant
compact set I C JT(Q).

Proof. Denote by I* the family of all nonempty negatively invariant compact
subsets A C J*(Q). We note that I* # (), because according to the corollary 1.4
Qel”.

Denote by I a closure of union of all negatively invariant compact subsets of
JT(Q). By Theorem 1.3 the set I is negative invariant and, consequently, it is
unknown. The lemma is proved. U

Corollary 1.9 Under the conditions of Lemma 1.21 the set I is invariant.
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Proof. In fact, since the set I is negatively invariant, then for every ¢t € T the
set w1 also is negatively invariant and compact and by Lemma 1.15 7t C JT(Q).
According to Lemma 1.21 [ is a maximal compact negatively invariant set and,
consequently, mt1 C I i.e. wt] =1 for allt € T. O

Thus, if (X, T,n) is pointwise k-dissipative and J*(Q2) is compact, then in
(X, T,7) there exists a maximal compact invariant set I C J*(2). On the other
hand according to the example 1.7, there are pointwise k-dissipative dynamical
systems, but not compact k-dissipative, for which the set JT(€) is compact.

Lemma 1.22 Let T = Ry. Dynamical system (X, T,n) is asymptotic compact,
if and only if for some ty > 0 the discrete dynamical system (X, P) is asymptotic
compact, where P :=rxto : X — X.

Proof. Tt easy to see that if the dynamical system (X, T, 7) is asymptotic compact,
then the discrete dynamical system (X, P) is asymptotic compact too, where P :=
wo : X — X and t( is a arbitrary positive number. Let M C X be a bounded
positively invariant set of (X, T, 7). Then P(M) C M and according to asymptotic
compactness of discrete dynamical system (X, P) there exists a compact Ky € C(X)
such that

lim B(P"(M),Ky) = 0. (1.48)

n—-+o0o

Let K := 7([0,%0], Ko). Then by the continuity of mapping 7 : T x X — X and
by compactness of the set [0, ] x Ko the set K is also compact. We will show that
the following equality . liin B(wtM, K) = 0 holds. In fact, if we suppose that it is

false, then there exist eg > 0, t,, — +o0 and {x,,} € M such that
p(xntn, K) > €. (1.49)

Let t,, = knto+7n, where k,, is a integer part of the number t,, /to and 7,, € [0, to],
then 7(tn,zn) = 7(7n, m(knto,2r)). Taking into account the equality (1.48) we

may suppose that the sequence {mw(k,to,2,)} is convergent. Let 79 := lir+n Tn
n—-1+0oo
and yo := lim 7(knto,xn), then lim w(t,,x,) = w(70,y0). Since yo € Ko,
n—-+o0o n—-+oo

then 7(79,40) € K. On the other hand, passing to limit in the inequality (1.49) as
n — 400, we obtain p(7 (70, y0), K) > €o, i.e. yo7o ¢ K. The obtained contradiction
completes he proof of Lemma. O

Definition 1.33 Recall (see [175,179)] and [278]) that the mapping P : X — X
is called condensing with respect to measure of the non-compactness A, if A(P(A)) <
A(A) for all A € B(X) with condition A(A) > 0.

Lemma 1.23 [175] Let P : X — X be a continuous A-condensing mapping. Then
the discrete dynamical system (X, P) is asymptotic compact.
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Proof. At first we will show, that for every bounded set B C X with condition
P(B) C B and every sequence {k;} with integer k; — +oo the set {P*x;} is
relatively compact. Let C = {{P*iz;} : {x;} C B, {k;} are integers, 0 < k; —
+oo}. We put n := sup{A(h) : h € C}. Since h C B, if h € C, then n <
A(B).We will prove the existence h* € C such that \(h*) = 7. Let {h;} be a
sequence of elements of the set C' for which A(h;)) — 7. We will define hy =
{PFiz;: Phixj € hy, ky >1}. Then A(hy) = Ahy). It h* = U{l| | = 1,2,...}
is ordered in arbitrary way, then h* € C and A(h*) > A(h;) for every I. Thus
A(h*) = 1. We put h* := {P*=tz; . Pkiz; € h*}. Then h* € C and A(h*) < 7.
ButP(h*) = h*, so that A(P(h*)) > A(h*) and, consequently, A(h*) = 0 because
the mapping P is A-condensing. Therefore h* and h* are relatively compact and
7 = 0. Thus, each sequence in C is relatively compact.
By Lemma 1.3 the set w(B) # ), compact, invariant and the equality
lim B(P"(B),w(B))=0 (1.50)

n—-+oo

holds. Lemma is proved. 0

Definition 1.34 A dynamical system (X, T, ) is called locally bounded, if for
every © € X there are §, > 0 and , > 0 such that the set U{n'B(x,d,) : t > I, } is
bounded.

The example 1.6 shows, that there exist pointwise dissipative and locally
bounded dynamical systems that are not compact dissipative.

Definition 1.35 A dynamical system (X,T,7) is called A-condensing, if
AM7t*B) < A\(B) for all B € B(X),t € T,\(B) >0 and n'B € B(X).

Theorem 1.25 Let (X, T,7) be a pointwise b-dissipative, locally bounded and
A-condensing dynamical system, then (X, T, ) is locally k-dissipative.

Proof. Let (X, T,n) be a A-condensing dynamical system. Then by Lemmas 1.22
and 1.23 the dynamical system (X, T, 7) is asymptotic compact. From the corollary
1.7 it follows that the dynamical system (X, T, 7) is pointwise k-dissipative. Let
p € X, 0p > 0 and [, > 0 be numbers from the definition of local boundedness
of dynamical system (X, T, 7). Consider a set M, := U{r'B(p,d,) : t > l,}. By
asymptotic compactness of dynamical system (X, T,7) there exists a compact set
K, € C(X) such that

. 1i£_n B(r*B(p,d,), K;) = 0. (1.51)

According to Theorem 1.19 the dynamical system (X, T, ) is local dissipative. The
theorem is proved. O
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Theorem 1.26 Let (X,T,w) be a pointwise b-dissipative and A-condensing
dynamical system. If for any p € Q there exist 6, > 0 and l, > 0 such that
U{r'B(p,d,)| t > 1,} € B(X), then (X, T,n) is local k-dissipative.

Proof. Let (X, T,n) be pointwise dissipative and A-condensing. Then by Lem-
mas 1.22 and 1.23 the dynamical system (X, T,n) is asymptotic compact. Ac-
cording to Corollary 1.7 the dynamical system (X, T, ) is pointwise k-dissipative
and, consequently, the set € is nonempty and compact. From the open cov-
ering {B(p,d,)| p € Q} of the compact set € we choice a finite sub-covering
{B(pi,d,,) | i € 1,m}. We put ly := max{l,, | i € 1,m}. By Lemma 1.9, there
exists v > 0 such that B(Q,7) C U{B(pi,dp,)| i = I,m}. If z € X, then there
exists {(x) > 0 such that al € B(£,v). Since the set B(),v) is open, then there
exists a number ¢ > 0 such that B(zl,e) C B(Q,7). According to the continuity of
mapping 7! : X — X, there exists a number &, > 0 such that yl € B(xl,¢) for all
y € B(z,0) and, consequently, the set U{m!B(x,d)| t > ly + I(x)} is bounded. To
finish the proof it is sufficient to use Theorem 1.25. O

Theorems 1.25 and 1.26 give a solution of the problem of J. Hale for the local
bounded dynamical systems.

Definition 1.36 A dynamical system (X, T, ) is called compact bounded, if for
every compact K € C(X) the set X1 (K) is bounded, i.e. X7 (K) € B(X).

The following theorem holds:

Theorem 1.27 Let (X, T, n) be a pointwise b-dissipative, compact bounded and
A-condensing dynamical system. Then (X, T, ) is compact b-dissipative.

Proof. By Lemmas 1.22 and 1.23 the dynamical system (X, T, ) is asymptotic
compact and, consequently, (X, T, ) is pointwise k-dissipative. Since the dynamical
system (X, T, ) is compact bounded, asymptotic compact and the set ¥ (K) is pos-
itively invariant, then the set 7 (K) is relatively compact for every K € C(X) and
according to Theorem 1.15 the dynamical system (X, T, ) is compact k-dissipative.

O

Definition 1.37 A dynamical system (X,T,n) is called bounded, if for every
B € B(X) the set 1 (B) is bounded, i.e. ¥*(B) € B(X).

Theorem 1.28 Let (X, T,n) be a bounded and \-condensing dynamical system.
Then (X, T, ) is bounded k-dissipative.

Proof. This assertion can be proved using the same arguments as in the proof of
Theorem 1.25. 0
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At the conclusion of this paragraph we give an example of pointwise dissipative

dynamical system that is local bounded and does not admit a maximal compact

invariant set.

Example 1.9 Let ¢ € C(R,R) be a function possessing the following properties:

CUR W

©(0) = 0;
supp() = [0, 2];
» € C*(R,R);
(1) =1;

the function ¢ is monotone creasing from 0 to 1 and it is decreasing from 1 to
2;

zp(x™l) — 0 as z — +oo.

A function ¢ with the properties 1. — 6. can be constructed as following. Let

exp (2 =171 +1), |t| <1
t) :=

Then the function ¢(t) := ¢o(t + 1) is unknown. We put X := {ap (L +h)| h €

R,

a > 0}U{6}, where @ is function from C'(R, R) identical equal to 0. It is possible

to show that the set X is closed in C(R,R) and it is invariant with respect to
shifts. Thus on the set X is induced a dynamical system (on C'(R,R) is defined a
dynamical system of translations or Bebutov’s dynamical system), which we denote

by

(1)

(X,R,0). We will indicate some properties of this system:

for every function ¢ € X the set {o(¢,¢) : t € R} is relatively compact and
wy = ay = {0};

the dynamical system (X,R,0) is pointwise dissipative and € :=
Wwe | 2 € X} = {0}

DT (Q) = X and, consequently, the dynamical system (X,R, o) is not compact
dissipative because the set X, evidently, is not compact;

the dynamical system (X, R, o) is not local bounded;

In fact, for every § > 0 we have S 1(B(6,6)) := U{r'B(6,6) : t > 0} = X. From

this equality it follows the set X7 (B(0,6)) is not bounded for all § > 0.

5.

the dynamical system (X,R, o) does not admit a maximal compact invariant
set.

The necessary example is constructed.
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1.9 Connectedness of the Levinson’s center

Below we give the conditions of of the Levinson center for a compact dissipative
dynamical system.

Lemma 1.24 Let My, My € C(X), W5(My) # 0 and W5 (M) # 0, then:

(1) if Ws(Ml) N WS(MQ) 7& @, then My N My 7é 0.

(2) ’Lf M1 N M2 = @, then WS(Ml) n WS(MQ) = @

(3) if the sets My and Ma are attracting and W= (My) N W*(Ms) = 0, then My N
M2 = @

(4) if the sets My and My are attracting and My N My # 0, then W5(My) N
W#(My) # 0.

Proof. The formulated affirmation follows from the corresponding definitions. O

Definition 1.38 A closed (open) positively invariant set M C X of a dynamical
system (X, T, ) is called indecomposable if it cannot be represented in the form of
a union of two own closed (open) positively invariant subsets.

Lemma 1.25 Let M be a nonempty compact positively invariant and indecom-
posable subset of X and T =R,. Then M is connected.

Proof. Suppose that the set M is not connected. Then there are nonempty closed
subsets M7 and My C X such that M = M; U M,. Let x € M; and T; =
{t € T|axt € M;} (i =1,2). Then according to the continuity of the mapping
m(-,2) : T — X the sets Ty and Ty are closed, Ty N Ty =@ and T =Ty U Ts. From
the connectedness of the set R, it follows that Ty = () and, consequently, the set
M is positively invariant. Using the same arguments we can prove that the set My
is also connected. But this fact contradicts to the indecomposability of the set M.
The lemma is proved. g

Lemma 1.26 Let M € C(X) be orbitally stable, M = My U Ms and each of the
sets My and Ms be nonempty and positively invariant. Then

1) the sets M1 and My are orbitally stable;

2) Ws(M) = W*(M;) UW*(My).

3) if the set M is asymptotically stable, then the sets My and My are also asymp-
totically stable.

Proof. Let d = p(M;, M) > 0. For the number d/2 we will choice a number do
such that the inequality p(z, M;) < d2 (i = 1,2) implies p(xt, M;) < d/2 for all
t € [0,1]. We take positive numbers € > 0 (e < d/2) and 61 = d1(e, M) out of the
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condition of orbital stability of the set M. Let d(¢) := min(d1, d2) and show that
from the inequality p(x, M;) < §(e) follows p(zt, M;y) < € for all ¢ > 0. In fact, if
plx, My) < d(e), then p(z, M) < §(e) and, consequently, p(zt, M) < ¢ for all ¢ > 0.
Denote by

T, ={teT]|p(xt,M;) <e} (i=1,2).

Note, that if the set T is connected, then Ty = () and, consequently, T; = T.

Let us consider the case when the set T is discrete. We will show that then the
set Ty is also empty. Suppose that Te # () and denote by ty = inf Ty. It is clear
that tg > 1, tog € Ty and to — 1 € Ty. Note, that for the point y := z(tp — 1) we
have p(y, M1) < e and, consequently,

ply, M) < d/2. (1.52)
On the other hand,
ply, M) = p(My, M) — p(y, Ma) > d/2. (1.53)

The inequalities (1.52) and (1.53) are contradictory. Thus, our assumption that
Ty # () is not true and, consequently, T = Ty, i.e. the set M is orbitally stable.
On the analogy with this we can prove the orbital stability of the set M>. Hence,
the first statement of the theorem is proved.

Now let us prove that W#(M) = W*(M;) U W5(Ms). Obviously, it is suf-
ficient to show that W*(M) C W*(M;) U W¥(Mz). Let 0 < ¢ < d/2 and
d(e) = min(d(e),01(¢), d2(g)), where the number 6(g) (d1(g), d2(g)) is chosen out
of the orbital stability of the sets M (M;, Ms). Then for every point z € W*(M)
there exists o > 0 such that p(zto, M) < §(¢). One of the following two conditions
is true:

plato, M1) < d(e) or p(ate, Ma) < d(e).

If the first condition is true, then p(xt, M;) < € for all t > tg, w, C B(Mj,¢e) and
wy N My =0, ie. w, € M; and z € W5(My). If the second condition holds, then
plat, M) < e for all t > tg, wy C B(Mas,e) and w, N M7 = 0, i.e. w, C My and
x € WS(MQ)

Now it remains to prove the third statement. For this it is sufficient to prove
that each of the sets M; and M, is attracting. Since the set M is asymptotic
stable, then there exists a number v > 0 such that B(M,~) C W*(M), B(M,~) =
B(My,v) U B(Ms,v) and v < d/2, where d = p(My, M3) > 0. For the number
~v we will choose § = 6(M7,7) > 0 (§ = 6(Ma,7v) > 0) out of the condition of
orbital stability of the set My (Ms). Then if x € B(My,9) (x € B(Ma,J)), we have
2t € B(M1,v) (zt € B(Mas,)) for all ¢ > 0 and, consequently, w, C B(My,~)
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(we € B(Ma,7), ie. © € W¥(My) (x € W*(Ms)). Thus B(My,0) € W*(My)
(B(Mz,d) C W*(Ms)). The lemma is completely proved. O

Theorem 1.29 Let (X, T, ) be a compact dissipative dynamical system and J
be its Levinson center. If the space X is indecomposable, then the set J is also
indecomposable.

Proof. We will show that if the space X is indecomposable, then the set J possesses
the same property. Suppose that it is not true. Then there exist nonempty compact
positively invariant subsets Ji, Jo C J such that J = J; U Jy. Since the set J is
asymptotically stable, then by Lemma 1.26 each of the sets J; and J> possesses the
same property, X = W*(J) = W#(J;) UW?#(J2) and, in addition, by Lemmas 1.8
and 1.26 each of the sets W#(J;) and W#(J3) is open. From Lemma 1.24 it follows
that W#(J1) N W#(J3) = (). The last equality contradicts the indecomposability of
the set J. ]

Lemma 1.27 Let M be a nonempty compact positively invariant attracting subset
of X. If the set M is indecomposable and the set W*(M) is closed, then the set
W$(M) is indecomposable too.

Proof. Suppose that the conditions of the lemma are fulfilled, but the set W* (M)
is decomposable. Then the set W*(M) can be presented in the form of a disjoint
union of two own closed positively invariant subsets A; and As. It is clear that
M C A; U As. Note, that for every point x € A; ) # w, € M N A; and for every
point y € Az 0 # w, C M N Ay and, consequently, M; = M NA; #0 (i =1,2) and
M = M; U M;. The last equality contradicts the indecomposability of the set M

Corollary 1.10 If the set M € C(X) is attracting and connected, then the set
W#(M) is connected too.

Proof. The formulated statement follows from Lemmas 1.25 and 1.27. ]

Corollary 1.11 Let (X,Ry,7) be a compact dissipative dynamical system and
J be its Levinson center. The set J is connected if and only if the space X is
connected.

Proof.  This statement follows dierectly from Theorem 1.29, Lemma 1.25 and
Corollary 1.10. O

Remark 1.6  Different versions of this statement are contained in the works [20,
175,179,232, 294] (see also the references within,).
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Corollary 1.12  For a compact dissipative dynamical system (X, T, ) from the
indecomposability of its Levinson center follows the indecomposability of the space

X.

Theorem 1.30 Let (X, T,n) be a compact dissipative dynamical system and J
be its Levinson center. The set J is indecomposable if and only if the space X is
indecomposable.

Proof. This affirmation follows from Theorem 1.29 and Corollary 1.10. 0

Lemma 1.28 Let M € C(X) be an asymptotically stable set. If the set W*(M)
is indecomposable, then the set M is indecomposable too.

Proof. Suppose that the statement of the lemma is not true, i.e. the compact
set M is asymptotically stable and the set W*(M) is indecomposable, but the set
M is decomposable. Then there exist nonempty subsets M; and Ms of the set M
such that M = M; U M,. By Lemma 1.24 W5 (M) N W$(M3) = (). Since the
set M is asymptotically stable, then according to Lemma 1.26 the sets My, Ms
and W(M) = W3(M;) U W?(Ms) possess the same property. The sets W*(M;)
and W#*(My) are positively invariant and by Lemmas 1.8 and 1.26 each of the sets
W#(My) and W#(Ms) is open. That contradicts the indecomposability of the set
We(M). |

Corollary 1.13 Let M € C(X) be an asymptotically stable set. The set M is
connected if and only if the set W*(M) is connected.

Theorem 1.31  Let X be locally connected. If M € C(X) is a nonempty positively
imwvariant uniform attracting set, then the set M has a finite number of components
of connectivity.

Proof. By Lemma 1.8 the set W*(M) is open. Since the space X is locally
connected, then the set W*# (M) is also locally connected. We will cover the set M

by a finite number of open connected sets Hy, Ho, ..., H,, satisfying the condition
H=HUH,U---UH,, C W5(M). Let V4, Vo, ..., V; be the components of
connectivity of the open set H. Then the sets V1, V3, ..., V} are mutually disjoint

and they are contained in W#*(M). Denote by M; := M NV; (i = 1,k) and note
that M = M1 UMsU- - -U My, the sets My, M, ..., My are mutually disjoint and in
virtue of Lemma 1.24 W* (M), W*(Mz), ..., W*(M},) also are mutually disjoint.

If T = R4, then each of the sets M; is closed, positively invariant and in view
of Lemma 1.26 each of the sets M; is asymptotically stable, W*(M) = W*(M;) U
We(My) U --- UW?*(My) and V; € W*(M;). Every set M; (i = 1.k) is positively
invariant and by Lemma 1.8 they are open. We will prove the connectedness of
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the sets M; (i = 1.k). Assuming the contrary, we obtain that the set M; can be
presented in the form of a union of two closed nonempty disjoint positively invariant
sets M/ and M/ in V;. By virtue of Lemma 1.24 W*(M]) N W*(M]") = 0. Note,
that the sets M/ and M/ are asymptotically stable and W?*(M;) = W*(M/!) U
W (M]"). The sets M/ and M|’ are open and positively invariant. That contradicts
the connectivity of the set V;.

Let now (X, f) be a discrete dynamical system. Since the set M is uniformly
attracting, then for a sufficiently large number m we have f™(H) C H and, con-
sequently, f™(V;) C V4 UVa U ---UV;. According to the connectivity of the sets
Vi, Va, ..., Vi and the continuity of the mapping f, the sets f™(V;) i = 1,k
are connected and, consequently, for every number i there exists a unique num-
ber j such that f™(V;) C V;. Let as above M; :== M NV; (i = 1,k), then
(M) C f™(M)n f™(V;) € M NV; = M;. Since the set M is positively in-
variant, then f™ (M) C M and, consequently, f™(M;) C M;. Thus, the mapping
f™ permutes the sets My, Mo, ..., M} and, consequently, there exists a number n
such that f?(M;) € M; (i = 1,k). Thus, every set My, M, ..., M is positively
invariant with respect to mapping f™. Then in view of Lemma 1.26 each of the sets
My, My, ..., My is asymptotically stable with respect to the discrete dynamical
system (X, f™) and W5(M) = W*(M;) U WS (Mz) U --- U W?3(My). Note, that
fr(V;) CV; and V; € W*(M;) (i = 1,k). Using the similar arguments as ones
above, for the case T = R, we obtain the connectivity of the set M;. Theorem is
completely proved. O

Theorem 1.32 Let (X,Z, f) be a locally dissipative dynamical system and J be
its Levinson center. If the space X is connected and locally connected, then the set
J is also connected.

Proof.  If the space X is connected and locally connected, then by Theorems
1.17 and 1.31 the center of Levinson of the discrete dynamical system (X, Z, f)
consists of finite numbers of components of the connectivity Ji, Jo, ..., Jr. In
the proof of Theorem 1.31 there has been established the existence of a number n
such that f™(.J;) C J; (i = 1,k). Put P := f™ and consider the discrete dynamical
system (X, P) generated by the the positive powers of the mapping P. Note, that
the system (X, P) is compactly dissipative and satisfies the following condition:
J=JyUJyU---UJg. In addition, we have P(.J;) C J; (i € 1,k). Thus, the center
of Levinson J of the discrete dynamical system (X, P) is decomposable, but this
fact contradicts Theorem 1.29 because the space X is connected and, consequently,
indecomposable. The theorem is proved. O

Remark 1.7 We note that only the connectedness of the space X, without local
connectivity, does not guarantee the connectivity of the center of Levinson J of the
discrete dynamical system (X, f) (see [166]).
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Definition 1.39 A metric space X is said to be possessing the property (S) if for
every compact K C X there exists a connected compact I C X such that K C I.

Remark 1.8 a) If the space X possesses the property (S), then it is connected.

b) It is possible to construct an example of a connected space that does not possess
the property (S).

¢) Every linear metric space possesses the property (S).

In fact, if K C X is a compact set, then the set L(K) ={ x+ (1 -y | z,y €
K, 0<X<1} is a connected compact and K C L(K).

Theorem 1.33 Let (X,Zy, ) be a compact dissipative dynamical system, J be
its Levinson center and the space X possesses the property (S). Then the set J is
connected.

Proof. Let X be a space with the property (S). Suppose that the set J is not
connected. Then there are such subsets U; and Uy that J C Uy UUs, JNU; # 0
(i € 1,2) and Uy NUy = 0. Let I be some connected compact containing the
set J. Then the set 7(¢,I) is a connected compact for every ¢t € Zy. As J C I
and 7(t,J) = J (t € Z4), then J C w(t,I) and, consequently, w(t,1) N U; # 0
(i=1,2,t € Z4. Let t,, — +oo. By the connectivity of the set 7(¢,, I) there exists
Xy € 7(tn, ) such that x, ¢ Uy UUs. Since the dynamical system (X,Z,, ) is
compactly dissipative, then we can suppose that the sequence {x,} is convergent.
Let z, — = as t,, — 4o00. Thus, we have x € U; U Uy and, on the other hand,
x € J C U; UUs. The obtained contradiction proves the theorem. O

Corollary 1.14 Let X be a complete linear metric space. The Levinson center
of the compact dissipative dynamical system (X,Zy, f) is a connected set.

Remark 1.9 a) In the case when X is a Banach space, the statement containing
in Corollary 1.14 was proved in the work [248].

b) There exist examples of compact dissipative dynamical systems (X,Z4, )
with a disconnected phase space X and with a connected Levinson center.

1.10 Weak attractors and center of Levinson

Let (X, T, ) be a compact dissipative dynamical system. Recall that a compact set
M C X is called a weak attractor of the dynamical system (X, T, 7) if w,NM # ) for
all x € X. In this paragraph we establish the relationship between weak attractors
of the dynamical system (X, T, ) and its Levinson center.
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Definition 1.40 The point p € X is uniformly stable in the sense of Lagrange
in positive direction if the sequence {xt} is relatively compact for each {zx} — p
and {t;} — +o0.

Theorem 1.34 The point p € X is uniformly stable in the sense of Lagrange in
positive direction if and only if the following conditions are fulfilled:

1. the set Jf .= (N (| U 77 B(p,e) # 0 and is compact;

e>0t>0 7>t
2. the set Jf is invariant;

3.
: +y

w—>pl,1tIE+oo p(xt,J,) = 0. (1.54)
Proof. Let p € X, z, — p and t, — 4oo. Then under the conditions of the
theorem the sequence {x,t,} is relatively compact. If y is a limit point of the
sequence {xyty}, then y € J; # (). We will show that the set J;‘ is compact. Let
{ym} € Jf, em L 0,k € N and o3 — p and t* — 400 as k — +oo (for every
m € N) such that:

a. TPt — ym as k — +oo (m € N);
b. p(:v}cnm,p) < Em;
c. tft >mand p(@ 17 Ym) < Em-

Let Zp, := 23! and tm = tyt > m, then T, — p and t,n — +oo and, consequently,
under the conditions of the theorem we may suppose that the sequence {Ty,ty,} is

convergent and iy := lim Z,,t,. Then
m——+oo
PYm>T) < pYms Tmtm) + p(@mtm, ) < em + p(Tmlm, T)- (1.55)
Passing to limit in the inequality (1.55) when m — 400, we obtain 7 = lim  y,,

m—-—+oo
i.e., the set J is compact.

We will show now that the set Jf is invariant, i.e. 7*J5 = JF for all t € T.
First, we note that from the definition of J;‘ follows its positive invariance, i.e.,
WtJ;_ - J; for all t € T. Thus, to prove that the set Jz‘f is invariant is sufficient
to prove that Jf C 7*Jf for allt € T. Let ¢ € Jf and t € T, then there exist

xzr — p and t; — -oo such that ¢ = klim ity = lim 7wf(w'*~tzy). Since
——+00

I
k—l>+oo
tp —t — oo and xp — p, the sequence {zy(tx —t)} is relatively compact. Without
loss of generality we can suppose that the sequence {zy(ty —t)} is convergent. We
put z = lim x(tx —t), then ¢ = 7’2, i.e. J CalJf .
k—+o00

Finally, let us show that the equality (1.54) is true. If we suppose that it is not

so, then there exist eg > 0, x — p and t; — +oo such that

p(zptr, JT) > 0. (1.56)

p
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According to the stability in the sense of Lagrange in positive direction of the point
p, we may suppose that the sequence {ztx} is convergent. Let ¢ := klim Trty,
— 400

then ¢q € J;. Passing to limit in the inequality (1.56) as k — +o0, we obtain
p(q,J5) > €0, i.e. ¢ ¢ JF. The obtained contradiction proves our statement.

To finish the proof of the theorem it is sufficient to note that from the conditions
3. and 1. follows the uniform stability in the sense of Lagrange in positive direction
of the point p. The theorem is proved. O

Lemma 1.29 Let M # 0 and be compact. Then the following equality
JE(M) =Uu{J}|m e M} (1.57)

holds.

Proof. Tt is easy to see that J,; C Jt(M) for all m € M and, consequently,
UL | me M} C JF(M). We will show that the inverse inclusion also is true.
Let z € JT (M), then there exist {z,,} and ¢, — oo such that x = lim =z,t, and

n—-+oo

p(xn, M) — 0 as n — +oo. By virtue of compactness of the set M we can suppose
that the sequence {x,} is convergent. Let lirf Tn =m € M, then x € J and,
n—-+0o0o

consequently, J* (M) C U{J|p € M}. The lemma is proved. O

Theorem 1.35 Let (X, T,n) be compactly dissipative, J be its Levinson center
and M be a compact weak attractor of the dynamical system (X, T,w). Then J =
JT(M).

Proof.  Since the set M is compact, then according to Lemma 1.29 the equality
(1.57) holds. Thus, the dynamical system (X, T, ) is compactly dissipative, then
every point p € X is uniformly stable in the sense of Lagrange in positive direction.
By virtue of Theorem 1.34 for each m € M the set J,}, # 0, is compact and invariant
and, consequently, J,; C J. Hence, JT(M) C J. Show that the reverse inclusion
is also true. Let x € J, then by the invariance of the set J and Theorem 1.1 there
exists a whole trajectory ¢ passing through point x at the initial moment ¢ = 0 and
a,, # 0, is compact and positively invariant. If p € a,,, then w, C o, . Since
wp MM # (), then there are ¢ € w, N M and t,, — 400 such that ¢(—t,) — ¢ and,
consequently, z = w'rp(—t,) € JF € J(M), ie. J C JH(M). The theorem is
proved. O

Lemma 1.30 Let M be a weak attractor of the compact dissipative dynamical
system (X, T,n). Then w(M) is also a weak attractor of this system.

Proof. As (X, T, ) is compactly dissipative, then according to Lemma 1.3 w(M) #
(), is compact and invariant. We will show that the set w(M) is a weak attractor
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of the system (X, T, 7). If we suppose that it is not true, then there exists g € X
such that

Weo Nw(M) = 0. (1.58)

Since wy, N M # 0, then there is m € w,, N M. According to the compactness
and invariance of the set w,,, we may suppose that the point m is recurrent and,
consequently, m € w,, C w(M). The last inclusion contradicts to the condition
(1.58). The obtained contradiction finishes the proof of the lemma. O

Lemma 1.31 Let M be a weak attractor of the system (X, T,n) and let a point
p € X be recurrent, then p € w(M).

Proof. 1f the point p € X is recurrent, then w, N M # (). Let ¢ € w, N M. Since
the point p is recurrent, there exists a sequence t,, — —+oo such that ¢t,, — p and,
consequently, p € w(M). The lemma is proved. O

Lemma 1.32 Let M be a weak attractor of a dynamical system (X, T,w). Then
the closure of the set MM consisting of all recurrent points of the compact dissipative
dynamical system (X, T, ) is also a weak attractor and M C M.

Proof. First, we note that M is a a weak attractor of the system (X, T, 7). Really, let
2 € X. Then w, contains at least one recurrent point and, consequently, w, "M =~ (.
Let now M be a closed, invariant and weakly attracting set of the system (X, T, 7)).
Then w(M) = M and, consequently, according to Lemma 1.31 9 C w(M) = M.
The lemma is proved. O

Remark 1.10  For a compact dissipative dynamical system (X, T, ) the maximal
compact invariant weak attractor is its Levinson center J.

Lemma 1.33 Let (X, T,n) be a compact dissipative dynamical system, J be its
center of Levinson and Q(J) = | J{wz|z € J}. Then Q(J) is a weak attractor of the
system (X, T, ).

Proof. Let p € X be a recurrent point, then w, is a nonempty compact minimal
invariant set. Since J is a maximal compact invariant set of the dynamical system
(X,T,7), then w, C J. Thus, p € w, C J and, consequently, p € Q(J). This
means that M C Q(J) (M is a closure of all recurrent points) and, consequently,
M C Q(J) also is a weak attractor. The lemma is proved. O

Corollary 1.15 J = J%(Q).

Proof. The formulated statement follows from Lemma 1.33 and Theorem1.35. [
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1.11 Asymptotic stability

In this paragraph we study the problem of asymptotic stability of compact posi-
tively invariant sets of the dynamical systems with infinite-dimensional (non locally
compact) phase space. The different conditions that are equivalent to asymptotic
stability are given. The obtained results are the local version of the results proved
before for dissipative dynamical systems.

Lemma 1.34 Let M C X be a compact and asymptotically stable set of a
dynamical system (X, T,w). Then there exists 6o > 0 such that

lim B(r'K,M) =0 (1.59)

t——+o0

for every compact K € C(B(M,dp)).

Proof. Since M is asymptotically stable, then there exists §o such that B(M,dg) C
W#(M). We will show that for every compact K € C(B(M, dp)) the equality (1.59)
holds. For this we note, that from the asymptotic stability of the set M follows the
existence for all ¢ > 0 and = € B(M, dp) of such positive numbers (e, ) and (e, x)
that

plyt, M) < e (1.60)

for all t > l(s,z) and y € B(z,d). We will show that from (1.60) follows (1.59). If
we suppose that it is not true, then there are Ko € C(B(M,d)), t, — +oo and
€o > 0 such that

B(my, Ko, M) > €. (1.61)
From the inequality (1.61) follows that there are z, € Ky such that

p(Tntn, M) > gg. (1.62)
Since the set K is compact, then we can suppose that the sequence {z,} is con-

vergent. We put xg := lim x,, then from the inequality (1.60) follows that for n

n—-+4oo

large enough the inequality
p(xntn7M) < €o, (163)

holds. But the inequality (1.63) contradicts (1.62). The obtained contradiction
proves our statement. Il

Theorem 1.36 Let (X, T,n) be a dynamical system, M C X be a compact and
positively invariant subset. Then the following conditions are equivalent:

1. the set M is asymptotically stable;
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2. the set W5(M) is open and for each ¢ > 0 and © € W*5(M) there are § =
d(e,z) >0 and 7 = 7(e,x) > 0 such that

B(r'B(z,6),M) < ¢ (1.64)

for allt > 7;

3. the set W*(M) is open and M attracts all compact subsets from W*(M), i.e.
for every compact K € C(W?*(M)) the equality (1.59) holds.

4. the set W*(M) is open, every compact K C W*(M) is stable in the sense of
Lagrange in positive direction and () # J;F C M for all z € W*(M).

Proof. We will show that 1. implies 2. First of all, let us prove that the set
W#(M) is open. In fact, since M is a attractive set, then there exists § > 0 such
that B(M,d) C W*(M). Let now ¢ € W¥(M) \ B(M, ), then there is 7, > 0 such
that gr, € B(M,d). Since the set B(M,d) is open, then there exists v > 0 such
that

B(qrq,7) C B(M,9). (1.65)

According to the continuity of the mapping 77 : X — X there exists n > 0 such
that the inclusion

7" B(q,n) C Blqry,7)

holds. By Lemma 1.34 B(q,n) C W#*(M) and, consequently, the set W*(M) is
open.

Denote by £(g) > 0 a number, chosen for £ > 0 out of the condition of orbital
stability of the set M. Since W*(M) = {x € X : tiigloo plat, M) =0 for t - +oo},
then for all £ and z € W#(M) there exists 7 = 7(e,x) > 0 such that p(at, M) < ¢
for all t > 7. From the continuity of the mapping 77 : X — X follows that for
x € W5(M) and £ > 0 there is § = d(e, z) > 0 such that

n" B(z,0) C B(xT,£). (1.66)

By the choice of the number ¢ and from (1.66) we have 3(n!B(z,d), M) < € for all
t>T.

Now we will show that from 2. follows 3. Let ¢ > 0 and ) # K C W*(M) be
compact. Then for every point € K there exist § = d(¢,2) > 0and 7 = 7(e,z) > 0
such that the inequality (1.64) holds for all ¢ > 7(e,x). Consider an open covering
{B(z,d(e,x)) }sex of the set K. Since the set K is compact and the space X is
complete, we can extract from this covering a finite sub-covering { B(xz;, 6 (¢, ;) }1—; .
Let l(e, K) := max{7(e,x;) |i € 1,n}, then from the inequality (1.64) follows that
B(mtK, M) < ¢ for all t > (g, K).
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Let us prove now that 3. implies 4. Really, since the set M attracts every
compact K C W#(M), then by Theorem 1.5 the set X7 (K) = U{r'K |t > 0} is
relatively compact and, consequently, J;F D w, # () for every point z € W*(M).
We note that JF C M for all x € W*(M). In fact, if y € J}, then there exist
Zn, — x and t, — 400 such that z,t, — y. Since the set K; := {x,} is compact
and the set M attracts Ki, then y € M, ie. J C M.

Finally, we will prove that from 4. follows 1. For this aim we note that from

the openness of W*(M) and compactness of M follows the existence of § > 0 such
that B(M,d) C W#(M), i.e. the set M is attracting. Now show that the set M is
orbitally stable. Since the set M is positively invariant, then

MCDHM)y=st(M)uJH(M)C MUM =M

and, consequently, D*(M) = M. To finish the proof of the theorem is sufficient
to note that under the conditions of the theorem from the equality DT (M) = M
follows the orbital stability of the set M. If we suppose that it is not true, then
there are g9 > 0, €9 > 6, — 0, z,, € B(M,6,,) and t,, — +o0 such that

p(Xntn, M) > &o. (1.67)

As z, € B(M,0d,), 6, — 0 and the set M is compact, then the set K := {z,} C
B(M, &) is compact and, consequently, the set X+ (K) is relatively compact. Thus,

we may suppose that the sequence {x,t,} is convergent. Let y = liIE ZTptn, then
y € DY (M) = M. From the equality (1.67), it follows that y ¢ M. The obtained
contradiction finishes the proof of the theorem. O

Theorem 1.37 Let M C X be a nonempty compact positively invariant and
asymptotically stable subset of a dynamical system (X, T,n), then the following
affirmations hold:

(1) w(M) C M;
(2) the set w(M) is invariant;

(8) w(M) = tOO wtM;

(4) w(M) is a mazimal compact invariant set in We(M).

Proof. The first statement of the theorem is true because the set M is positively
invariant and closed.

Let us prove the second statement. Since the set M is stable in the sense of
Lagrange in positive direction and w(M) C M, then by Lemma 1.3 the set w(M)
is invariant.
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To prove the third statement of the theorem we note that () 7'M C w(M).
>0
Since from the inclusion w(M) C M and the invariance of the set w(M) follows

that w(M) C () 7'M, then w(M) = (| 7' M.
t>0 >0
Finally we will show that the fourth statement is true. Let K C W*(M) be an

arbitrary compact invariant set. By Theorem 1.36 the set M attracts the compact
K and, consequently, K C w(K) C w(M). The theorem is proved. O

Theorem 1.38 Let M C X be a nonempty compact asymptotically stable set.
Then the following statements hold:

(1) the set w(M) is orbitally stable;
(2) the set w(M) attracts every compact from W*(M);
(3) JH(A) = w(M), where A= Hay, | € Py, v € w(M)}.

Proof. Show that the set w(M) is orbitally stable. If we suppose that it is not
true, then there exist g > 0 and 0, — 0 such that for certain z, € B(w(M),d,)
and ¢, — +00

p(xntn,w(M)) > eg. (1.68)

Since z,, € B(w(M), d,,) and the set w(M) is compact, then we can suppose that the
sequence {x,} is convergent. By Theorem 1.36 the set HT(K) := U{xtK |t > 0}
is compact. We note that along with the set M the set M’ = M U HT(K) also
is attracting for the family of compact subsets from W#*(M) and, consequently,
w(M") = w(M). In particular, w(H*(K)) C w(M') = w(M). By the compactness
of the set HT(K) we my suppose that the sequence {z,t,} is convergent. Let
y := lim x,t,, then y € w(HT(K)) C w(M). But from the inequality (1.68)

follows tﬂat y ¢ w(M). The obtained contradiction proves the first statement of
the theorem.

Let us prove now the second assertion. Let K7 be an arbitrary compact subset
from W#(M). By Theorem 1.5 the set K is stable in the sense of Lagrange in
positive direction and the set w(K7) # 0, is compact and 3(ntK1,w(K;)) — 0 as
t — 4o00. According to Lemma 1.3 the set w(K) is invariant, and by Theorem
1.37 we have w(K7) C w(M) because w(M) is a maximal compact invariant set in
We(M).

We will show that J*(A) = w(M). Since A C w(M), then J+(A) C J+(w(M)).
By the asymptotic stability of the set w(M) we have J™(w(M)) C w(M) and,
consequently, JT(A) C w(M). Now we will prove the reverse inclusion. Let z €
w(M) and ¢ € ®,, then 0 # a,, C A and, consequently, there are y € ., and
t, — 400 such that ¢(—t,) —y € A and & = w'"p(—t,). Thus, z € J,F C JT(A),
i.e. w(M) C Jt(A). The theorem is completely proved. O
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Denote by {My |\ € A} a family of nonempty compact positively invariant sets
attracting all the compacts from W*(M) and I := N{My | X € A}.

Theorem 1.39 Let M be a nonempty compact positively invariant and asymptot-
ically stable set. Then I = w(M) (i.e. the set w(M) is the least compact positively
invariant set attracting all the compact sets from W*(M)).

Proof. First of all we will prove that w(M) C I and, consequently, I # ). In fact,
for all A € A we have w(M) = w(M,) C My, i.e. w(M) C I. To finish the proof of
the theorem it is sufficient to show that I C w(M). Since the set w(M) is nonempty,
compact and attracts all the compacts from W?*(M), then w(M) € {Mx| X € A}
and, consequently, I C w(M). The theorem is proved. |
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Chapter 2

Non-autonomous dissipative dynamical
systems

2.1 On the stability of Levinson’s center

Let us consider a non-autonomous dynamical system

<(X7T177T)1(Y5T270)7h>' (21)
Denote by 2% a family of all bounded closed subsets from X, equipped with the
Hausdorff distance. Let K C X be a compact subset of X.

Definition 2.1 We will say that the set K satisfies the condition (C) if the
mapping F : Y — 2% defined by the equality

F(y) =Ky :={z € K| h(z) =y}, (2:2)

is continuous.

Note, that the condition (C) means that the mapping h: X — Y is open on K.
This condition plays an important role in our reasoning; therefore we give a simple
test, which guarantees that on a compact invariant set we have this property.

Lemma 2.1 A nonempty compact invariant set K C X possesses the property
(C), if at least one of the following two conditions is fulfilled:

(1) there ezist yo € Y and 7 > 0 (7 € T3) such that yor = yo and ¥ =
{o(t,y0) | 0 <t <7}, i.e. T is the least positive period for the point yo;

(2) the set Y is compact minimal one and the non-autonomous dynamical system
(2.1) is distal on the set K, i.e., for all different points x1,xs € K such that
h(z1) = h(z2), we have

tlenTFfl p(z1t, zat) > 0. (2.3)

Proof. The first statement of the lemma is evident. The second statement follows
from the proposal 4 from [238, p.107]. O

53
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Definition 2.2 The non-autonomous dynamical system (2.1) is said to be point-
wise (compactly, locally, boundedly) dissipative if the autonomous dynamical
system (X, Ty, ) possesses this property.

Definition 2.3 Let the non-autonomous dynamical system (2.1) be compactly di-
issipative and the set J be the center of Levinson of the dynamical system (X, Tq, 7).
The set J is said to be the Levinson’s center of the non-autonomous dynamical
system (2.1).

Above we have established that the Levinson’s center J is orbitally stable with
respect to the autonomous dynamical system (X, Ty, 7). Considering the set J as
the Levinson’s center of the non-autonomous dynamical system (2.1), the orbital
stability with respect to the non-autonomous system (2.1) is more naturally defined
as follows:

Definition 2.4 The set K C X is said to be orbitally stable with respect to
the non-autonomous system (2.1) if for all € > 0 there exists d(¢) > 0 such that
p(z, Ky) <6 (x € X,y = h(x)) implies p(zt, Ky;) < € for all ¢t > 0. If in addition

a. there is v > 0 such that p(xt, Ky) — 0 as t — 4o0 for all € K, with
the condition that p(z, K,) < v, then the set K is said to be asymptotically
orbitally stable;

b. if p(zt, Ky) — 0 as t — +oo for all z € X, then the set K C X is said to
be globally asymptotically stable with respect to the non-autonomous system
(2.1).

Definition 2.5 The set K C X is called [332] globally asymptotically stable in
the sense of Lyapunov-Barbashin if

t—l}inoo pat, Kp(pye) =0 (2.4)

for all z € X, moreover the equality (2.4) holds uniformly with respect to the
variable x on compact subsets of X.

In the work [332] there it was shown that the Levinson’s center of a non-
autonomous dynamical system, generally speaking, is not globally asymptotically
stable in the sense of Lyapunov-Barbashin. We will establish below that the Levin-
son’s center J of the non-autonomous system (2.1) is globally asymptotically stable
if the set J possesses the property (C).

The following assertion may be made.

Lemma 2.2 Let K C X. If the set Y7 (K) is relatively compact and the set
M (w(K) C M, h(M) =Y) possesses the property (C). Then for each x € K the
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equality

lim sup p(zt, My) =0 (2.5)
=+ 4e K,

holds uniformly with respect to y € h(H'(K)), where M, := M N h™=*(y).

Proof. If we suppose the contrary, then there are eg > 0, {y,} C h(H(K)), x, €
M,, and t, — 400 such that

p(Tntn, Myntn) > €0- (2.6)
Since the set X7 (K) is relatively compact, then we may suppose that the sequences
{zptn} and {y,t,} are convergent. Let Z:= lim x,t, and §:= lim y,t,. We
n—-+4oo n—-+oo
note that
h(z) = lim h(zpty,) = lim hA(xz,)t, =7 (2.7)
n—-+4oo n—-+oo

and, consequently, T € Xz. On the other hand, according to Lemma 1.2 7 € w(K).
Thus, z € wy(K) C Mjy.

Since the set M satisfies the condition (C'), then passing to limit in the inequality
(2.6) as n — +00, we obtain

p(z, My) = eo. (2.8)
The inequality (2.8) contradicts the inclusion Z € My. The lemma is proved. g

Theorem 2.1 Let ((X,Ty,7), (Y,To,0),h) be a compact dissipative non-
autonomous dynamical system and J be its Levinson center satisfying the condition
(C). If Y = h(J), then:

(1) the set J is orbitally stable in the positive direction with respect to the non-
autonomous dynamical system (2.1).
(2) the set J is a compact attractor of this system, i.e., the following equality

t—lgknoo p(xtv Jh(f)t) =0, (29)
holds uniformly with respect to © on every compact subset from X.
Proof. We will show that the Levinson center J is orbitally stable in positive

direction with respect to the non-autonomous dynamical system (2.1). If it is not
true, then there exist eg >0, 6, | 0, ,, € B(Jj(a,,),0n) and t, > 0 such that

p(xntn» Jh(rn)tn) > €0 (210)

Under the conditions of the theorem we may suppose that the sequences {z,} and
{h(x,)} are convergent. Let 2o := lim z,. Since the non-autonomous dynamical

n—-+4oo
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system (2.1) is compactly dissipative, then the set H T ({x,}) is compact and, conse-
quently, we may suppose that the sequences {x,t,} and {h(z,)t,} are convergent.
Put z:= lim z,t, and §:= lim h(z,)t,.
n—-+4oo n——+oo

We will show now that the sequence {t,} figuring in the equality (2.10) tends to
+o00. If we suppose that it is not true, then we may suppose that it is convergent.
Denote by tg := 11111 t, and, passing to limit in the inequality (2.10) and taking

n—-—1+0oo

into consideration that the set J satisfies the condition (C), we obtain

p(xoto, Jh(wo)to) Z £€0- (211)

On the other hand, p(xn, Ju(z,)) < 6, and, consequently, 29 € Jy(z,). Since the
set J is invariant, then from the last inclusion follows that zoto € Jy(z0),- But it
contradicts the inequality (2.11). Thus, ¢,, — 400 and, consequently, Z € w(Ky) C
J. From the equality (2.5) follows that z € Xy, i.e. T € wy(K) C Jy. From the
inequality (2.6) it follows that z € Xy, i.e., T € wz(K) C Jy.

Passing to limit in the inequality (2.10) as n — 400 and taking into account
that € J; and the fact that the set J possesses the property (C), we obtain g9 < 0.
But this contradicts the choice of the number €¢. Thus, the orbital stability of the
set J in the positive direction is proved.

Now we will prove the second statement of the theorem. Let K C X be an
arbitrary compact, then under the conditions of the theorem the set H'(K) is
compact and w(K) C J. To finish the proof of the theorem it is sufficient to refer
to Lemma 2.2. O

Remark 2.1  We note, that the problem of the stability in the sense of Lyapunov-
Barbashin of the Levinson center of a mon-autonomous dynamical system has been
studied (in one special case) in the work [332]. We also note that in the work [332]
stability means the equality (2.9), but not orbital stability. Using our terminology we
can formulate the results of the work [332] in the following way. Let X be a locally
compact space, the non-autonomous dynamical system (2.1) be pointwise dissipative
and Y be a compact minimal set. If the Levinson center J of the dynamical system
(X, T,n) satisfies the condition (C), then the non-autonomous dynamical system
(X, Ty,m),(Y,To,0),h) is compactly dissipative and its Levinson center attracts
every compact subset from X with respect to the non-autonomous dynamical system
(2.1).

This statement follows from Theorems 1.10 and 2.1. However, from the same
theorems follows that the Levinson center J is orbitally stable in the positive direc-
tion.

Theorem 2.2 Let ((X,Tq,7),(Y,Te,0),h) be a compact dissipative non-
autonomous dynamical system, its Levinson center J satisfy the condition (C) and
h(J) =Y, then the following conditions are equivalent:
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1. the set J is globally asymptotically stable, i.e., the set J is orbitally stable and
the equality
lim p(xt, Jy(gye) =0 (2.12)

t——+o0

holds for all x € X;
2. the set J is globally asymptotically stable in the sense of Lyapunov-Barbashin.

Proof. We will show that under the conditions of the theorem 1. implies 2. In fact,
if it is not true, then there are ¢g > 0, Ky € C(X), z, € Ky and ¢, — 400 such
that

p(xntn» Jh(mn)tn) > €p.

Since the dynamical system ((X,Tq,7), (Y, T2,0), h) is compactly dissipative we
may suppose that the sequences {z,t,} and {h(z,)t,} are convergent. Let T =
lim zpt, and § = lim h(xy,)t,, then T € J; = J N Xy On the other hand,

n—-+4oo n—-+oo
passing to limit in the inequality (2.12) as n — 400 and taking into account that

Jh(@p)t, — Jy in the Hausdorff metric, we obtain p(z,Jy) > o, i.e. T ¢ J;. The
obtained contradiction completes the proof of our statement.

Now we will show that 2. implies 1. For this aim it is sufficient to prove that
from 2. follows the orbital stability of the set J. If we suppose that it is not so,
then there exist €9 > 0, d,, | 0, z,, € B(J,,) and ¢,, — +o0 such that

p(@ntn, Jn(zoyt,) = €o- (2.13)

Since the set J is compact, then the sequence {z,} is relatively compact and by
the condition 2. for the number £y > 0 and the compact Ky = {z,,} there exists a
number L = L(gg, Ko) > 0 such that

€

p(l’nt, Jh(zn)t) < EO (214)

for all t > L. The inequalities (2.13) and (2.14) are contradictory. The obtained
contradiction completes the proof of the theorem. ([l

Remark 2.2  Note, that in the proof of the second part of the theorem 2.2 we did
not use the fact that the set J satisfies the condition (C). For us it is not clear how
important is the condition (C) in the first part of the theorem.

Below we give an example of the non-autonomous dynamical system with the
unstable (orbital) Levinson center.

Example 2.1 Consider Opial’s example [263] of the scale almost periodic differ-
ential equation

p=f{tp), (2.15)
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which has all the solutions bounded, but does not admit an almost periodic solution.
We fix some minimal set M C X = R x H(f) (H(f) = {f-|7 € R}), where by bar
is denoted a closure in the space C(R x R,R) and let ¢* and ¢, : H(f) — M be
the mappings defined by the equalities: ¢*(g) := sup{p|(p,g) € M} and ¢.(g) :=
int{p| (p,g) € M} (g€ H(f)).

Recall that the equation (2.15) may be obtained in the following way. Let
Y = g(t,y) be the equation from the example of Danjua [263],[332] and the function
g be periodic with respect to each variable and realizing on the torus a non-ergodic
case (the function g can be chosen from the class C'! on the torus), P be a perfect
nowhere dense limit set on R: ¢ = 0 and « be the number of rotations. Denote by
p(t) = y(t) — at, then we obtain

p(t) = g(t,p(t) + at) —a = f(t,p(t)).

Using the theory of the equations on the torus (see, for example, [270, Ch.2]), it
is possible to show that the solution p(t) of the equation (2.15) is recurrent if and
only if when p(0) € P.

We need to change now the function f(z) = f(p, h) outside of the set M so that
the new system would be dissipative and the function p*(g) (p*(g) := sup{p| (p,g) €
J}) would be discontinuous.

We put F(z) = f(z) — p(x, M); then (conserving the continuity) we will change
this function for the negative numbers p large enough by the module such that
F(p,h) > 1 (h € H). It is clear that the non-autonomous dynamical system
generated by the equation p = F(p, o.h) is dissipative (o:h is an irrational hull of
the torus).

Suppose that the function p*(h) is continuous. Since p*(h) > ¢*(h) and the
solutions p*(o4h) are almost periodic, then inf{p*(h) — ¢p*(h)|h € H(f)} > 0.
From the definition of the function F'(x) follows the inequality

F(p*(h),h) < f(p*(h),h) —c1 (c1 >0, h € H). (2.16)

We put p(t) = p*(o

oth) and let ¢(t) be the solution of the equation (2.15) with the
initial condltlon q(0) =

p(0). From the relation (2.16) we obtain the inequalities
inf — inf — . 2.1
inf(a() — plt) >0, inf (p(1) ~ 4(0)) > 0 (217)
From the inequalities (2.17), it follows that the function ¢(¢) is not recurrent, i.e.
q(0) ¢ P. Let q1, ¢2 (q1 > g2) be the ends of the corresponding adjoining interval
and q1(t), g2(t) be the solution of the equation (2.15) with initial conditions ¢1(0) =
q1, q2(0) = go. Since the functions ¢1(t),p(t) are simultaneously recurrent, then
there exists a sequence t,,, — +oo such that qi(t + t) — q1(t), p(t + tm) — p(¥)
for all t € R. Then from the inequality (2.17) we obtain the inequality inf{q (t) —
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p(t) |t € R} > 0. In the same way we can establish the inequality
inf{p(t) — q2(t) |t € R} > 0.

But this inequality contradicts the relation , lir+n (q1(t) —q2(t)) = 0 (see [263]). The

example needed is constructed.

Note that the example given above belongs to V. V. Zhikov [332]. An analogous
example was published also in the work [152].

Lemma 2.3 Let M C X be a nonempty compact set and the mapping F :' Y —
2M (F(y) = My) be continuous in the metric of Hausdorff. Then for all § > 0 there
is v = () > 0 such that the following inclusion

B(M,y) € B(M,5) = | ] B,(M.9) (2.18)
yey

holds, where By (M, ) = {z|z € Xy, p(x, M) < §}.

Proof. Suppose that the lemma is not true, then there are §9 > 0, v, | 0 and
Zpn € B(M,~y,) such that x,, ¢ B(M,J), i.e.

p(xn, My, ) > do (2.19)

for all n, where y, = h(z,). Since the set M is compact and the mapping F' :
Y — 2M is continuous, then we may suppose that x, — zo and M, — M,, where
yo = h(zo). Passing to limit in the inequality (2.19) as n — +o0, we obtain

i) ¢ B(My0,§0). (220)

On the other hand, z, € B(M,~,) and since v,, — 0, then o € M and, conse-
quently, o € M,y,. This inclusion contradicts the relation (2.20). The obtained
contradiction completes the proof of the lemma. ([

Lemma 2.4 Let M C X be a nonempty compact orbitally asymptotically stable
with respect to the non-autonomous dynamical system (2.1) invariant set, then it is

orbitally asymptotically stable also with respect to the autonomous dynamical system
(X, Tl, 71') .

Proof. This statement follows directly from Lemma 2.3 and the corresponding
definitions. O

Theorem 2.3 Under the conditions of Lemma 2.3, if the set M is or-
bitally asymptotically stable with respect to the dynamical system (X,Tq,7), then

the set M is orbitally asymptotically stable with respect to dynamical system
(X, Ty,m), (Y,Ta,0),h) too.
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Proof. We will show that the set M is orbitally stable with respect to
(X, Ty,m), (Y,Ta,0), h). If we suppose that it is false, then there exist €9 > 0, d,, |
0, z, € B(M,,,6,) (yn = h(zn)) and t,, — 400 such that

p(xntn, My,¢,) > €o. (2.21)

According to Theorem 1.36 we may suppose that the sequence {x,t,} is convergent.

Let Z:= lm ant,, 20:= lm a,, yo:= h(zo) and §:= lim y,t,. Note, that
n—-+4oo n—-+oo n—-+o0o

T e J;. According to Theorem 1.36 = € J; C M and, consequently, Z € My. On
the other hand, passing to limit in the inequality (2.21) as n — o0, we obtain
Z ¢ Mjy. The obtained contradiction shows that the set M is orbitally stable with
respect to the non-autonomous dynamical system ((X, Ty, 7), (Y, T2, o), h).

Let now & € W*(M), then tiigloo p(at,M) = 0. By Lemma 2.2 the following

equality
tl}inoo p(at, Mp(zy) = 0 (2.22)

holds and, consequently, W*(M) = |J W, (M). The theorem is proved.

yey O

2.2 The positively stable systems

Let (X, Ty, ), (Y, Ts,0),h) be a non-autonomous dynamical system. Denote by
C(X,Y; h) the set of all functions £ : X — X, satisfying the following conditions:

(1) & (Xh(@) - Xh(é(x)) for all z € X,
(2) the mapping £ : Xp(z) — Xn(q(z)) 1S continuous on Xp,(,y for each x € X.
(2) (g(=)) ()

We define the topology on C(X,Y;h) by a family of pseudo-metrics

py.x(f9) = max p(f(z),9(x)) (2.23)

where K is an arbitrary nonempty compact from X and y € Y. Note that the
family of pseudo-metrics (2.23) defines on C(X,Y’; h) a topology of the convergence
uniform (on every fiber) on the compact subsets from X.

Lemma 2.5 The space C(X,Y;h) is a topological semigroup with respect to com-

position (on the fibers).

Proof. To prove this statement it is sufficient to verify the continuity of the mapping
F:C(X,Y;h) xC(X,Y;h) = C(X,Y;h),

defined by the equality F(f,g) := f o g. If we suppose that this statement is not
true, then there is a point (fo,go) such that the mapping F in this point is not
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continuous, i.e., there is a direction (fx, gx) — (fo,g0) such that f\ o gx = fo o go.
Then there are g9 > 0, a compact K° C X and yo € Y such that
max p(fx(gr(2)), fo(go(x))) = €o. (2.24)

€Ky,
From the inequality (2.24) follows the existence {xx} C KJ such that

p(falga(zr)), folgo(xr))) > 0. (2.25)

Since the set K is compact, then we may suppose that the direction {z)} is con-
vergent. Let x) — xo, then go(x)) — go(xo). We will show that gx(zx) — go(zo)-
In fact,

P(gr(@x); go(x)) < max p(gx(x), go(2)) + p(g0(22), o (w0)) (2.26)

Yo
and passing to the limit in (2.26), we obtain the unknown affirmation. Analogously
can be proved that fi(ga(zx)) — fo(go(zo)). Passing to the limit in (2.25) we
obtain gg < 0, that contradicts the choice of the number £g. The lemma is proved]

Let « > 0and T, := {t € T : t > a}. We put P* := P*X,Y;h) =
{mt:t € Ty}, where by the bar we note the closure in C(X,Y;h).

Lemma 2.6 The set P is a closed subsemigroup of the semigroup C(X,Y;h).

Proof. The formulated statement immediately follows from the lemma 2.5 and
from the definition of the set P<. O

Definition 2.6 The non-autonomous dynamical system (2.1) is said to be uniform
stable in the positive direction on the compact subsets from X, if for all € > 0 and
compact K C X there is 6 = §(e, K) > 0 such that for all 1, z2 € K with condition
h(z1) = h(z2), from the inequality p(x1,z2) < 0 follows p(z1t, xot) < € for all ¢ > 0.

Let Py :={{ € P*: (X, C X, }. It easy to check that P, is a closed subsemi-
group of the semigroup P¢.
The following statement holds.

Lemma 2.7 If the dynamical system (2.1) is compact dissipative and uniform
stable in the positive direction on the compact subsets from X, then P< is a compact
semigroup and Py is its nonempty subsemigroup for all Poisson stable, in the positive
direction point y € Y.

Proof. At first we will prove that under the conditions of the lemma the semigroup
P is compact. Let K C X be an arbitrary compact. By the compact dissipativity
of the non-autonomous dynamical system (2.1) the set ¥ (K) is compact. In view
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of the uniform stability in the positive direction of the system (2.1) the family of
the mappings {7’ : t € To} C C(X,Y;h) are equicontinuous on K, (y € Y). Then
according to the theorem of Arzela-Ascoli, taking into account the topology on the
set C(X,Y;h), we conclude that {7t : ¢t € T,} is relatively compact in C(X,Y;h)
and, consequently, its closure is a compact.

We will show that that the set P, is nonempty. Let ¢, — +o0c such that yt,, — y.
Consider the sequence {7i"} C P*. By virtue of the compactness of the set P* we
can suppose that the sequence {7'"} is convergent in the space C(X,Y;h). We put
£:= lim =t

n—-+o0o

that £X, C X,. Let € X, then {(x) = linILl xt, and, consequently,
n—-—1+0oo

» and we will show that £ € P,. To this end, it is sufficient to prove

h(&(x)) =h( lim at,) = lim h(zt,) = lim h(zx)t, = lirll Ytn = 4.

n—-+oo n—-+oo n—-+oo

The lemma is proved. O

Lemma 2.8 LetY be a compact minimal set and the non-autonomous dynamical
system (2.1) satisfies the conditions of the lemma 2.7. Then the Levinson’s center
J of the system (2.1) is bilateral distal, i.e. for all x1 and xo from J (x1 # 2,
h(z1) = h(x2)) the following inequality inf{p(¢1(s), p2(s)) : s € S} > 0 holds, where
©i is an extension on the S of motion 7(-,z;) (i =1,2).

Proof. According to the theorem 1.6 all the motions on the set J are extendable in
the negative direction. From the uniform stability in the positive direction of the
set J it follows its distality in the negative direction. Since the set Y is minimal,
then by the lemma 22.4 [32] (see also [31] and the lemma 1 from [238, p.104]) the
set J is bilateral distal. O

Theorem 2.4 Suppose that a non-autonomous dynamical system {(X,Tq,m),
(Y, T3, 0),h) is compact dissipative, uniform stable in the positive direction on the
compact subsets from X and the set'Y is minimal, then:

(1) all the motions on the Levinson’s center J of the system (2.1) can be extended
in the negative direction and the set J is bilateral distal;

(2) the set J consists of recurrent trajectories and every pair of points x1,xs €
Jy =X, NJ (y €Y) is mutually recurrent;

(3) if the fibers X, are connected, then for each y € Y the set J, is connected and
for the distinct points y1 and ya the sets Jy, and Jy, are homeomorphic;

(4) the set J is orbital stable with respect to (2.1), i.e. for alle > 0 there is §(¢) > 0
such that the inequality p(z, Ji(z)) < 0 implies p(xt, Jpz)t) < e for all t > 0;

(5) the equality tligloo p(xt, Jn(z)e) = 0 holds for each x € X.

Proof. The first statement of theorem coincides with the lemma 2.8.



Non-autonomous Dissipative Dynamical Systems 63

The second statement of theorem follows from the first one and from the lemma
1 from [238, p.104].

We will prove the third statement of the theorem. Let y € Y, then under the
conditions of the theorem the point y is stable in the sense of Poisson and by the
lemma 2.7 P, is a nonempty compact topological subsemigroup of the semigroup
Pe. According to the lemma 4.11 [32] in the semigroup P, there exists at least
one idempotent, i.e., an element u € P,, such that u o u = u. We wills show that

for idempotent w there is a sequence t,, — +oo such that u = lir}rl mwin. In fact
n—-—1+0oo
since u € P, C P, then there is a sequence t, > o such that v = lirf mwin, If
n—-+0o0

the sequence {t,} is unbounded, then from this sequence it is possible to extract
a subsequence which converges to 400 and our statement is proved. Suppose now
that the sequence {t,} is bounded, then we can suppose that it is convergent. Let

t

to:= lim t, (to > ) and ¢/, := nto. It easy to see that as t/, — 400, win — u.

n—-+oo
Thus in the semigroup P, there is an idempotent u and ¢,, — +o0o such that

in

u = lim = From the first two assertions of the theorem 2.4 it follows that

n—-+0o0
u(Xy) ngJy. We will show that in fact we have the equality J, = u(X,). To this
end it is sufficient to show that J, = u(Jy). But this equality follows from the
bilateral distality on the set J and, consequently, every idempotent from P, on the
set Jy acts as a identity mapping. The connectedness of the set J, follows from the
continuity of the mapping u, the connectedness of the fiber X, and the equality

Jy = u(Xy).
We will show that the second part of the third statement of the theorem is true.
Let y; and yo € Y. Since the set Y is minimal, then there is {t,} C T such that
Yz = nEr—QI—loo y1t,. Consider the sequence {n'"} on J,,. Since 7' : .J,, — J and the

set J is bilateral uniform stable [238, p.107], then the family of mappings {7!"} is
equicontinuous and, consequently, we may suppose that it is uniform convergent.

Let & := lil_{l mtn. From the third statement of the theorem and from the proposal
n—-—+oo

4 from [238, p.107] it follows that &(J,,) = J,,. Thus, we will show that the
continuous mapping & acts from Jy, on Jy,. From the bilateral distality of the set
J it follows that {x1 # Exe, if 21 # x2 (21,22 € Jy, ). This means that the mapping
¢ is a homeomorphism from J,, onto J,.

The fourth assertion of the theorem it follows from the uniform stability in the
positive direction of the system (2.1) on the compact subsets from X. If we suppose
that it is false, then there are ¢y > 0, d,, | 0, x,, € X and ¢,, — +o0o such that

P(@ny Ih(n)) < 0n  and  p(Tntn, Jh(z,)t,) = €o- (2.27)

From the relation (2.27) follows that the set Ko = {z,,} is compact. For the number
£ and the compact K = KoU.J we will choose § = 6 (5, K) > 0 from the condition
of the uniform stability in the positive direction of the system (2.1) on the compact
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subsets from X. Let Z,, € Jj(s,,) be a sequence such that p(zn, Jh(z,)) = p(Tn, Tn).
Then for sufficiently large n we have p(x,,Z,) < § and, consequently,

p(xntanh(xn)tn) < p(xntnvfntn) < %) (2-28)

But the inequalities (2.28) and (2.27) are contradictory. The obtained contradiction
proves our assertion.

Now we will prove the fifth statement of the theorem, i.e., if x+ € X, then
tEeroo p(xt, Jn(z)e) = 0. Suppose that it is not true, then there are zo € X, g9 > 0

and t,, — +o0o such that

p(xotn, Jn(zo)tn) = €0- (2.29)

Under the conditions of the theorem we may suppose that the sequence {mi"} is
convergent in the space C(X,Y;h). Let £ = nEIEoo min & = &(x) and ¥ = £(yo)-
Passing to the limit in the inequality (2.29) and taking in the consideration that
§(In(zo)) = In(e(wo)), We obtain

p(@, Jg) = eo. (2.30)

On the other hand ¥ € w, and T € Xy and, consequently, T € Jy. This inclusion
contradicts the inequality (2.30). The obtained contradiction completes the proof
of the theorem. 0

2.3 Behaviour of dissipative dynamical systems under homomorphisms

In this paragraph we determine the conditions under which the properties of the
point, compact and local dissipativity are preserved under homomorphisms.

Let X and Y be complete metric spaces, (X, Ty, 7) and (Y, T2, 0) be dynamical
systems on X and Y correspondingly, Qx (2y) is closure of the set of all w-limit
points of dynamical system {(X, Ty, ), (Y, Te,0),h) and Jx (Jy) is its Levinson’s
center.

Lemma 2.9 Let h: X — Y be a homomorphism of dynamical system (X, Ty, )
onto (Y, Ty, 0), then:

(1) h(Qx) g Qy,’

(2) if the set M is compact, then h(DT(M)) C DT (h(M)) and h(JT(M)) C
ST (h(M));

(3) if (X, Tq,7) is point dissipative, then h(DT(Qx)) C DT (Qy) and h(JT(Qx)) C
JT(Qy).
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Proof. Let x € Qx, then there exists z,, € wz, (T, € X) such that x = lim x,.

n—-+oo
Since h(wz,) € Wi,), MTn) € wis,) and, consequently, h(x) = 111}_1 h(zy) €
Qpx)y € Qy.
Let us prove the second statement of Lemma. Let x € Qx, then according to
Lemma 1.14 there exists £ € M such that z € D; and, consequently, there exist
xn — T and t, > 0 such that x = lim x,t,. Note that h(z,) — h(Z) € h(M)

n—-+o0o

and h(z) = lirJIrl h(xy)t, € DY (R(M)). And analogously we establish the second

inclusion h(J+(M)) C Jt(h(M)).
Finally, note that the first and the second statements of Lemma imply the third]

Theorem 2.5 The following statements hold:

(1) if h is a homomorphism (X, Ty,7) onto (Y,Ta,0) and dynamical system
(X, Ty, m) is point dissipative, then (Y,Ta,0) also is point dissipative and
h(Qx) = Qy,‘

(2) if h is a homomorphism (X, Ti,7) onto (Y,Ta,0) and dynamical system
(X, Ty, m) is compact dissipative, then (Y, Ta, o) also is compact dissipative and
h(Jx) = Jy,’

(8) if dynamical system (X,Tq,m) is locally dissipative and h is an open homo-
morphism (X, Ty, ) onto (Y, Ta,0), then (Y, Ta, o) also is locally dissipative.

Proof. As'Y = h(X) and all positive semi-trajectories of system (X, Ty, 0) are
relatively compact, positive semi-trajectories of system (Y, Tq, 7) also are relatively
compact. That is why for the point dissipativity it is sufficient to show that Qy =
h(Qx). Let y € Qy, then there exist {y,} and {g,} such that y, € wy, and
ngrfoo yn = y. Since Y = h(X), there exists &,, € X such that g, = h(Z,) and,
consequently, h(wz, ) = wy, . So, there is x,, € wz, C Qx for which h(z,) = yn. As
(X, Ty, m) is point dissipative, the set Qx is compact and, consequently, the sequence
{zy} can be considered convergent. Assume that z := lim x,, then z € Qx and

n—-+oo

h(z) = y. Thus, Qy C h(Qx). To finish the proof of the first statement of the
theorem it is sufficient to refer to Lemma 2.9.

Now let us prove the second statement. If h is a homomorphism of compact
dissipative dynamical system (X, Ty, 7) onto (Y, T2,0), then according to the first
statement of the theorem the system (Y, T2, o) is point dissipative. According to
Theorem 1.15 to prove the compact dissipativity of (Y, Ty, o) it is sufficient to show,
that for every non-empty compact N C Y the set X} = {o(t,y)|[t > 0,y € N} is
relatively compact. Let {,} C 3% be an arbitrary sequence. Then there exist
{yn} € N and {t,} C Ty (¢, > 0) such that g, = o(tn,yn). If {t,} is bounded,
then the sequence {g,} is relatively compact; so without loss of generality we can
consider that ¢, — 400 and y, — y €Y. As (X, h,Y) is locally trivial, then there
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exists a sequence {x,, } C X such that z,, — x and h(z,,) = y,. By virtue of compact
dissipativity of (X, Ty, 7) the sequence {z,t,} can be considered convergent, and,
consequently, {h(x,t,)} = {h(z,)tn} = {yntn} also is convergent. Thus, (Y, Ty, o)
is compact dissipative. Let us show that h(Jx) = Jy. According to Lemma 2.9
R(JT(Qx)) € JT(Qy). We will show that the reverse inclusion holds J*(Qy) C
h(JT(Qx)). Let g € JT(Qy), then it will exist y € Qy such that ¢ € J. According
to the first statement of Theorem 2.5 we have h(Q2x) = Qy and, consequently,
there exists x € Qx such that h(z) = y. Let y, — y and ¢, — +oo are such
that y,t, — ¢. Since (X, Ty, ) is locally trivial, then there exists {x,} — = such
that h(z,) = yn. As (X, Ty, ) is compact dissipative, the sequence {z,t,} can be
considered convergent. Assume that p = nl_l)r_rg()o Zpty, then p € JF C JT(Qx) and,
consequently, h(p) = ngrfoo h(xnty) = nEIqILloo Yntn = q, 1.e JT(Qy) C h(JT(Qx)).
Thus, h(JT(Qx)) = JT(Qy), and to finish the proof of the second statement of the
theorem it is sufficient to note that according to Theorem 1.11 Jx = J*(Qx) and
Jy = JH(Qy).

To prove the third statement of the theorem let us note that according to
the second statement the dynamical system (Y, Tq, o) is compact dissipative and
h(Jx) = Jy. By Theorem 1.18 to demonstrate the local dissipativity of (Y, T, o)
it is sufficient to show that Jy is a uniformly attracting set. First of all note that
by virtue of the compactness of Jx and the equality h(Jx) = Jy for any € > 0
there is §(¢) > 0 such that

p(h(z),Jy) <e (2.31)

for all x € B(Jx,d). In fact, if we suppose that is not true, then there exist
g0 > 0,0, | 0 and x,, € B(Jx,d,) such that

p(h(zy), Jy) < e. (2.32)

The sequence {z,} can be considered convergent. Assuming xg = lim =z, and

n—-+o0o

going over to the limit in the inequality (2.32), as n — 400, we have
p(h(z0), Jy) = €x,

i.e., h(zog)€Jy and zg € Jx. It contradicts the equality h(Jx) = Jy. So, let € > 0
and 6(¢) > 0 are such that the equality (2.31) is fulfilled. By virtue of locally
dissipativity of (X, Ty, ) it follows from theorem 1.18 that there exists v > 0 such
that the equality

lim 3(n* B(Jx,7), Jx) = 0 (2.33)

is fulfilled. As the homomorphism h is open, the set V = h(B(Jx,v)) D Jy is open.
Let « > 0 be such that B(Jy,«) C V. From the equality (2.33) it follows that for
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d(e) > 0 there exists L(e) = L(d(¢)) > 0 such that
B(r*B(Jx,7), Ix) < 8(e) (2.34)
for all ¢ > L(g). The inequalities (2.31) and (2.34) imply
B(a"B(Jy,a),Jy) < e
for all ¢ > L(g). The theorem is completely proved. O

Corollary 2.1 Let ((X,Tq,7),(Y,Ta,0),h) be a compact dissipative non-
autonomous dynamical system and Y be a compact invariant set (i.e., c'Y =Y
for allt € Ty), then:

(1) h(Jx) =Y and, consequently, J, = Jx (\Xy # 0 for all y € Y, where X, =
h=(y);

(2) Jy, = {z € X,| there exists whole relatively compact trajectory @, of the
dynamical system (X, Tq,m) such that ¢(0) = x}.

Remark 2.3 We don’t know whether or not the condition of the openness of h is
so essential in Theorem 2.5, but apparently we can’t completely reject it.

Definition 2.7 Recall that ¢ : ¥ — X is called a continuous section of the
homomorphism h : X — Y, if ¢ is continuous and h o ¢ = idy.

Definition 2.8 A continuous section is called invariant if ¢ o ot = 7t o ¢ for all
teT,.

Theorem 2.6 Let the homomorphism h : X — Y admits a continuous invariant
section, then:

(1) if (X,Ty,m) is point dissipative, then (Y,Te,0) also is point dissipative,
hMQx) = Qy and (DT (Qx)) = DT (Qy);

(2) if (X, Ty,7) is compact dissipative, then (Y,Ta,0) also is compact dissipative
and h(Jx) = Jy;

(8) if (X, T1,m) is locally dissipative, then (Y, T2, 0) also is locally dissipative.

Proof. Let ¢ be a continuous invariant section of h. Since h o ¢ = idy, then
h(X) =Y and the first and the second statements follow from Theorem 2.5, except
the equality h(D*(Q2x)) = DT (Qy). To prove it note that by virtue of compactness
Qx from Lemma 2.9 the inclusion h(D*(Qx)) € DT (wy) holds.

Let us show that within the conditions of Theorem 2.6 the reverse inclusion also
holds. In fact, according to Theorem 2.5 the dynamical system (Y, Ts, o) is point
dissipative and Qy = h(2x) is compact. Since ¢ : ¥ — X is a homomorphism
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(Y, T2,0) onto (X, Ty, 7), then according to Lemma 2.9 ¢(DT(Qy)) C DT (Qx)
and, consequently, DT (Qy) = ho (DT (Qx)) C h(D*(wx)).

Let (X, T, ) be locally dissipative, then from the foregoing proof the dynamical
system (Y, Ty, o) is compact dissipative. According to Theorem 1.18 for the locally
dissipativity of (Y, Te, o) it is sufficient to show that its Levinson’s center Jy is a
uniformly attracting set. As well as in Theorem 2.5, for £ > 0 (n > 0) we will select
d(e) > 0 (&(n) > 0) such that

p(h(z), Jy) <& (ple(y), Jx) <n) (2.35)

for all x € B(Jx,0) (y € B(Jy,§)). Since X, Ty, n) is locally dissipative then
there exists v > 0 such that

Jim B(r'B(Jx,7), Jx) = 0. (2.36)
Assume that v = £(y) > 0 and let us show that
Jim 8o’ B(Jy,v), Jy) =0.
Let € > 0, then according to (2.36) there exists L(g) > 0 such that
' B(Jx,v) € B(Jx,d) (2.37)
for all t > L(e). By virtue of the choice of v = &(y) > 0 we have
p(B(Jx,7)) € B(Jx,7). (2.38)
From the inclusions (2.37) and (2.38) it follows that
m'o(B(Jx,7)) € B(Jx,0) (2.39)
for all t > L(g). From (2.35) and (2.39) we obtain
h(rn'@(B(Jy,v))) C B(Jy,e) (2.40)

for all t > L(g). Since hortop =ctohop =0 (hoyp =idy) for all t € Ty, then
from (2.40) we have

UtB(Jy7V) C B(Jy,E)

for all ¢ > L(g). The theorem is completely proved. |

2.4 Non-autonomous dynamical systems with convergence

Let (X, p) and (Y, d) be two complete metric spaces, R(Z) be a group of real (integer)
numbers, S=R or Z,S; = {t € S|t > 0} and T(S; C T) be a subgroup of group
S.
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By (X, T,7) we denote a dynamical system on X and xt = 7(t,z) = 7lx.

Recall, that a dynamical system (X, T, ) is called compactly dissipative if there
exists a nonempty compact K C X such that

\ liI_P plat, K) =0 (2.41)

for all z € X; moreover equality (2.41) holds uniformly with respect to x € X on
each compact subset from X. In this case the set K is called an attractor of the
family of all compact subsets C'(X) from the space X.

We denote by

J=K)= UK,

t>072>t

then the set J does not depend of the choice of the attractor K and is characterized
by the properties of the dynamical system (X, T, 7) . The set J is called a Levinson’s
center of the dynamical system (X, T, 7).

Let us mention some facts that we will use below.

Let Y be a compact metric space, (X, Ty, 7) ((Y,T2,0)) be a dynamical system
on X (YV), (Ty € Ty) and h : X — Y be a homomorphism of (X, Ty, ) onto
(Y,Tg,0). Then the triple ((X,Ty,7), (Y,Ts,0),h) is called a non-autonomous
dynamical system.

Let W and Y be complete metric spaces, (Y, S, o) be a group dynamical system
on Y and (W, ¢, (Y,S,0)) be a cocycle over (Y,S,o) with the fiber W (or, by
short, ), i.e. ¢ is a continuous mapping of W x Y x T into W satisfying the
following conditions: ¢(0,w,y) = w and ¢(t + 7, w,y) = ©(t, (T, w,y),0(7,y)) for
allt,7re TweWandyeY.

We denote X = W x Y and define on X a skew product dynamical system
(X, T,n) by the equality 7 = (p,0), i.e. 7(t,(w,y)) = (o(t,w,y),0(t,y)) for all
t €T and (w,y) € W x Y. Then the triple (X, T, n), ((Y,S,0),h), where h = prq,
is a non-autonomous dynamical system.

For any two bounded subsets A and B from X we denote by (A4, B) a semi-
deviation of A to B, i.e. 5(A, B) = sup{p(a, B)|la € A} and p(a, B) = inf{p(a,b)|b €
B}.

Definition 2.9 A cocycle ¢ over (Y,S, o) with the fiber W is called compactly
dissipative if there exists a nonempty compact K C W such that

, ligrn sup{BU(t,y)M,K) :y €Y} =0
for all M € C(W) where U(t,y) = o(t, -, y).

Definition 2.10 By a whole trajectory of the semigroup dynamical system
(X, T,7) (of the cocycle (W, ¢, (Y,S,0)) over (Y,T,o) with the fiber W ) pass-



70 Global Attractors of Non-autonomous Dissipative Dynamical Systems

ing through the point z € X ( (u,y) € W XY ) we mean a continuous mapping
v:S — X(v:S — W) satisfying the conditions : v(0) = z(v(0) = w) and
vyt +71)=7ty(1) (W(t+7) =@t v(r),yr)) forallt € T and 7 € S.

Definition 2.11 ((X,Ty,7),(Y,T2,0),h) is said to be convergent if the following
conditions are valid:

(1) the dynamical systems (X, Ty, 7) and (Y, Te, o) are compactly dissipative;

(2) the set Jx ()X, contains no more than one point for all y € Jy where X, :=
h=1(y) == {z|z € X,h(z) = y} and Jx(Jy) is the Levinson’s center of the
dynamical system (X, Ty, 7)((Y, T2, 0)).

Let M C X and M xM := {(z1,72) | 21,22 € M, h(x1) = h(x2)}.

Lemma 2.10 Let ((X,Ty,7),(Y,T2,0),h) be a non-autonomous dynamical
system, K C X be a compact invariant set and M := h(K). If the equality

lim sup plait,xot) =0 (2.42)
t—+o0 (z1,22)EK XK

holds, then the set K, := K (X, contains a single point for all y € M.
Proof. Suppose that there exists yo € M such that K, contains at least two points
Z1 and To (T1 # Ta). Since the set K is invariant, then there exists a trajectory ¢;

passing trough the point z;(i = 1,2) such that ¢;(S) C K. Let 0 < e < @ and
L(e) > 0, so that

p(xt, zat) < e
for all t > L(e) and (z1,22) € K x K. Thus, we have
p(T1, T2) = p(r'pr(—t), 7' pa(—1)) <&

for all ¢ > L(e). The obtained contradiction shows that K, contains a single point
for all y € M. The lemma is proved. O

Definition 2.12 A dynamical system (X, T, ) is said to be satisfying the con-
dition (A) if the set [J{7'K | ¢ > 0} is relatively compact for every K € C(X) =
{K | K C X and K is compact }.

We denote by Ly := {2 | z € X is so that at least one entire trajectory of the
dynamical system (X, T, ) passes through z}.

Remark 2.4 For a compactly dissipative system (X, T,7) we have Lx = Jx
where Jx is the Levinson’s center of (X, T, ) .
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Theorem 2.7 Let (X, Tq,7) be a dynamical system satisfying the condition (A)
and let (Y, To,0) be compactly dissipative, then the following conditions are equiva-
lent:

1. the set Lx (X, contains no more than one point for all y € Jy;
2. every semi-trajectory ¥ = {xt | t > 0} is asymptotically stable, i.e.
2.a. for all e > 0 and p € X there exists 6(g,p) > 0 such that p(x,p) <
§ (h(z) = h(p)) implies p(zt,pt) < & for any t > 0;
2.b. there exists v(p) > 0 such that p(z,p) < ~v(p) (h(x) = h(p)) implies
tiigrnoo plat,pt) = 0.

3. 8.a for alle >0 and K € C(X) there exists 6(e, K) > 0 such that p(z1,z2) <
§ (h(z1) = h(z2); 21,22 € K) implies p(x1t, x2t) < € for all t > 0;
3.b tligrnoo p(x1t,xat) = 0 for all (x1,22) € X xX.
4. the equality (2.42) holds for all K € C(X).

Proof. We will prove that condition 1. implies condition 2. If we suppose that it is
not so, then there are py € X, &9 > 0,p, — po (h(pn) = h(po)) and t,, — 400 such
that

P(Pntmpotn) > £0- (243)

Since (X, Ty, ) satisfies the condition (A), then we may suppose that the sequences
{pntn} and {pot,} are convergent. Letting p = lUm ppt,, Po = Um pot,
n—-+o0o n—-+oo
and taking into consideration (2.43), we will have p # po. On the other hand,
h(p) = lim h(pn)t, = lim h(po)t, = h(Po) = § € Jy and according to Lemma
n—-+00 n—-+4oo
1.3 p,po € Lx () Xy, but by virtue of condition 1. we have p = jy. The obtained
contradiction proves the necessary assertion.
Now we will note that condition 1. implies condition 2.b. To prove this impli-
cation is sufficient to show that
lim p(xit,22t) =0

t——+o0

for all (z1,72) € X xX. Assuming the contrary we obtain
p(xit,, x5t,) > €o. (2.44)

The dynamical system (X, Ty, 7) satisfies the condition (A) and, consequently, we
may assume that the sequences {z9t,}(i = 1,2) and {yot,} (yo = h(z9) = h(z9))

are convergent. We denote by z¥ := lirf 2%, and go = lirf Yotn, then
n—-+4o00 n—100

29,79 € Lx () Xy, and according to the condition 1. z9 = Y. The last equality
and the inequality (2.44) are contradictory. This contradiction proves the necessary
assertion.
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We will show that condition 2. implies condition 3. Note that
tl}gloo plat,pt) =0 (2.45)

for all p € X and = € X, (¢ = h(p)). In fact, we denote by G, := {x | z € X
such that the equality (2.45) holds } and suppose that G, # X,. By virtue of the
Condition 2, G4 is open in X,. Let I'; := 0G,(0G, is the boundary of G,) and
p € Ty, then B(p,v(B) (X, \ G) # 0 (B, 4(5) i= Lo | h(z) = h(p), pl, ) <
~v(P)}). Tt is easy to see that the last relations are not satisfied simultaneously and,
consequently, I'; = () for all ¢ € Y, i.e. X, =G,. Let K € C(X) and € > 0, then
there exists 5(5,K) > 0 such that p(z1,22) < §(h(z1) = h(z2); z1, 22 € K) implies
p(:vlt xot) < € for any ¢ > 0. Assuming the contrary, we obtain Ky € C( ), €0 >
0,8, — 0 (6, > 0),{z!} C K¢ (i = 1,2) and t,, — +oo such that p(z} < oy

and

TL’ ’I’L)

plxit,, 2%t,) > €. (2.46)

Since K| is a compact subset of X we may suppose that the sequences {2t} (i =1,2)

are convergent and we denote by 7 := lim 2zl =

n—-+o0o

llm 22 (Z € Ky). According to

the condition 2., for g > 0 and z € K there exists (5(60 Z) > 0 such that p(z,7) <
6(%¢,z) (h(x) = h(Z)) implies p(:et,:rt) £ for all t > 0. Since z, — z (i = 1,2),
then there exists 7 such that p(z},,7) < 6(%,Z) (n > n) and, consequently,

2
plakt,a2t) < =2

(2.47)

for all t > 0 and n > 7. But the inequalities (2.47) and (2.46) are contradictory.
Thus, we showed that condition 2. implies condition 3.

We will prove that condition 3. implies condition 4. If we suppose the contrary,
then there exist g > 0, Ko € C(X), t, — +oo and {z,} C Ko (i = 1,2;h(z}) =
h(x2)) such that the inequality (2.46) holds. We may assume without loss of gen-
erality that the sequences {2t} (i = 1,2) are convergent, because Ky is compact.

Let 2 := 111_{1 T, 0 <e <goand (5, Ko) > 0 be chosen according to condition
n—-—+oo
3.a. Since h(z!) = h(a:2) and z', 2% € Ko, then for £ there exists L(5,z',z*) > 0
such that p(2't, 2?t) <  for all t > L(5,z', z*) and, consequently,
p(xhtn, Totn) < p(@htn, a'tn) + p(x'tn, 2t,) + p(aPt,, xit,) < € (2.48)

for sufficiently large n. The inequalities (2.47) and (2.48) are contradictory. Hence,
the necessary assertion is proved.

Finally, we note that 4. implies 1. In fact, if we suppose that there exists
yo € Jy such that Lx ()X, contains at least two points z1 and o (z1 # z2)
and denoting by K a compact invariant set such that z;,z5 € K, we will have
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x1,29 € Ky, = K[\ Xy,. On the other hand, according to Lemma 2.10 K, contains
no more than one point. The obtained contradiction proves Theorem 2.7. g

Corollary 2.2 Let (X,Ty,m) and (Y,Ta,0) be two compactly dissipative
dynamical systems, then the following conditions are equivalent:

(1) the non-autonomous dynamical system (X, Ty, ), (Y, T2, 0),h) is convergent;
(2) every semi-trajectory Z:(:v € X) is asymptotically stable;

(8) 3.a and 3.b from Theorem 2.7 are fulfilled;

(4) the equality (2.42) holds for all K € C(X).

Definition 2.13  Recall that the dynamical system (X, T, ) is called locally com-
pact if for every x € X there exist § = d, > 0 and [ = [, > 0 such that 7' B(x,d) is
relatively compact.

Theorem 2.8 Let ((X,Tq,7),(Y,T2,0),h) be a non-autonomous dynamical
system, (Y, To,0) be compactly dissipative and (X, Ty, ) be locally compact. For
(X, Ty, m), (Y, Ta,0),h) to be convergent, it is necessary and sufficient that every
semi-trajectory X5 of the system (X, Ty, m) would be relatively compact and that the
dynamical system ((h=*(Jy), T1,7), (Jy,Ta,0),h), where Jy is a Levinson center
of (Y, T2, ), would be convergent.

Proof. The necessity of the theorem is evident.

Sufficiency. We will prove that the dynamical system (X, Ty, 7) is point dissi-
pative. For this aim under the conditions of the theorem it is sufficient to show
that Qx = (J{w. | € X} is compact. Note that h(w,) € wpim) € Jy and,
consequently, w, C hfl(Jy). Since w, is compact and invariant, then w, C J
where J is the center of Levinson of the system (h~'(Jy), Ty, 7). Thus, Qx C J,
and, consequently, 2x is compact. According to Theorem 1.10 for a locally com-
pact dynamical system point dissipativity and compact dissipativity are equivalent.
Hence, the dynamical system (X,T;,7) is compactly dissipative. Let Jx be the
center Levinson of (X, Ty, ), then h(Jx) C Jy and, consequently, Jx C h=1(Jy).
Since J is a maximal compact invariant set in (h=!(Jy ), T1, ), then Jx C J and
JxNX, CJNX, for all y € Jy. From this inclusion follows that the set Jx () X,
contains at most one point for any y € Jy. The theorem is proved. g

Theorem 2.9 Let {(X,Ty,7),(Y,T2,0),h) be a non-autonomous dynamical
system, (Y, Ta,0) be a compactly dissipative dynamical system and let there ex-
ists yo € Y such that Y = HT(yy). For the non-autonomous dynamical system
(X, Ty,m),(Y,To,0),h) to be convergent, it is necessary and sufficient that the
following conditions would be fulfilled:

(1) the dynamical system (X, Ty, 7) satisfies the condition (A);
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(2) Lx (X, contains at most one point for every y € Jy = wy,.

Proof. The necessity of the conditions 1 and 2 is evident.

Sufficiency. Let xg € Xy,, then h(H " (x9)) = H" (yo) and h(wz,) = wy,. Note
that h(Qx) C Qy C Jy = wy, and since wy, C Qx, then h(Qx) = wy,. On the
other hand, Qx C Lx, Lx ()X, contains at most one point for all y € Jy = wy,.
Thus, Qx = w,, is compact and, consequently, (X, Ty, ) is pointwise dissipative.
Since (X, Ty, 7) is point dissipative and satisfies the condition (A), then by Theorem
1.15 (X, Ty, 7) is compactly dissipative. Let Jx be the center of Levinson of the
dynamical system (X, Ty, 7), then Jx C Lx and, consequently, Jx ()X, contains
at most one point for every y € Jy. The theorem is proved. 0

Definition 2.14 A point yo € Y is called [103],[301] asymptotically stationary
(asymptotically 7-periodic, asymptotically almost periodic, asymptotically recur-
rent) if there exists a stationary (7— periodic, almost periodic, recurrent) point
q € Y such that

tl}I-POO d(yot, qt) = 0.

Remark 2.5 a. Let Y = H'(yo) = {yot | t > 0} be compact, then the dynamical
system (Y, T, o) is compactly dissipative and Jy = wy,.

b. Let yo be asymptotically stationary (asymptotically T-periodic, asymptotically
almost periodic, asymptotically recurrent) and Y = H¥(yo), then (Y, T,0) is com-

pactly dissipative and the set Jy = wy, is minimal.

Definition 2.15 A point z € X is called [49],[103],[301] comparable in limit with
regard to the recurrence property with a point y € Y if the inclusion £,, C £, holds,
where £, := {{t,}|tr, — +o0 and {yt,} is convergent}.

It is known [49, 103, 301] that if £, C £, then the point z possesses the same
character of the recurrence property in limit as the point y € Y. In particular, if
the point y € Y is asymptotically stationary (asymptotically T-periodic, asymptot-
ically almost periodic, asymptotically recurrent) and £, C £, then the point x
will be asymptotically stationary (asymptotically 7-periodic, asymptotically almost
periodic, asymptotically recurrent) .

Theorem 2.10 Let yo € Y be asymptotically stationary (asymptotically -
periodic, asymptotically almost periodic, asymptotically recurrent) andY = H™(yo).
Then the non-autonomous dynamical system (X, Tq,7),(Y,Te,0),h) will be con-
vergent if and only if the following conditions are fulfilled:

a. the dynamical system (X, Ty, ) satisfies the condition (A);
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b. every point x € X is comparable in limit with regard to the recurrence prop-
erty with the point y = h(x) and, in particular, x is asymptotically stationary
(asymptotically w- periodic, asymptotically almost periodic, asymptotically re-
current);

c. foranye >0 and K € C(X) there exists 6 = (e, K) > 0 such that p(z1,22) <
§ (h(z1) = h(z2); 21,22 € K) implies p(z1t, xot) < € for all t > 0;

d. the equality tiiﬁnoo p(z1t, xot) = 0 holds for all (x1,22) € XxX.

Proof. The necessity of the conditions a,c and d is assured by Remark 2.5. Now, let
us show that under the conditions of the theorem the condition b. holds. Let z € X
and y = h(z), then, according to the convergence of the non-autonomous dynamical
system ((X, Ty, m), (Y, Ta,0), h), the set H*(z) := {xt | ¢ > 0} is compact. We note
that w, Xy € Jx [ X, for all ¢ € w, and since (X, Ty, 7), (Y, T2, 0), h) is conver-
gent, then w, [ X, contains a single point. According to Theorem 1 [49] the point
x is comparable in limit with regard to the recurrence property with the point y.
If y € HT (yo), then it is evident that the point y will be asymptotically stationary
(asymptotically w- periodic, asymptotically almost periodic, asymptotically recur-
rent) and, consequently, the point z possesses the same character of recurrence
property in limit as the point y does.

We will show that the Conditions a, b, ¢ and d imply the convergence of the
non-autonomous dynamical system ((X, Ty, 7), (Y, To,0), h). First of all, according
to the Condition b we have that w, # () is compact, minimal and h(w,) = wy, for
all z € X. We note that w, [ X4 contains a single point for every g € wy,. In the
opposite case there exist g € wy,,p1,p2 € wy [ Xgo(P1 # p2) and !, — 400 (i =
1,2) such that at!{, — p; (i = 1,2) as n — +o0o. We note that yt!, — qo (i = 1,2)
as n — 400, where y = h(x). Let t2,_1 = t. and ta, = t2 for every n € N, then
{tn} € L, and, consequently, {¢,} € L,, i.e. {xt,} is convergent; therefore p; = ps.
The last equality contradicts the choice of the points p; and ps. The obtained
contradiction proves the necessary assertion. Now we will prove that w,, (| X4 =
wa, (1 X for all 21,22 € X and q € wy,. Let ¢ € wy,, {pi} = we, Xy (1 =1,2) and
{tn} € L4 be such that gt,, — ¢. By virtue of the Condition ¢ and the minimality
of wy, (i = 1,2) we have p(pity,pat,) — 0 as n — 400 and, consequently, p; = ps.
Thus, w,, = w,, for all 1,22 € X and, consequently, (X, Ty, ) is point dissipative
and since (X, Ty, w) satisfies the condition (A), then according to Theorem 2.9
(X, Tq,m) is compactly dissipative. To finish the proof of the theorem is sufficient
to apply Theorem 2.7 and Remark 2.4. (]

Corollary 2.3 Under the conditions of Theorem 2.11 if the space X is locally
compact, then the Condition a results from the Conditions b, ¢ and d.
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Theorem 2.11 Let (X, Ty,7),(Y,Ta,0),h) be a non-autonomous dynamical
system, (Y, Ta,0) be compactly dissipative and let its Levinson’s center Jy be min-
imal (i.e., every semi-trajectory Z;r (y € Jy) is dense in Jy ). Then the following
conditions are equivalent:

(1) the non-autonomous dynamical system (X, Ty, 7), (Y, Ta,0),h) is convergent;
(2) the dynamical system (X, T1,7) satisfies the condition (A) and for every K €
C(X) the equality (2.42) holds.

Proof. By virtue of Corollary 2.2 Condition 1 implies Condition 2. Let us show
that the converse assertion holds. Let K € C(X), then 3% := {3} |z € K} is
relatively compact and according to Lemma 1.3 the set

oK)= UK

t>0 r>t

is non-empty, compact, invariant and, consequently, h(Q(K)) C Q(h(K)) C Jy,
because Jy is the maximal compact invariant set in Y. Thus, Jy is minimal, then
the equality

h(Q(K)) = Jy

holds. We mnote that Q(K;) = Q(K3) for all K; and Ky from C(X). In fact,
since M = Q(K;)|JQ(K2) is compact and invariant and Jy is minimal, we have
h(M) = Jy. On the other hand, according to Lemma 2.10 the set M, = M (X,
contains a single point for every y € Jy. We have Q(K;) (X, C M N X,(i=1,2)
and QK1) N X, = QK2) Xy = M X, for any y € Jy and, consequently,
O(K,) = Q(K») for all K3 and K3 from C(X). From this follows that (X, Ty, )
is compactly dissipative and according to Theorem 2.7 ((X,Ty,7), (Y, T2, 0),h) is
convergent. 0

Corollary 2.4 Let ((X,Ty,7),(Y,Ta,0),h) be a non-autonomous dynamical
system, (Y, Ta,0) be compactly dissipative, Jy be minimal and (X, Ty, w) satisfy
the condition (A). Then the Conditions 1-4 from Corollary 2.2 are equivalent.

Theorem 2.12  Let (Y, T2, 0) be compactly dissipative and h(Lx) = Jy. For the
non-autonomous dynamical system (X, Ty, 7), (Y, Ta,0),h) to be convergent, it is
necessary, and if Jy =Y it is sufficient, that there would be fulfilled the following
conditions:

1. XF is relatively compact for all z € X and Lx is relatively compact;

2. Lx (X, contains only one point for anyy € Y;

3. for every € > 0 there exists () > 0 such that p(x,zy) < ({zy} = Lx Xy
and h(z) =y € Jy ) implies p(xt, zy) <€ for allt >0 and x € X.
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Proof. Necessity. Let ((X,Tq,7),(Y,Ta,0),h) be convergent, then (X,Tq,7) is
compactly dissipative and Jx = Lx. It is easy to see that the Conditions 1 and 2
are fulfilled. We will show that Condition 3 is fulfilled too. Suppose that it is not
so, then there exist eg > 0, d,, | 0,{z,} from X, {y,} from Jy and ¢, — 400 such
that p(@n, zy,) < 0n (Yn = h(z,)) and

p(xntn, Ty, tn) > €0. (2.49)

Since the sets Jy and Jx are compact, then we can suppose that the sequences {y, }

and {x,,} are convergent. Let yo = lim y,, then x,, = lim =z, = lim xz,.
} n—-+oo n—-+oo n—-+oo

By the compact dissipativity of the dynamical system (X,T;,7) we can suppose

that the sequence {x,t,} is convergent and let T = lilf Tpln. Since ypt, € Jy,
n—-—+0oo

then the sequence {ynt,} can be considered convergent too. Let § = ngrfoo Yntn

and we note that h(z) = lim h(x,)t, = lm y,t, = 3, T € Jx and hence
n—-+400 n—-+o0o

z € Jx Xy = {zg}, i.e., T = z5. On the other hand, passing to limit in (2.49) as

n — 400 we obtain p(Z,z5) > 9. The obtained contradiction proves the statement

required.

Sufficiency. Suppose that Conditions 1, 2 and 3 of the theorem are fulfilled. For
the convergence of the system ((X, Ty, ), (Y, Ta,0),h) it is sufficient to show that
under the conditions of the theorem the dynamical system (X, Ty, ) is compactly
dissipative. By the condition of the theorem (X, T;,7) is point dissipative and
Ox = |{ws | © € X} C Lx. Note, that the set Lx is closed. We will show that
the set Lx is orbitally stable. If we suppose that it is not true, then there exist
eo >0, z, — x9 € Lx and t,, — +00 such that

p(xntn, Lx) > €o.

Since y,, — yo = h(xo), where y,, = h(zy,), then under the conditions of the theorem
Ty, — Ty, = To and, consequently, p(z,,xy,) < p(@n, o) + p(x0, Ty, ) — 0. From
this relation and Condition 3 of the theorem follows that p(xyty, 2y, t,) — 0. This
relation and the inequality (2.49) are contradictory. Thus, Lx is compact, invariant
and orbitally stable. Since Qx C Lx, then J*(Q2x) C Lx. Let us show that
JT(Qx) = Jx. In fact, let Z € Lx and ¢ : S — Lx be a whole trajectory

of (X, Ty, n) passing through point  for ¢ = 0. Denote by a,, = () U ¢(7),
t<07<t
then Qx Ny, # 0. Let p € ap, [)Qx, then there exists ¢, — —oo such that

¢(tn) — p and, consequently, 7~ ¢(t,) = ¢(0) = &, e, T € JF C JH(Qx).
Thus, Ly C Jt(Qx), i.e. Lx = JT(Q2x) is compact and orbitally stable and
by Theorem 1.13 the dynamical system (X, Ty, 7) is compactly dissipative. The
theorem is proved. O

Theorem 2.13 Let (X, Ty,7),(Y,Ta,0),h) be a non-autonomous dynamical
system and Y be a compact minimal set, then the following conditions are equivalent:



78 Global Attractors of Non-autonomous Dissipative Dynamical Systems

1. (X, Tq,7),(Y,To,0),h) is convergent;
2. every semi-trajectory ZI (z € X) is relatively compact and asymptotically sta-
ble;
3. (a) every semi-trajectory Z:(x € X) is relatively compact;
(b) tligloo p(z1t,xot) = 0 for all (z1,72) € XXX ;
(¢) for anye >0 and K € C(X) there exists 6(e, K) > 0 such that p(z1,x2) <
d(h(x1) = h(x2); 21,22 € K) implies p(x1t, xat) < € for all t > 0.
4. every semi-trajectory Z;L(x € X) is relatively compact and the equality (2.42)
holds for all K € C(X).

Proof. The implications 1. — 2. — 3. — 4. are proved by a slight modification of
the proof of Theorem 2.7. To finish the proof of our theorem is sufficient to establish
that Condition 4 implies Condition 1. Let xy € X. Since EIO is relatively compact,
then wy, # 0, is compact and all the motions in w,, are extendable to the left. We
set M := wy,. Since h(2x) € Oy C Y and Y is minimal, then A(M) =Y and,
consequently, M, := M ()X, # 0 for all y € Y. By Lemma 2.1 the set M, consists
of the one point for any y € Y. We will show now that for every x € X the equality
wgy = M is true. In fact, let K := w,|JM, then by Lemma 2.10 K, = K[\ X,
contains only one point for every y € Y. Since h(wy) = h(wg,) = h(K) =Y, then
wr Xy = wgy Xy = K[ X, for all y € Y and, consequently, w, = w,, = M for
any z € X. Thus, (X, Ty,7) is point dissipative. Let now K € C(X), then X (K)
is relatively compact. In fact, if {z,} C K and t,, — 400, then by the condition 4.
we have

im  p(zntn, Mp(e,)e,) =0,

n—-+o00

and, consequently, the sequence {x,t,} is relatively compact. According to
Theorem 1.15 the dynamical system (X, Ty, ) is compact dissipative. Let Jx be
the center of Levinson of the dynamical system (X, Ty, 7). By Lemma 2.10 the set
Jx () Xy contains only one point for each y € Y. The theorem is completely proved

Theorem 2.14 Let ((X,Ty,7),(Y,Te,0),h) be a non-autonomous dynamical
system, M # 0 be a compact positively invariant set. Suppose that the following
conditions are fulfilled:

(1) h(M)=Y;

(2) M (X, contains a single point for ally € Y;

(8) M is globally asymptotically stable, i.e. for any e > 0 there exists 6(¢) > 0 such
that p(x,p) < d (v € Xy,p € My := M X,) implies p(at,pt) < e for allt >0
and tiigrnoo p(at, My(zy) = 0 for all x € X.

Then the non-autonomous dynamical system ((X,T1,7), (Y, Ta,0), h) is convergent.
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Proof. 'We note that under the conditions of the theorem the dynamical system
(X, Ty, ) is point dissipative and Qx C M. We will show that set M is orbitally
stable in (X, Ty, n) . Suppose that it is not true, then there exist €9 > 0,4, —
0,z, € B(M,d,) and t,, — +oo such that

P(Xntn, M) > &o. (2.50)

Since M is compact, then we may suppose that the sequence {z,} is convergent.
Let xg := liril T, Ty, € My, p(xn, M) = p(zn,xy,) and yo = h(xg), then zo =
n—-—+oo

lim z,, and zg € My,. Let ¢, = h(z,) and note that

n—-+4oo
p(w’qun) S p(xn7x7!n) +p(‘ryn’xQn) —0 (2'51)

as n — +oo, because ¢, — yo and x4, — xo. Taking into account (2.51) and the
asymptotic stability of the set M, we have

P(@ntn, Tq,t,) = pP(Tntn, Tg,tn) — 0. (2.52)

But the equalities (2.50) and (2.52) are contradictory. Hence, the set M is orbitally
stable in (X, Ty, w) and by virtue of Theorem 1.13 the dynamical system (X, Ty, )
is compactly dissipative and Jx C M. To finish the proof of Theorem it is sufficient
to note that h(Jx) = Jy and for all y € Jy we have Jx (X, C M (X, and,
consequently, Jy (X, contains a single point for any y € Jy. The theorem is
proved. O

Remark 2.6 If there exists yo € Y such that Y = H*(yg), then it is evident that
Theorem 2.14 is invertible. For this aim we may take set H (x¢), where zg € Xy,
in the quality of set M appearing in the theorem.

2.5 Tests for convergence

Note that in Theorems 2.5 and 2.6 there are contained some conditions under which
the property of compact dissipativity is kept under the homomorphisms.

Below we make some assertions which ensure dissipativity of the system
(X, Ty, n) if the dynamical system (Y, Ty, o) has this property and there exists
a homomorphism h of (X, Ty, 7) onto (Y, Ts, o).

Definition 2.16 Let h be a homomorphism of (X, Ty, 7) onto (Y, Ty,0). A set
M C X is called uniformly stable in the positive direction with respect to the homo-
morphism h if for all € > 0 there exists § = §(e, M) > 0 such that for any x1,22 C M
for which h(z1) = h(z2) the inequality p(z1,22) < § implies p(z1t, z2t) < € for every
t> 0.
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Definition 2.17 A dynamical system (X, Ty, ) is called uniformly stable (in the
positive direction) with respect to the homomorphism 4 on compact subsets from
X, if every compact M € C(X) is uniformly stable in the positive direction with
respect to the homomorphism h.

Lemma 2.11  Suppose that a homomorphism h satisfies the following conditions:

(1) there is a continuous invariant section ¢ : Y — X of the homomorphism h;
(2) , HI_P p(x1t, xat) =0 for all 1,22 € X (h(z1) = h(x2));
— 100
(8) the dynamical system (X, Ty, ) is uniformly stable in the positive direction on
compact subsets from X with respect to the homomorphism h.

Then:

(1) if (Y, Tq,0) is point dissipative then (X, Ti,7) is point dissipative too. More-
over, Qx and Qy are homeomorphic;

(2) if (Y, Tq,0) is compactly dissipative then (X, Ty, ) is also compactly dissipative
and, moreover, Qx and Qy are homeomorphic.

Proof. Let (Y, Ts2,0) be point dissipative. Then y is a nonempty, compact and

invariant set and, consequently, M := ¢(Qy) C Qx is also non-empty, compact

and invariant. For z € X and y := h(z) we have , HI—P p(at, o(y)t) = 0. Hence,
— 100

E: is relatively compact compact and w, C wy(y) C ©(Qy) =M. Thus, Qx C M
and (X, Tq,7) is point dissipative and ¢(Qy) = Qx. Since ¢ : Qy — Qx separates
points and the set 0y is compact, then Qy and 2x are homeomorphic.

Now we will prove the second statement of the lemma. Let (Y, T2, o) be com-
pactly dissipative. By the statement above, the dynamical system (X, Ty, 7) is
point dissipative. Let M := ¢(Jy) = ¢(DT(2y)) € DT (Qx). We will show that
the set M is orbitally stable. If we suppose that it is not true, then there are
€0,ZTn — g € M and t,, — +00 such that

p(xntn, M) > eg. (2.53)

Note, that h(z,) = yn — yo = h(zo) € (M) = h(¢(Jy)) = Jy and by compact
dissipativity of (Y, T3,0) we can suppose that the sequence {ynt,} is convergent.
Let y := nEIJIrlOO Yntn, then y € Jy and ¢(y) = nkrfoo o(h(xy))tn. Since ¢ : Jy —
o(Jy) = M separates points and h o ¢ = idy, then ¢ : Jy — M = p(Jy) is a
homomorphism and ¢ o h(z) = z for all z € M and, consequently, p(h(z,)) —
w(h(zg)) = 20 € M. From this relation follows that

lim p(x,, oo h(z,)) =0. (2.54)

n—-+oo

Let K := MJ{zn}U{poh(zy)},e > 0 and §(e, K) > 0 be the numbers from
the condition of uniform stability in the positive direction on compact subsets from




Non-autonomous Dissipative Dynamical Systems 81

X of the dynamical system (X, Ty, 7) with respect to the homomorphism h. The
equality (2.54) implies that for sufficiently large n the inequality p(z,, poh(z,)) < ¢
holds and, consequently, p(z,t, p o h(x,)t) < € for all ¢ > 0. In particular,

p(Tptn, @ o h(x,)t,) < e (2.55)

for sufficiently large n. Taking into account that e is arbitrary, we get that from
(2.55) follows ngrfw Tty = ngrilww o h(zp)t, = (y) € M. This equality and
(2.53) are contradictory. The obtained contradiction shows that M is orbitally
stable. Thus, (X, Ty, ) is point dissipative, Qx C M, the set M is non-empty,
compact, invariant and orbitally stable. By Theorem 1.13, the dynamical system
(X, Ty, ) is compactly dissipative and Jx € M = ¢(Jy) € DT (Qx). According
to Theorem 1.11 and Corollary 1.5, we have Jx = ¢(Jy) = DV (Q2x). Thus, ¢ is a
homeomorphism of Jy onto Jx. The lemma is proved. O

Corollary 2.5 Under the conditions of Lemma 2.11, if (Y,Ts,0) is compactly
dissipative, then ((X, Ty, ), (Y, Ta,0),h) is convergent.

Proof. This assertion follows from Lemma 2.11 and Corollary 2.2. |

Let (Y,S,0) be a two-sided dynamical system, (X,S;,7) be a semi-group
dynamical system and h : X — Y be a homomorphism of (X,S,, ) onto (Y,S, o).
Consider a non-autonomous dynamical system ((X,Sy, ), (Y,S,0),h) and denote
by T'y(Y, X) the family of all continuous and bounded sections of the homomorphism
h. By equality

(1, p2) = sup p(e1(y), p2(y)) (2.56)
yey
there is defined a metric on I'y (Y, X).
Let XxX = {(z1,22) : 21,22 € X, h(z1) = h(z2)} and let V : XxX — R, be
a mapping satisfying the following conditions:

L. a(p(z1,22)) < V(z1,22) < b(p(21,72)) for all (z1,72) € X xX, where a,b
are two functions from 2 (2 := {a | @ : Ry — R4, a is continuous, strongly
increasing and a(0) =0 }) and Im(a) = Im(b) ;

2. V(z1,22) = V(xo,21) for all (z1,22) € XxX;

3. V(z1,22) < V(x1,23) + V(xs,x1) for all z1,29,23 € X such that h(x;) =

h(xg) = h(l‘g)

From the conditions 1-3 follows that the function V on each fiber X, = h™'(y)
defines some metric which is topologically equivalent to p.
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Lemma 2.12  Suppose that the function V : X xX — R satisfies the conditions
1-3. Then by equality

p(p1,p2) == sup{V(v1(y), p2(y))| y € Y} (2.57)

on Ty(Y, X) there is defined a complete metric that is topologically equivalent to
(2.56).

Proof. From Condition 1 it follows that the function V vanishes only on the
diagonal of X x X, i.e. V(z1,22) = 0 if and only if 2; = x5. Taking into account
(2.57), we have d(¢, 1) = 0 if and only if ¢ = 1.

From Property 2 of the function V' it follows that the function d is symmetric
(i.e., d(p,v) = d(¢,¢)). Finally, from Condition 3. it follows that the function d
satisfies the triangle inequality.

From the condition 1. follows that the metrics (2.56) and (2.57) are topologically
equivalent.

Thus, to complete the proof of the lemma it is sufficient to establish that the
space (I'p(Y, X), d) is complete. Let {¢,} be a Cauchy’s sequence in (T'y(Y, X), d),
i.e., d(¢n,pm) — 0 as n,m — +oo. For every ¢ > 0 there exists N1(g) > 0 such
that

plen(y), em(y)) < e (2.58)

for any y € Y and n,m > Ni(¢). From this relation and from the completeness
of (X, p) it follows that for each y € Y there exists nl—l}}-loo en(y) in (X, p). We set
oly) = nll)glrloo ©on(y). We will show that this equality holds uniformly with respect
to y € Y and, consequently, ¢ € T'y(Y, X). In fact, passing to limit in the equality
(2.58) as m — 400 we have p(pn(y), p(y)) < e for all n > Ni(e) and y € Y. Thus
pe (Tp(Y,X),d) and d(¢n,p) — 0 as n — +oo. The lemma is proved. O

Denote by S : T'y(Y,X) — I(Y,X) the mapping, defined by the equality
(Sto)(y) = mlp(oty) for all t € S,, ¢ € TH(Y,X) and y € Y. It is easy to
check that the family of mappings {S*};>¢ is a commutative semigroup.

Lemma 2.13 If there is a function V : X xX — R, satisfying Conditions 1-3
and

4. V(zqt,mat) < Ne "'V (zy,20) (V(21,22) € XXX, t >0), where N,v >0,

then the semigroup {S*}i>0 has a unique fized point ¢ € Ty,(Y, X)) which is an in-
variant section of h.
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Proof. Note that

p(S*e1, Sbp2) = sup{V(r' 1 (o™ "y), w20 "y))| y € Y}

< Ne sup{V(p1(c™"y), p2(c"y)) |y € Y} < Ne "'ple1, ¢2)

and, consequently, S? is a contraction for sufficiently large ¢. From this fact and
taking into consideration that {S*} is commutative we obtain the existence of a
unique fixed point ¢ of the semigroup {S*}:>0, which is an invariant section of h.
The lemma is proved. O

Theorem 2.15 Let ((X,Sy,7),(Y,S,0),h) be a non-autonomous dynamical
system and let the following conditions be fulfilled:

1. (Y,S,0) is compactly dissipative;
2. Ty(Y, X) #£0;
3. there exists V : XxX — R, satisfying Conditions 1-4 of Lemma 2.13.

Then (X, Sy, ) is compactly dissipative and the sets Jx and Jy are homeomorphic.

Proof. Under the conditions of the theorem, by Lemma 2.13 the semi-group {S*};>0
has a unique fixed point ¢ that is an invariant section of h.
In addition,

a(p(zit, z2t)) < V(zit, 29t) < Ne V'V (zy, 22) < Ne “'b(p(x1, 72)).

Therefore, tlirll a(p(z1t,zot)) = 0 for all (x1,72) € XxX and, consequently,

. 1131 p(z1t, xot) = 0. Note, that the system (X,S,, ) is uniformly stable with
respect to h. In fact, let € > 0 and d(g) = b~ 1(Na(e)). Then p(z1,x2) < 6(¢)
(h(z1) = h(zz)) implies p(z1t,z9t) < € for all ¢ > 0. To finish the proof of the
theorem it is sufficient to refer to Lemma 2.11. O

Corollary 2.6 Under the conditions of Theorem 2.15 the non-autonomous
dynamical system (X,S4,w), (Y,S,0),h) is convergent.

Proof. This assertion follows from Theorem 2.15 and Corollary 2.5. O

The function V : X xX — R is said to be continuous, if 2!, — z* (i = 1,2 and
h(zl) = h(z2)) implies V(z},22) — V(z!, 2?).

n n

Theorem 2.16 Let (X, Ty,7) and (Y,T2,0) be compactly dissipative. The
dynamical system (X, Tq,7),(Y,Ta,0),h) is convergent if and only if there is a
continuous function V : X xX — R, satisfying the following conditions:

(1) V is positively defined, i.e. V(x1,z2) = 0 if and only if x1 = xo;
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(2) V(x1t,zot) < V(z1,22) for all t >0 and (z1,22) € XXX
(8) V(x1t,xot) = V(x1,22) for all t > 0 if and only if x1 = x2.

Proof. Suppose that the conditions of the theorem are fulfilled. We will show that
for all € > 0 and compact K C X there is §(¢, K) > 0 such that p(z1,z2) < ¢
(21,29 € K and h(xz1) = h(xzz)) implies p(a1t, 2ot) < e for all ¢ > 0. Indeed, if we
suppose that it is not true, then there exist £9 > 0, compact Ky C X, sequences
8, 10, {2i} C Ko (i = 1,2 and h(z}) = h(22)) and t,, — +oo such that

plxl 22) < 8, and p(zlt,, x2t,) > 0. (2.59)

By the compact dissipativity of (X, Ty, 7) we can assume that the sequences {z%t,}

(i = 1,2) are convergent. Let us put z° := lirf xit, (i = 1,2). It is clear that
n—-+0oo

h(z1) = h(z2). Since {z!,} C K, then we may suppose that they are convergent too.

By virtue of (2.59), lim 2! = lim 22 =2 and

li
n—-+4oo n—-+4oo

0<V(%1,Z2) = lim V(vitn,22t,) < lim V(zl,22)=V(z,7) =0,

n’»vn
n—-+o0o n—-+4oo

from which it follows that Z; = 2. The last equality contradicts (2.59).
We will show now that for all (z1,z2) € X xX (h(x1) = h(z2)) the equality

tl}I—Poo p(z1t, x0t) =0

holds. If we suppose that it is not true, then there exist yo € Y, %1, T2 € Xy,,60 >0
and t,, — +o0o such that

p(jltn,i‘Qtn) > €g. (260)

Let (X x X, Ty, wx7) := (X, Ty,7) x (X, Ty, m) be a direct product of (X, Ty, 7) and
(X, Ty, 7). In view of the compact dissipativity of (X, Ti, ), the point (Z1,Z2) €
X x X is LT stable in (X x X, Ty,7 x 7), and from Condition 2 of the theorem
follows the existence of a finite limit

Vo = . 11+In V(,flt,jigt). (261)
Let (p,q) € w(z,,z,), then from (2.61) it follows that V(p, q) = Vo. By the invariance
of Wiz, z,) we have V(pt,qt) = V(p,q) for all t € T, and, according to Condition 3
of the theorem, p = ¢, i.e.,

W(z,,3,) C Ax = {(z,2) | v € X}. (2.62)
We may suppose that the sequences {Z;t,} (i = 1,2) are convergent. Let us put
p = li1}rl T1t, and ¢ = 111}_1 Taty, then (p,q) € w(, 3, and from (2.60) it

follows that p # g. The last equality contradicts the inclusion (2.62). The obtained
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contradiction proves the required statement. By Theorem 2.7, the non-autonomous
dynamical system (2.1) is convergent.

Conversely, let (X, Ty, 7), (Y, Ta,0), k) be convergent. We will define the func-
tion V : X xX — R, by the equality

V(z1,x2) := sup{p(z1t, zat) | t > 0}. (2.63)

It is clear that this function satisfies Conditions 1 and 2 of the theorem. Let us
show that V satisfies Condition 3 of the theorem. Let V(z1t,xot) = V (21, z2) for
all ¢ > 0. If we suppose that x1 # x2, then § := V(21,22) > 0. In view of Theorem
2.7, p(x1t,x9t) — 0 as t — +oo. Therefore, there exists tg = to (6) > 0 such that
plxit, zot) < % for all ¢ > to. Hence,

)
V(z1to, xato) = sup{p(x1t,xat) | t > to} < 3 < V(x1,x2).

The last inequality contradicts our assumption. We will prove that for every com-
pact K C X

. ligrn sup{p(z1t, z2t) | 1,22 € K, h(x1) = h(z2)} = 0. (2.64)

In fact, if suppose that it is not true, then there exit g > 0, compact K C X,
8, 1 0 and sequences {z}} C K (i = 1,2 and h(z}) = h(22)) t, — +oo such
that Condition (2.46) holds. Without loss of generality we may suppose that the
sequences {z%} and {xit,} (i = 1,2) are convergent. Let lim i =2t (i=1,2).
We put z° := lir_{l zit, (i =1,2). Note that h(Z1) = h(Z2) =y, 71,72 € w(K) C

Jx and, hence, T; = T3. The last equality contradicts (2.46). Thus, the equality
(2.64) is proved. From the equalities (2.63) and (2.64), it follows that

V(z1,x2) = p(x17, 227) (2.65)

for some T(LL'17{E2) € [0,1(K)].

Let (z1,22) — (2!,2?) € XxX. The sequence {V (zl,22)} = {p(z} 1., 227,)}

is bounded, where 7,, = 7(x},22). We will show that it has a unique limit point.

n’ n

Denote by V one of the limit points of the sequence {V(zL,22)}. There exists a

subsequence {V (), ,x7 )} such that V(z} a7 ) — V as n — +oo. Since {74, } is

bounded, then we may suppose that it is convergent. Then V= p(ztr’, 2%7"), where

T = hrJIrl Tk, . Let us show that p(xlr, 2%7) = p(z17,227) (1 = 7(z,2%) > 0 is
chosen out of Condition (2.65)). If we suppose that p(z'7, 227) # p(x17’, 2%7"), then

p(zi7,227) > p(x17,2%7"). Let € > 0 be such that p(x 7,227) 4 2¢ < p(atr, 227).

Then for a sufficiently large k € N we have |p(z), 7,27 7) — p(x'7,2%7)| < € and

\p(x}, Th, 2} Th,) — p(a'7’,2%7)| < £, and, consequently,

p(y, 7@k, 7) > p(@k, Th, s 07, T, ) = V (2, 2F,)- (2.66)
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The inequality (2.66) contradicts the choice of the number 74, . Thus, V (2!, 22) =

p(z7’, 2%7") and, consequently, lirf V(zl,22) = V(x!,2?), ie., the function V
n—-1+0oo
is continuous. The theorem is proved. O

Theorem 2.16 is a generalization for the abstract non-autonomous dynamical
systems of the theorems 7.2 and 7.3 from [270].

Theorem 2.17  Let dynamical systems (X, T1,7) and (Y, Te,0) be compactly dis-
sipative. A non-autonomous dynamical system (X, T1,7),(Y,To,0),h) is conver-
gent if and only if there exists a continuous function V : X xX — R, satisfying
the following conditions:

(1) V is positively defined;
(2) V(x1t,z9t) < V(x1,12) for allt > 0 and (z1,22) € X xX \ Ax, where Ax :=
{(z,z) | x € X}.

Proof. The sufficiency of Conditions of the theorem it follows from the previous
theorem. It is sufficient to remark that from the second condition of Theorem 2.17
it follows the second and third conditions of Theorem 2.60.

Necessity. Let (X, Ty, ), (Y,Ts,0),h) be convergent and the function V :
XxX — Ry be defined by the equality (2.63). Then it is continuous and sat-
isfies Conditions 1-3 of Theorem 2.16. Let us put

+oo
Vixy,x) = / V(x1t, zot)e” dt. (2.67)
0

From the definition of the function V follow its continuity and positive definiteness.
The function V satisfies Condition 2 of Theorem 2.17. In fact, if we suppose the
contrary, then there exit (Z1,72) € XxX and to > 0 such that V(Z1tg, Zatg) =
V(Z1,%2) and 1 # @2. Then from (2.67) and from the last equality, it follows that

V({fl(to + t),fg(to + t)) = V(f1t7£f2t) (268)

for all ¢ > 0. By virtue of (2.68), the function ¢(t) = V(Z1t, Zat) is to periodic.
It is obvious that ¢ is continuous and non-increasing. Therefore, ¢ is stationary
and, hence, V(Z1t, Tot) = V(Z1,Z2) for all ¢ > 0. Since the function V satisfies
Conditions 1-3 of Theorem 2.16, then the equality V(Z1t, Zat) = V(Z1,Z2) for all
t > 0 implies Z; = Zo. The last equality contradicts the choice of (Z1,Z2). The
obtained contradiction completes the proof of the theorem. (I

Theorem 2.18 Let (X, Tq,7) and (Y, Ta,0) be compactly dissipative and there
exist a continuous function V : X xX — R, satisfying the following conditions:

(1) V is positively defined;
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(2) V(zit,zot) < w(V(z1,22),t) for all (z1,72) € XxX and t > 0, where w :

Ry xRy — Ry is a non-increasing in first variable function and w(x,t) — 0,

as t — 400, for every x € R.
Then (X, Ty, ), (Y,Ts,0),h) is convergent.
Proof. According to Corollary 2.2 for the convergence of (X, Ty, 7), (Y, Te,0),h)
)

it is sufficient to show that the equality (2.42) holds for every compact K € C(
First of all, we will show that the equality

lim sup V(z1t,z9t) =0 (2.69)
t—+oo (z1,22)EK XK
holds for all compact K € C(X). Indeed, since K is compact, then there exists
a > 0 such that V(zq,22) < a for all (z1,22) € KxK and V(Z1,Z2) = a for some
(%1,72) € KxK, and, consequently,

V(zit, zot) < w(V(z1,22),t) < w(a,t). (2.70)

Since w(a,t) — 0 as t — +oo, then from (2.70) it follows (2.69). Let us show that
(2.69) implies (2.42). If we suppose the contrary, then there exit K € C(X), €¢ >
0, {z{} C K (i=1,2) and t,, — +oo such that

plxit,, 2%t,) > €. (2.71)

In view of the compact dissipativity of (X, Ty, 7) we may suppose that the sequences

{zit,} (i = 1,2) are convergent. Let us set Z; = nkrfoo zit,, then from the

inequality (2.71), it follows that Z; # Z2. On the other hand, by the inequality
(2.70)

0 < V(zkt,,22t,) < V(ayt,) — 0
as n — +oo and, hence,

V(Z1,%2) = lim V(azlt,,z2t,) =0.
n—-+o0o
From the last equality, it follows that Z; = Z3. The obtained contradiction com-
pletes the proof of the theorem. O

Remark 2.7 a. Condition 2 of Theorem 2.18 holds, if the function V : X xX —
R, satisfies one of the following conditions:

(1) V(x1t,z2t) < Ne V'V (z1,22) for all t > 0 and (z1,22) € XXX (w(z,t) =
Nxe—ut).

(2) V(x1t,xat) < % for allt >0 and (x1,22) € XxX (w(z,t) = —Qi”;t ;
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b. All results of this section are true also in the case when the spaces X and Y
are not metric but pseudo-metric.

In conclusion, we note that convergent systems are in some sense the simplest
dissipative dynamical systems. If (X, Ty, ), (Y,Tq,0),h) is a convergent non-
autonomous dynamical system and Jx (Jy) is a Levinson center of the dynamical
system (X, Ty,7) ((Y,Ts,0)), then Jx and Jy are homeomorphic. Although the
center of Levinson of a convergent system can by completely described, it may
be sufficiently complicated. We will give an example which illustrates the above
cooment.

Example 2.2 Let Y := R and (Y,Z,,0) be a cascade generated by positive
powers of the odd function ¢, defined on R in the following way:

IN
N [=

-2y , 0<y

—_

gy) =4 20-1), 3<y<
$(y—1),1<y < +oo.

It is easy to check that (Y,Z,,o) is dissipative and Jy C [—1,1]. Let us put
X := R? and denote by (X,Z,,m) a cascade generated by the positive powers of

the mapping P : R? — R?
y 9(y)

where f(u,y) := %u + %y Finally, let h = pro : X — Y. From (2.72), it
follows that h is a homomorphism of (X, Z, ) onto (Y,Z4,0) and, consequently,
(X,Z4,7),(Y,Z4,0),h) is a non-autonomous dynamical system. Note that

|(U1,y) - (UQ,y)| = |U1 - U2| = 10|P(U1,y) - P(Ug,y)| (273)
From (2.73), it follows that
|P™(u1,y) — P™(u2,y)| < Ne™"[(u1, ) — (u2,y)] (2.74)

for all n € Z;, where N' = 1 and v = In10. We will show that the dynamical
system ((X,Zy,7),(Y,Z4,0),h) is convergent. It is possible to check directly
that the dynamical system (X,Z,,7) is dissipative; therefore, for convergence of
(X,Z4,7),(Y,Zy,0),h) it is sufficient to show that Jx ()X, contains only one
point for all y € Jy. If we suppose that it is not true, then there exit yg € Jy
and x1,z2 € Jx [ Xy, with z1 # z2. Let ¢; be a motion of the dynamical system
(X,Z4,7) defined on Z and passing through the point z; (i = 1,2). From (2.74),
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it follows that
lpr(=n) — w2(—n)| > N 71" [ur — ug (2.75)
for all n € Z,, where (u;,yo) = x; (i = 1,2). On the other hand,

sup |p1(n) — @a(n)| < 4oo. (2.76)
nez
The inequalities (2.75) and (2.76) are contradictory. The obtained contradic-
tion proves the required statement. Thus, the dynamical system ((X,Z.y, ),
(Y,Zy,0),h) is convergent and, consequently, Jx and Jy are homeomorphic.

Note that this example is an just a slight modification of an example from
[297, p.39-42]. In addition, they have the same attractors and the corresponding
systems on the attractors act equally. Hence, the Levinson centers Jx and Jy are
intermixing (strange) attractors.

Thus, the Levinson center Jx of the convergent dynamical system ((X, Ty, ),
(Y, T3, 0),h) is completely defined by the structure of Jy, but the last one can be
organized in a very complicated way.

2.6 Global attractors of non-autonomous dynamical systems

Let Y be a compact metric space, (X,h,Y) be a locally trivial Banach fibering
[190] and | - | be a norm on (X, h,Y) coordinated with the metric p on X (that is
p(x1,x2) = |1 — 2] for any x1, 22 € X such that h(z1) = h(xs) ).

Theorem 2.19 Let ((X,Ty,7),(Y,To,0),h) be a non-autonomous dynamical
system and for any bounded set M € B(X) there exists | = (M) > 0 such that
7t (M) would be relatively compact (that is the dynamical system (X, Ty, 7) is com-
pletely continuous). Then the following conditions are equivalent:

1. there exits a positive number r such that for any x € X there will be 7 = 7(z) >
0 for which |x7| < r;
2. the dynamical system ((X,T1,m),(Y,Ta,0),h) is compactly dissipative and
lim sup p(zt,J) =0 (2.77)
t—+oo |z|<R
for any R > 0, where J is the Levinson center of (X, Tq,7), that is the non-
autonomous system (X, Ty, 7), (Y, Ta,0),h) admits a compact global attractor.

Proof. That Condition 2 implies Condition 1 is evident. Let us show that under
conditions of Theorem 2.19, the converse also holds. Suppose that A(r) := {z €
E | |z| < r} where r > 0 is the number appearing in Condition 1. As Y is
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compact and the Banach fibering (X, h,Y’) is locally trivial, then its null section
O ={6, |y €Y, where 6, is the null element of the fiber E, := h™!(y)} is compact
and, hence, the set A(r) is bounded, as A(r) C S(0,r) = {z € E| |p(z,0) < r}.
According to the condition of the theorem for a bounded set M there exits a positive
number [ such that 7'M is relatively compact. Let x € M and 7 = 7(z) > 0 be
such that x7 € M, then z(7 +1) € K := 7lM. Thus, the non-empty compact
K is a weak attractor of the system (X,T;,7) and, according to Theorem 1.10,
the dynamical system (X, Ty, n) is compactly dissipative. Let J be the Levinson
center of (X,Ty,7) and R > 0, then the set A(R) := {& € E | |z| < R}, as it
was noticed above, is bounded, and for it there exists a number [ > 0 such that
7t A(R) is relatively compact and since (X, Ty, 7) is compactly dissipative, then its
Levinson center J, according to Theorem 1.6, attracts the set wlA(R) and, hence,
the equality (2.77) holds. The theorem is proved. O

Corollary 2.7 Let ((X,Tq,7),(Y,T2,0),h) be a non-autonomous dynamical
system and suppose that the vector fibering of (X, T1,7) is finite-dimensional, then
Conditions 1. and 2. of Theorem 2.19 are equivalent .

Proof.  This assertion it follows from Theorem 2.19 as for any r > 0 the set
{z € E| |z| < r} is compact, if the vector fibering (X, h,Y") is finite-dimensional
and Y is compact. (]

Recall that the dynamical system (X, Ty, ) is called asymptotically compact, if
for any bounded closed positively invariant set M € B(X) there exits a non-empty
compact K such that the equality

lim B(x'M,K)=0

t——4o0

holds.

Theorem 2.20 Let (X, Ty,7),(Y,Ta,0),h) be a non-autonomous dynamical
system and for every bounded set A C X there exists a nonempty compact K 4 C X
such that

lim B(r'A, Ka) = 0. (2.78)

t——+oo

Then the conditions 1 and 2 of Theorem 2.19 are equivalent.

Proof. Since Y is compact and (X, h,Y) is locally trivial, then for any R > 0 the set
{z € E | |z|] < R} is bounded. According to Condition 1 of Theorem 2.19, for any
x € E there exits 7 = 7(z) > 0 such that z7 € A(r) := {x € E | |z| < r}. According
to Theorem 1.24 the dynamical system (X, Ty, ) is compactly dissipative. Let J
be the Levinson center of (X, Ty, 7) and R > 0. As the set M := A(R) := {z €
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E | |z| < R} is bounded, then according to Condition of the theorem and of Lemma
1.3 the set Q(M) # 0, is compact, invariant and the equality
lim B(r'A,w(A)) =0

t——+oo
holds. As J is the maximal compact invariant set in (X, Ty, ), then Q(M) C J
and, hence, the equality
lim B(x'A,J) =0

t——+oo

holds. The theorem is proved. O

Corollary 2.8 Let ((X,Ty,7),(Y,Ta,0),h) be a non-autonomous dynamical
system and suppose that at least one of the following conditions is fulfilled:

(1) for every bounded set A C X there exits a positive number | such that 7' A is
relatively compact;
(2) the dynamical system (X, Ty, 7) is asymptotically compact.

Then Conditions 1 and 2 of Theorem 2.19 are equivalent.

Proof. This assertion it follows directly from Theorems 2.19 and 2.20 . O

Theorem 2.21 Let ((X,Ty,7),(Y,Te,0),h) be a non-autonomous dynamical
system and (X, Ty, m) be asymptotically compact, then the following conditions are
equivalent:

1. there exits a positive number Ry and for any R > 0 there exists [(R) > 0 such
that

Imta| < Ry (2.79)

forallt > I(R) and |z| < R;

2. the dynamical system (X, Ty, ), (Y, Ta,0),h) admits a compact global attrac-
tor, i.e it is compactly dissipative and for its Levinson center J the equality
(2.77) holds for any R > 0.

Proof. Evidently Condition 2 implies Condition 1, that is why for proving the
theorem it is sufficient to show that from Condition 1 follows Condition 2. Let
My € B(X), then there exits R > 0 such that My C A(R) := {z € F| || < R}.
According to Condition 1, for a given R there exists [ = [(R) > 0 such that (2.79)
holds and, in particular, the set M := [J{n*My|t > I(R)} is bounded and positively
invariant. As (X, Ty, n) is asymptotically compact, for the set M there exists a
nonempty compact K for which the equality (2.78) holds. To finish the proof of the
theorem it is sufficient to cite Theorem 2.20. The theorem is proved. |
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Theorem 2.22 Let (X, Ty,7),(Y,Ta,0),h) be a non-autonomous dynamical
system and let mappings wt = w(t,-) : X — X(t € Ty) be represented like a
sum w(t,z) = (t,x) + Y(t,x) for all t € Ty and x € X Let also the following
conditions be fulfilled:

(1) |o(t,x)| < m(t,r) for allt € T1,r > 0 and |z| < r, where m : T1 x Ry — Ry
and m(t,r) — 0 as t — +o0;

(2) the mappings ¥(t, ) : X — X (¢t > 0) are conditionally completely continuous,
that is ¥(t, A) is relatively compact for any t > 0 and a bounded positively
nvariant set A C X.

Then the dynamical system (X, T1,m) is asymptotically compact.

Proof. Let A C X be a bounded set such that X7 (A) := [J{n*A | t > 0} is also
bounded, » > 0 and A C {z € X| |z| < r}. Let us show that for any {1} C A and
ty — +oo, the sequence {xxty} is relatively compact. We will convince ourselves
that the set M := {xptr} may be covered by a compact € net for any ¢ > 0.
Let ¢ > 0 and I > 0 be such that m(l,r) < /2 and let us represent M in the
form of the union M; U My where M; := {xktk}zlzl, My = {xktk}zjﬁﬂ and
ki :=max{k | tx < I}. The set My is a subset of the set 7!(X+(A)), the elements
of which we can represent in the form of (I, z) + ¢(l,z)(z € £T(A)). As the set
(BT (A),1) is relatively compact, then it may be covered by a finite £/2 net. Let
us notice that for any y € p(I, X1 (A)) there exits # € X (A) such that y = ¢(I, z)
and |y| = |¢(l,x)] < m(l,r) < /2. That is why the null section © of the fibering
of (X,h,Y) is an £/2 net of the set ¢(I,X7(A)). Thus, M, and, subsequently,
M is covered by a compact € net and as the space X is complete, then the set
M = {xptr} is relatively compact. Now to finish the proof of the theorem it is
sufficient to cite Lemma 1.3. The theorem is proved. (]

At the end of this section we will study dissipative dynamical systems in finite-
dimensional space. We will give some conditions which are equivalent to dissipativ-
ity.

Let (X, Ty, ), (Y, Ts,0), h) be a non-autonomous dynamical system, ¥ be com-
pact, (X, h,Y) be a finite-dimensional vectorial fibering [190] and | - | be a Rieman-
nian metric on (X, h,Y).

Lemma 2.14  Under the conditions mentioned above all the types of dissipativity
of the non-autonomous dynamical system (X, Tq,7), (Y, Te,0),h) are equivalent.

Proof. Since the space Y is compact and (X, h,Y") is finite-dimensional and locally
trivial [190], then the space X is locally compact and possesses the Heine-Borel
property. To finish the proof of the lemma it is sufficient to cite Theorem 1.10. O
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Theorem 2.23 Let ((X,Tq,7),(Y,Ta,0),h) be a finite-dimensional non-
autonomous dynamical system, then the following conditions are equivalent:

1. there ezits a positive number R such that for all x € X the following inequality

limsup |zt| < R (2.80)
t—-+4o00
holds;
2. there exits a positive number r such that for all x € X there exists T > 0 such
that |x7| <r;

3. there exists a nonempty compact K1 C X such that w, (VK1 # 0 for anyz € X;

4. there exists a monempty compact Ko C X such that ) # w, C Ka for every
reX;

5. there exits a positive number Ry such that for all Ry > 0 there exits [(Ry) >0
such that

|zt| < Ry (2.81)
for all t > I(Ry) and |z| < Ry.

Proof. 1t is clear that 5. = 1. = 4. = 3. = 2. According to Theorem 2.19 from 2.
it follows 5. The theorem is completely proved. (I

2.7 Global attractor of cocycles

Definition 2.18 The family {I, | y € Y} (I, C W) of nonempty compact subsets
W is called (see, for example, [6] and [153]) a compact pullback attractor (uniform
pullback attractor ) of a cocycle ¢, if the following conditions hold:

(1) the set I :=J{I, | y € Y} is relatively compact;
(2) the family {I, | y € Y} is invariant with respect to the cocycle ¢, i.e.
o(t,Iy,y) = Iy, forallt € Ty and y € Y;
(3) for all y € Y (uniformly in y € Y) and K € C(W)
lim ﬁ(@(t, K7 yft)v Iy) = 07

t——+oo

where 3(A, B) := sup{p(a, B) : a € A} is a semi-distance of Hausdorfl.
Below in this section we suppose that Ty = S.

Definition 2.19 The family {I, | y € Y}(I, C W) of nonempty compact subsets
is called a compact global attractor of the cocycle ¢, if the following conditions are
fulfilled:

(1) the set I :=|J{I, | y € Y} is relatively compact;
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(2) the family {I,, | y € Y'} is invariant with respect to the cocycle ;
(3) the equality

lim sup ﬁ(s@(ta K7 y)a I) =0
t——+o0 yeYy

holds for every K € C'(W).

Let M C W and

wy(M) = () | ¢(r, M, 077y) (2.82)

for all y € Y, where y~t := o(—t,y).

Lemma 2.15 The following assertions hold:

(1) The point p € wy(M) if and only if there exit t, — 400 and {zn,} C M such
that p= lim_ @(tn, zn,y~"");
(2) U(t,y)wy(M) Cwy (M) for ally €Y and t € T4, where U(t,y) = o(t,-,y);
(3) for any point w € w, (M) the motion (t,w,y) is defined on S;
(4) if there exits a nonempty compact K C W such that
lim B(p(t, M,y™"), K) =0,

t——4o0

then wy(M) # 0, is compact,

lim B(p(t, M,y~"),w, (M) = 0 (2.83)

t——+o0

and
Ult,y)wy (M) = wye (M) (2.84)

forallyeY andt e S, .

Proof. The first assertion of the lemma directly it follows from the equality (2.82).
Let w € wy(M), then there exit t, — +oo and z, C M such that w =
lim o(t,,r,,y ') and, hence,

n—-+4oo

Pt w,y) = Tm ot o(tn, @,y "),y) = Hm ot +tn, 2,y ""). (2:85)

n—-+o0o

Thus, ¢(t,w,y) € wy(M), that is U(t, y)wy, (M) C wy(M) for all y € ¥ and
teT,.

From the equality (2.85), it follows that the motion ¢(t,w,y) is defined on S
like @(t + tpn, Tpn,y ') is defined on [—t,, +00) and t,, — +o0.

The fourth assertion of the lemma, is proved as in Theorem 2.4 and Lemma 1.1.3
from [217]. ([l
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Definition 2.20 A cocycle ¢ over (Y,S, o) with the fiber W is said to be com-
pactly dissipative, if there exits a nonempty compact K C W such that

Jim sup{S(U(t,y)M, K) [y €Y} =0 (2.86)
for any M € C(W).

Lemma 2.16 Let Y be compact and (W, p,(Y,S,0)) be a cocycle over (Y,S, o)
with the fiber W. For (W, ,(Y,S,0)) to be compactly dissipative, it is necessary
and sufficient that the semigroup autonomous system (X,S4, ) should be compactly
dissipative.

Proof. This assertion follows from the corresponding definitions. O

Theorem 2.24 Let Y be compact, (W, p,(Y,S,0)) be compactly dissipative and
K be the nonempty compact subset of W appearing in the equality (2.86), then:

1. I, = wy(K) # 0, is compact, I, C K and

lim BU(t,y K, 1,) =0

t——+oo

for everyy € Y;
2. U(t,y)ly =1y, forally €Y andt € Sy;

3.
foral M e C(W) andy €Y ;
4
Jim_sup{A(U Ly )M, T) |y €V} =0 (2.88)

for any M € C(W), where I := U{I, |y € Y};

5. I, = priJdy for ally € Y, where J is the Levinson center of (X,T,,7), and
hence I = pryJ;

6. the set I is compact;

7. the set I is connected if one of the next two conditions is fulfilled:
(a) Sy =Ry and the spaces W and Y are connected;

(b) Sy =74 and the space W XY possesses the (S)-property or it is connected
and locally connected.

Proof. The first two assertions of the theorem follow from Lemma 2.15. If we
suppose that the equality (2.87) does not hold, then there exist ¢g > 0, yo €
Y, My e C(W),{x,} € My and t,, — 400 such that

pU (tny 55 ™ )n, Iyg) > €0. (2.89)
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According to the equality (2.87), for eg and yo € Y there exists tg = to(€o,yo) > 0
such that

€0
BU v ) Tyy) < 2

for all t > tg. Let us notice that

(2.90)

Ultn, Yo "™ )n = Ulto, yo "YU (tn — to, y5 ™).

As (W o, (Y,S,0)) is compactly dissipative, then the sequence {U(t,, —
to, yo_t")xn} may be considered convergent. Suppose T = lirf o(tn—to, Tn, yo_t” ),

then, according to Lemma 2.15, T € w yoto (Mo) and U(to,yg )T € wy,(Mp). From
the equality (2.86), it follows that T 6 K. Passing to limit in (2.89) as n — +o0,
we get

Ulto,yy °)Z ¢ B(ly,,c0). (2.91)
On the other hand, as T € K, from (2.90) we have
o €
U(to, Yo to)fE € B(ly,, 5)

This contradicts (2.91). The obtained contradiction proves the assertion we need.
Let us prove now the equality (2.88). If we suppose that it does not hold, then
there exist eg > 0, Mo € C(W),yn € Y, {z,,} C My and t,, — +o00 such that

p(U (tn, yp, "™ )n, I) > €0 (2.92)

As'Y is compact, then we may consider the sequences {y,} and {y,t,} convergent.
Suppose yo := lim gy, andy:= lim y,t,. According to (2.87), for given ¢ > 0
n—-+o0o n——+o0o

and yo € Y, there exists tg = to(eo, yo) such that
AU (to,yo~" )Mo, Iy) < %0 (2.93)
for all t > to(20,y0). Let us note that
Ultn, v " )n = Ulto, 4, "YU (tn = t0, Yy "™ ). (2.94)
As (W, ¢, (Y, T, o)) is compactly dissipative, then the sequence {U (t,, —to, y,, " )zn}

may be considered a convergent one. Suppose z’ = nEI-QI-loo o(tn —to, T, ytn) and let

us notice that according to (2.93) ' € K. From the equality (2.94), it follows that
Ultn, yy " )zn — Ulto,y~ )2’ and, hence, from (2.92) we have
U(t()v yoito)xl ¢ B(Iyo ) 50)'

On the other hand, from (2.93) and from z’ € K, it follows that

_ e
U(to,y() t")a:’ S B(Iyo, ?0)



Non-autonomous Dissipative Dynamical Systems 97

This last inclusion contradicts (2.93), and this finishes the proof of the fourth
assertion of the theorem.

Let us prove the fifth assertion of the theorem. In order to do it let us notice
that w € I, if ¢(t,w,y) is defined on S and ¢(S,w,y) is relatively compact. In
fact, as w = @(t, o(—t,w,y),y"?) for all £ € S, then from the equality (2.87) it
follows the inclusion we need. Thus, we get the following description of the set
I, : I, = {w € W] there exists at least one whole trajectory of (W, ¢, (Y,S, o)),
passing through the point (z,y)}. Now it remains to notice that the Levinson’s
center J is compact and consists of the whole trajectories of (X, S, ), and, hence,
pridy C I, forally € Y.

The compactness of the set I it follows from the equality I = priJ, from com-
pactness of J and from continuity of pry : X — W.

The last assertion it follows from the next observation: under the conditions of
the theorem Levinson’s center J of the dynamical system (X,S,7), according to
Corollary 1.11 and Theorem 1.33, is connected. Hence, I, as a continuous image of
a connected set, also is connected. The theorem is completely proved. 0

Remark 2.8 Theorem 2.2/ refines and generalises the main results of [110] and
[217].

Theorem 2.25 Under the conditions of Theorem 2.2/ the following statements
hold true:

(1) we I, (y €Y) if and only if there exits a whole trajectory v : S — W of the
cocycle ¢, satisfying the following conditions: v(0) = w and v(S) is relatively
compact;

(2) I, (y €Y) is connected, if the space W possesses the property (S).

Proof. To prove the first assertion we note that the continuous function v : S — W
is a whole trajectory of the cocycle (W, ¢, (Y, S, 0)) if and only if v = (v, Idy) is a
whole trajectory of the semi-group dynamical system (X,S,7) ( X =W x Y, 7 =
(¢,0)). By Lemma 2.16, the dynamical system (X,S,n) is compactly dissipative
and according to Theorem 1.6 the set J is compact and invariant and, consequently,
the point (w,y) = x € J if and only if through the point (w,y) = = passes the whole
trajectory v = (v, Idy) of the dynamical system (X,S,7), which belongs to J, i.e.
~v(0) = (¥(0),y) = (w,y) and y(s) € J for all s € S. To finish the proof of the first
statement of the theorem it is sufficient to cite Theorem 2.24 (item 5.).

To prove the second statement of the theorem we note that under the conditions
of Theorem 2.24 the set I, # () and is compact. Since the space W possesses the
property (S), then there exists a connected compact V' 2 I. By (2.86), the following
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equality

Jim AU (o )(V), 1) = 0
holds. Note, that I, C U(t,c 'y)(V) for all y € Y and ¢t € S;; the mapping
U(t,o7ty) : W — W is continuous and, consequently, the set U(t,o ty)(V) is
compact and connected. To finish the proof of the theorem it is sufficient to cite
Lemma 3.12 from [126]. O

2.8 Global attractors of non-autonomous dynamical system with
minimal base

Everywhere in this paragraph we suppose that ((X,Tq, ), (Y, T2, 0),h) is a non-
autonomous dynamical system, Y is a compact minimal set and (X, h,Y) is a locally
trivial Banach fibering.

Theorem 2.26 Let the following conditions be satisfied:

(1) (X, Ty, m) is completely continuous, that is, for any bounded set A C X there
exits | = 1(A) > 0 such that 7' (A) is relatively compact;

(2) all motions (X, Ty, 7) are bounded on Ty , that is, sup{|zt| |t € T+} < +o0
foranyx € E ;

(3) there exit yo and Ry > 0 such that for any © € X, there exist T = 7(x) > 0
for which

|z7| < Ry. (2.95)

Then the non-autonomous dynamical system (X, T1,7), (Y, To,0),h) admits a
compact global attractor.

Proof. Let R > Ry, then for any x € X there exits 7 = 7(x) > 0 such that
|z7| < R. If it were not so, then there would be R’ > Ry any x} € E such that

lzgr) > R (2.96)

for all 7 > 0. As the dynamical system (X, Ty, 7) is completely continuous and the
motion 7 (¢, xé) is bounded on T, the point x(l) is stable L™ and, as Y is minimal,
the set w,1 N Xy, is nonempty. Thus, according to Condition (2.96) we have

|lvt| > R’ (2.97)

for all x € w,1 N X, and ¢ > 0. The inequality (2.97) contradicts (2.95). This
contradiction proves the assertion we need. Now to finish the proof of the theorem
it is sufficient to cite Theorem 2.19. O
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Remark 2.9 1. For finite-dimensional systems (that is the vector fibering
(X, h,Y) is finite-dimensional) Theorem 2.26 refines Theorem 2.6.1 from [209]. To
be exact, the condition of uniform boundedness is changed for ordinary boundedness
of trajectories of (X, Ty, 7).

2. If the condition of minimality of Y in Theorem 2.26 is taken away, then
Theorem 2.26 is not true even in the class of linear non-autonomous systems. This

is proved by the example below.

Example 2.3 Let us consider a linear differential equation
' = a(t)z, (2.98)

where a € C(R, R) is defined by the equality a(t) := —1 + sint/3. Let us remark
the next properties of the function a and of the equation (2.98):

a'(t) — 0 for t — 400 ;

a(t) € [-2,0] for all t € R ;

{ar|T > 0} is relatively compact in C(R, R), where a,(t) = a(t + 7)(t € R);
wq # () and is compact ;

all functions from w, are constant and b(t) = ¢ € [—2,0](t € R) for any b € w;
a(t,) = 0 if and only if ¢, = —1 4 (5 + 2mn)? (n € Z);

there exits {tn, } C {t»} such that a(t + ¢,,) — b(t) and b(t) =0 for all t € R ;
for any b € H"(a) = {a,|T € Ry} the inequality

e B A i o

lp(t, ,b)] < |z| (2.99)
holds for all z € R and t € Ry, where (¢, z,b) is the solution of the equation

y'(t) = b(t)y; (2.100)

passing through the point x € R for ¢t = 0.
9. if b € w, \ {0}, then b(t) = ¢ < 0(t € R) and, hence,

. ligl lp(t, z,b)] =0 (2.101)

forallz € R ;
10. if b=0(b € wg), then ¢(t,z,b) =z for all t € R.

Suppose Y := H*(a) and denote by (Y, R, o) the dynamical system of transla-
tionson Y. Let X := RxY and (X,R,, ) be a semigroup dynamical system on X,
where m = (p,0) (that is 7(t, (z,0)) = (¢(t,x,b),bs) for all (z,b) € X and t € Ry).
Then ((X,R4,7), (Y,R4,0)) is a non-autonomous dynamical system generated by
the equation (2.98), where h = pro : X — Y. From Properties 1-10 it follows that
for the non-autonomous dynamical system ((X,Ry,7),(Y,Ry,0),h) generated by
the equation (2.98) all the conditions of Theorem 2.26 are carried out excepting the
minimality of Y and that it has no compact global attractor.
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Corollary 2.9 Let (X, Ty, 7) be completely continuous and for any y € Y let
there exist R(y) > 0 such that

limsup |zt| < R(y) (2.102)
t—-+4o00
for any v € X,. Then the non-autonomous dynamical system ((X,Ti,7),

(Y, T3, 0),h) admits a compact global attractor.

Proof. This assertion it follows from Theorem 2.26, if we will notice that from
condition (2.102) it follows the boundedness of every motion from (X, Ty, 7) on T

Theorem 2.27 Let the next conditions are carrying out:
(1) (X,Tq,7) is asymptotic compact, that is for any bounded positively invariant
set A C X there exits a nonempty compact K 5 such that
lim B(r'A,K4) =0; (2.103)

t——+o0

(2) (X,Tq,7) is asymptotic bounded, that is for any bounded set A C E there exits
I =1(A) > 0 such that U{r* Alt > 1} is bounded;
(3) there exit yo € Y and Ry > 0 such that (2.95) is fulfilled.

Then the non-autonomous dynamical system (X, Tyi,7),(Y,Ta,0),h) admits the
mazximal compact attractor.

Proof.  First, let us notice, that in conditions of Theorem the dynamical system
(X, Ty, ) satisfies the condition of Ladyzhenskaya. Let R > Ry, then for any € F
there will be 7 = 7(x) > 0 such that |z7| < R. If we suppose that it is not so, then
there exist ' € F and R’ > Ry such that

lz'7] > R’ > Ry (2.104)

for all 7 > 0 and, hence, w,1» N X, # . That is why for any = € w,, N X,, the
inequality (2.97) holds, but this contradicts (2.95). Thus the assertion we need is
proved. Now for ending the proof of the Theorem it is sufficient to cite theorem
1.24. O

Remark 2.10 Let us notice, that Theorem 2.27 without demanding the minimal-
ity of Y does not take place even in class of linear systems. The last assertion is
proved by the example 2.3.

Theorem 2.28 Let (X,h,Y) be a finite-dimensional vectorial fibering, all the
motions (X, T1,7) are bounded on Ty, Y be a compact minimal set and yo € Y,
then the following conditions are equivalent:

1. the non-autonomous dynamical system (X, Ty, ), (Y, Ta,0),h) is dissipative;
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2. there exits R > 0 such that

limsup|zt| < R (2.105)
t—-+4o00
for all x € X, and all motions (X, T1,n) are bounded on Ty ;
3. there exits a positive number r such that for any x € Xy, and | > 0 there will
be T = 7(x) >1 for which

x| < r (2.106)

and all the motions (X, T1,m) are bounded on T ;

4. there exits a nonempty compact K1 C X such that wy N Ky # 0 for all x € X,
and all the motions (X, Ty, ) are bounded on T4 ;

5. there exits a nonempty compact Ko C X such that w, # 0 and w, C Ko for all
x € Xyy;

6. there exits a positive number Ry such that for any Ry > 0 there will be {(R1) > 0,
that

|zt] < Ry (2.107)

for allt > L(R1),|z| < Ri(z € Xy,)-

Proof. Implications 1.— 6. = 2. =— 5. = 4. = 3. are evident. According to
Theorem 2.26 from 3. it follows 1. The theorem is proved. O

2.9 Homogeneous dynamical systems

The goal of the present section is to study the connection between uniform asymp-
totic stability and exponential asymptotic of the solutions of infinite-dimensional
systems. This problem is studied and solved within the framework of general non-
autonomous dynamical system with infinite-dimensional phase space.

Let (X, h,Y) be a locally trivial fiber bundle [190] with the fiber E, (X, p) be a
complete metric space, T=S; :={s€S|= s> 0}, where S:=R or Z.

Definition 2.21 (X, Ty,n),(Y,Ta,0),h) (T1 C Te C S) is said to be homoge-
neous of order k =1, if (¢, A\z) = Ar(¢t,z) forall A\ >0,z € X and t € T;.

Definition 2.22 An autonomous dynamical system (X,Ry, ) is said to be ho-
mogeneous of order k (k > 1), if 7(t, \x) = Ax(\F~1¢,2) for all A > 0, z € X and
teT.

If z € X, then we put |x| := p(x, Oy(y)), where 0, (y € Y) is null (trivial) element
of the linear space X, and © := {6, | y € Y} is a null (trivial) section of the vectorial
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bundle (X, h,Y). Denote by X* a stable manifold of ((X,Tq,n), (Y, Ts,0)), ie.
Xs={z|zeX, tliELn |w(t,z)| = 0}.

Lemma 2.17 Let ((X,T1,7),(X,Ta,0),h) be a homogeneous dynamical system
of order k = 1. Then

(1) if Qx is compact, then Qx C ©;
(2) if J*(Qx) is compact, then JT(Qx) C O.

Proof. To prove the inclusion Qx C © it is sufficient to show that w, C © for all
x € X. Let z € X and p € w,, then by the homogeneity of (X, Ty, n), (Y, Ts,0),h)
of order kK = 1 we have A\p € wy, for all A\ > 0. If we suppose that for some zq the
inclusion w,, C O it is not true, then there exits p € w,, \ © and, hence, \p € ) for
all A > 0. The last fact contradicts the compactness of 2.

Let now J T (Qx) be compact. We will show that J*(Q2x) C 0. If p € J"(Qx),
then there exit ¢ € Qx, ¢, — ¢ and t,, — oo such that p = nEI-Poo 7(tn, qn) and

Ap = lim An(ty,qn) = 11111 7(tn, Agn). Since A\g € Qx along with the point ¢,

n—-+o0o
then A\p € JY, C J*(Qx) for all A > 0 and p € J*(Qx). If J5(Qx) € O, then
should be the point py € J*(Q2x) \ © and, consequently, Apg € JT(Qx) VA > 0.
The last inclusion contradicts the compactness of J*(Qx). The lemma is proved]

Corollary 2.10 Let ((X,Ty,7),(Y,Ts,0),h) be a homogeneous non-autonomous
dynamical system of order k = 1. Then the following conditions are equivalent:

(1) {(X,Tq,m),(Y,Ta,0),h) is compactly dissipative;
(2) (X, Tq,m),(Y,Ta,0),h) is convergent.

Theorem 2.29 Let (X, Ty, 7), (Y, Ta,0),h) be homogeneous of order k =1 and
(Y, T3, 0) be pointwise k-dissipative. Then the following conditions are equivalent:

(1) (X, Tq,7),(Y,To,0),h) is pointwise dissipative (i.e. (X, T, ) is pointwise dis-
sipative);
(2) Xs=X.

Proof. Let ((X,Tq,7),(Y,Ts,0),h) be pointwise dissipative. To prove the equality
X?® = X it is sufficient to show that Qx C ©. Since ((X,T1,n),(Y,T2,0),h) is
pointwsice dissipative, then 2x is compact and by Lemma 2.17 we have Qx C O.
Let now X® = X; we will show that (X, Ty, 7) is pointwise dissipative. First of
all, we note that {m(t,z) | ¢ > 0} is relatively compact for all x € X. To convince
that it is so it is sufficient to show that from arbitrary sequence {m(t,,z)} (t, —
~+00) there can be chosen a convergent subsequence. Let y = h(z), then according to
the pointwise dissipativity of (Y, T2, k) we may suppose that the sequence {o(t,,y)}
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is convergent. Let ¢ = liIE o(tn,y), then ¢ € w,. According to the local triviality
of the fiber bundle (X, h,Y’), the sequence {0,(,.:,)} — 0, and, hence,

p(@tn,0q) < p (wtn, Oo(y,t)) + P (Oo(y,en),04) — 0

for n — 4o00. In addition, from the reasoning mentioned above it follows that
wy, € O for all x € X and, consequently, Qx C ©. Note, that by Lemma 2.9
h(2x) C Qy and, hence, Qx € © N h~1(Qy). From the compactness of Qy and
the local triviality of (X,h,Y) it follows the compactness of © N h~1(Qy) and,
consequently, the compactness of Qx too. The theorem is proved. O

Theorem 2.30 Let (X, Ty,7), (Y, Ta,0),h) be homogeneous of order k =1 and
Y be compact. Then the following conditions are equivalent:

1. {(X,Tq,7),(Y,Ta,0),h) is compactly dissipative, i.e. (X,T1,7) is compactly
dissipative;

2. X° = X and the set ©Nh~1(Jy) is uniformly stable, i.e. for an arbitrary e >0
there exists 6(¢) > 0 such that |x| < § implies |xt| < e for all t > 0;

3. if the fiber bundle (X, h,Y) is normed (i.e. the metric p on the fibers (X, h,Y)
is compatible with the norm), then there exists a positive number N such that

|xt| < Nlx| (2.108)
forallz e X, t>0 and X*=X.

Proof. Let ((X,Ty,7), (Y, Ta,0), h) be compactly dissipative and J be the Levinson
center of the dynamical system (X, Ty, 7). By Theorem 2.29 X* = X. The inclusion
can be proved Jx C © in the same way that the inclusion Qx C © (see the proof of
Theorem 2.29). We will show that the trivial section © of the fiber bundle (X, h,Y)
is uniformly stable. If we suppose that it is not true, then there exit eg > 0, 6, | 0,
|zn| < 0y, and t, — 400 such that

|Zntn| > €0 (2.109)

By virtue of the compactness of Y and the local triviality of (X, h,Y) the set ©
is compact and, consequently, we may suppose that the sequence {x,} converges.

Let T = lirf Zp. Since (X, Ty, m) is compactly dissipative, then we may suppose
n—-,+0oo
that the sequence {x,t,} is convergent too and we put T = hr—? Tpt,. Then
n—-—r+oo

7 € Jx C © and, consequently, |Z| = 0. The last equality contradicts the inequality
(2.109). The obtained contradiction proves the required statement.

To prove the implication 2. = 1. it is sufficient to refer to Theorem 1.13.

Let now the fiber bundle (X, h,Y) be normed. We will show that in this case
every one of Conditions 1. and 2. is equivalent to Condition 3. We will prove, for
example, that 2. implies 3. Since the trivial section © is stable, then for ¢ = 1 there
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exits v = §(1) > 0 such that |7 (t,z)] < 1forallt > 0and |z| < gq. Weput N =y~ 1,
then

|m(t, @) = llely ™ n(t, @lo[ ') < |2y~ = Nlal.

forallt >0and z € X \ ©.

Inversely. Let X°® = X and let exist N > 0 such that the inequality (2.108)
holds for all z € X and t > 0. Let ¢ > 0 and d(¢) < % such that |z| < ¢ implies
|zt| < e for all t > 0. The theorem is proved. O

Theorem 2.31 Let (X, Tq,7),(Y,To,0),h) be a homogeneous non-autonomous
dynamical system of order k =1 and Y be compact. Then the following conditions
are equivalent:

1. (X, Ty,7), (Y, Ta,0),h) is locally dissipative, i.e. (X,T1,m) is locally dissipa-
tive;

2. X*® = X and the trivial section © is uniformly attracting, i.e. there exits v > 0
such that

lim sup |7(¢, )| = 0; (2.110)
ot ja)<y
3. if the fiber bundle (X, h,Y) is normed, then there exit positive numbers N and
v such that

|7(t, )| < Ne V|| (2.111)

forallt>0 and x € X.

Proof. We will prove that 1. = 2. = 3. If the non-autonomous dynamical system
(X, Ty, ), (Y, Ta,0),h) is locally dissipative and J is its Levinson’s center, then by
Theorem 2.30 X® = X and Jx C ©. In addition, according to Theorem 1.17 there
exists a positive number v such that

Jim B(r'B(J,7),J) = 0. (2.112)
We will show that for the obtained v > 0 the equality (2.110) holds. If we suppose
that it is not true, then there exit €9 > 0, {zn} (|zn| <) and ¢, — +oo such that
the inequality (2.109) holds. From the equality (2.112) it follows that the sequence
{zntn} can be considered convergent. Let T = liT Tntn. By (2.112) T € J, and
since Jx C O, then |Z] = 0. On the other hand, passing to limit in (2.109) as

n — —+00, we obtain |Z| > ¢ > 0. The obtained contradiction proves the equality
(2.110).
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From the homogeneity of the system ((X,Ty,n), (Y, Tq,0),h) and the equality

(2.110) it follows that
lim sup |w(¢,2)| = 0. (2.113)

t—-+4o00 |x|§1

We put ¢(t) = sup{|n(¢t,z)| : |z|] < 1}. Note, that ¥(t + 7) < (t)(7) for all
t,7 € Ty and ¥(t) — 0 as t — +oo. By the equality (2.110), the trivial section ©
of the fiber bundle (X,h,Y) is uniformly stable. Indeed, if we suppose that it is
not true, then there exit eq, d,, | 0, |z,| < J,, and ¢,, — +oo such that the relation

(2.109) holds. We can suppose that d,, < v, and according (2.110) for £ there exits
Ly > 0 such that

|zt| < %0 (2.114)

for all t > Lg. Since t,, — 400, then for the sufficiently large n the inequalities
(2.114) and (2.109) are contradictory. The obtained contradiction proves the re-
quired statement. By Theorem 2.30 the function 1 is bounded for ¢ > 0 and accord-
ing to Lemma 5.4 [21] there exist positive numbers A" and v such that ¢(t) < Ne™"*
for all ¢ > 0 and, consequently, the inequality (2.111) holds too.

Now we will show, that the inverse implications 3. = 2. = 1. hold too. It is
evident that 3. implies 2., therefore to finish the proof of the theorem it is sufficient
to show that from 2. it follows 1. First of all we note that from the equality (2.110),
according to the reasoning above, it follows the uniform stability of the trivial section
O. By Theorem 2.30 the dynamical system ((X, Ty, ), (Y, Ts,0),h) is compactly
dissipative and Jx C ©. We will show that

tEI_POO B(r*B(J,7),J) = 0.
If we suppose that it is not true, then there exit g > 0, z,, € B(J,~v) and ¢, — +00
such that

p(xntn, ©y) > co (2.115)

for all y € Y. From (2.110) it follows, that the sequence {x,t,} is convergent and
lim z,t, =7 € ©. On the other hand, passing to limit in (2.115) as n — +o00, we

n—-+4oo

obtain p(%,0,) > ¢ for all y € Y, i.e. T ¢ O. The obtained contradiction proves
the equality (2.111) and, hence, the local dissipativity of (X, T, 7). The theorem is
proved. O

Corollary 2.11 Let ((X,Ty,7),(Y,Ta,0),h) be a homogeneous non-autonomous
dynamical system and (X, T, ) be asymptotically compact, then the following con-
ditions are equivalent:

(1) (X, Tq,m),(Y,Ta,0),h) is compactly dissipative;
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(2) (X, Tq,7),(Y,To,0),h) is locally dissipative;

(8) X* = X and the trivial section © of the fiber bundle (X,h,Y) is uniformly
stable;

(4) X* = X and the trivial section © of the fiber bundle (X,h,Y) is uniformly
attracting;

(5) if the fiber bundle (X, h,Y) is normed, then there exits a positive number N' > 0
such that

j2t] < Nlz|

forallz € X, t>0, and X°* = X.
(6) if the fiber bundle (X, h,Y) is normed, then there exit positive numbers N and
~ such that

|zt] < Ne 7|z|

forallt >0 and z € X.

Proof. This statement it follows from Theorems 1.20, 2.30 and 2.31. |

Corollary 2.12  Let (X, Ty, w) be completely continuous. Then the following con-
ditions are equivalent:

(1) (X, Tq,m),(Y,Ta,0),h) is pointwise dissipative;

(2) (X,Tq,m),(Y,Ta,0),h) is compactly dissipative;

(3) (X, Tq,m),(Y,Ta,0),h) is locally dissipative;

(4) X*=X;

(5) X° =X and © is uniformly stable;

(6) X =X and © is uniformly attracting;

(7) if (X,h,Y) is normed, then there exits N > 0 such that

jat] < Nla]

forallz € X, t>0 and X® = X;
(8) if (X,h,Y) is normed, then there exit N> 0 and v > 0 such that

|zt| < Ne 7|z]

forallt >0 and x € X.

Proof. Corollary 2.12 it follows from Theorems 1.10, 2.29 — 2.31. U

Remark 2.11 ) All the results of this section hold also for autonomous homo-
geneous (of order k > 1) system with the continuous time (T =R, or R).

b) Note, that the results of this section take place, when the bundle (X, h,Y) is
not necessary linear (vectorial). It is sufficient that there would exist a fiber bundle
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(W, h,Y) such that X CW and A\x € X for all \ > 0 and x € X (in this case we
will call the bundle (X, h,Y") homogeneous).

2.10 Power-law asymptotic of homogeneous systems

Let (X, h,Y) be a local, trivial normed fiber bundle with the fiber E. We will say
that a non-autonomous dynamical system ((X, T1, 7), (Y, T2, 0), h) admits a power-
law asymptotic of order m > 1, if there exist positive numbers a; and b; (i = 1,2)
such that

1

(a1t + by|z|' ™) 7T < |wta| < (agt + bo|z| ™) T (2.116)

forallt>0and z € X.

Theorem 2.32 In order that a non-autonomous dynamical system ((X,Tq, 7),
(Y, T3, 0),h) would admit a power-law asymptotic of order m > 1, it is necessary
and sufficient that there would exist a continuous function V : X — R satisfying
the following conditions:

a) there exit positive numbers a and [ such that
ale| < V(x) < Bla] (2.117)
forallz e X;
b) V is differentiable along the trajectories of the system (X, Ty, 7) and

dV (mtz)

= —|z|™ 2.118
- 1 (2.118)

t=0

forallz e X.

Proof. Necessity. Suppose that the equality (2.116) holds and
+oo
V(z):= / |77 x| dT. (2.119)
0

It is easy to see that under Condition (2.116) the equality (2.119) defines correctly
the mapping V : X — R. In addition, under Condition (2.116) the integral (2.119)
is uniformly (in |z| < r, for each > 0) convergent and, hence, the function V is
continuous. Further, from (2.11(13) and (2.119) it fo}lows that a|z| < V(z) < Bz

for all z € X, where ao = “Zlbll—_m and 3 = 77;;1b21_—m'

Sufficiency. Let V' : X — R4 be a continuous function satisfying Conditions a)

and b) of the theorem. We will show that the non-autonomous dynamical system
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(X, Ty, ), (Y,Tq,0),h) admits a power-law asymptotic of order m. Indeed, let us
put ¢(t) := V(r'z) and note that by (2.118)
do(t
fli ) — 7|ﬂ,tx|m
for all t > 0 and z € X. From Condition (2.117) it follows that |r'z| > FV (n'z)
for all t > 0 and z € X and, consequently,

dp(t) 1
T ™ ().
e — ﬁ(p ®)
Taking into account that ¢(t) = V(r'x) > 0 for all ¢ > 0, if  # 0, we have

1

-1
V(n'e) < (—mﬁm t+am+1|x|m+1>

On the other hand, |w'z| < £V (x'z) and, hence,
o1
|mta| < (a2t+b2|:17|17m) m-1

for all t > 0 and = € X, where as = B"Tx% and by = 1.
By analogy, there can be established a lower power-law asymptotic for |rtx|.
The theorem is completely proved. O

Theorem 2.33 Let ((X,Ty,7),(Y,Te,0),h) be a non-autonomous dynamical
system. Then the following conditions are equivalent:

(1) there exit positive numbers N; and v; (i = 1,2) such that
Nie " z| < |ntz| < Nae 2|z

forallt>0and x € X;
(2) (a) there exit positive numbers a and 3 such that the inequality (2.117) holds

forallx € X;
(b) the function V s differentiable along the trajectories of the system
(X,Tq,7) and
dv (ntx)
—a |,
t=0
forallx € X.

Proof. This assertion can be proved using the same reasoning as in the proof of
Theorem 2.32. O
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Lemma 2.18 Let ((X,Ty,7),(Y,T2,0),h) be a non-autonomous dynamical
system and let exist positive numbers a, b and m > 1 such that

|ntz| < (at + blz| ™) wT (2.120)
forallz € X andt > 0. Then

lim |7'x| =0 (2.121)

t——+oo

uniformly in |x| < r for each r > 0 and

|rtz| < Nz (2.122)
for allt >0 and z € X, where N' = =
Proof. Consider the function w(r,t) = (at + brl_m)_m#f1 defined for all ¢ > 0 and

r > 0. Note, that

ow(r,t)

Eramie brt =™ (at + brl_m)ﬁ >0

for all ¢ > 0 and, consequently, for |z| < r we have
Imta| < (at + blz|*~™) "% < (at + br' ™) w

from which it follows (2.121).
The inequality (2.122) it follows from (2.120) and the equality

(at + bla' ™) "7 = |z (ata|™ " + b) "7
The lemma is proved. O

Lemma 2.19 Let ® be a family of functions m : Ry — Ry satisfying the condi-
tions:

a. there exists M > 0 such that 0 < m(t) < M for allt >0 and m € ®;
b. m(t) — 0 as t — 400 uniformly in m € D, i.e. for any € > 0 there exists
L(e) > 0 such that m(t) <e for allt > L(e) and m €D .

Then we have the following assertions:

(1) if m(t+7) < m(t)m(r) for all t,7 > 0 and m € D, then there exit positive
numbers N and v such that

m(t) < Ne vt (2.123)

forallt >0 and m € ®;
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(2) if m(t+7) < mt)m(rm®=1(t)) (a > 1) for all t,7 >0 and m € D, then there
erist positive numbers a and b such that

m(t) < M(a+bt) =1
forallt>0 andm e ®D.
Proof. We will prove the first statement of the lemma. Let v € (0,1) and 7 > 0 be

such that m(7) <y < 1 for all m € ®. Let us put v:= -7~ 'lny and N := Me"7,
then

n

m(nt) <~

foralln =1,2,.... Let ¢ > 0 and n be a natural number, such that ¢ € [n7,n7+7].
Since

m(t) = m(t —nt +n7) <m(t — nr)m(nt) < MAy",
then the following inequality
m(t) < e’ m(t — nr)ye vt

holds too. Taking into account that e’” = y~!, by the choice of the number N we
have the required inequality (2.123).

To prove the second statement of the lemma we will choose 7 > 0 so that the
inequality

m(t) < (2.124)

N =

would hold for all ¢ > 7 and m € ©. Since 0 < m(t) < M and m(t + 1) <
m(t)ym(rm®=1(t)) for all ¢,7 > 0 and m € D, then

m(t)<M  (0<t<gr, ¢g=2"") (2.125)
and

m(t) < (1 <t < +00)

N =

for all m € . Set to =0, t;41 = t; + 7¢; (¢ = ¢*) and note that
m(t;) < = (t>1) (2.126)
for all m € ®. Indeed, according to (2.124), we have m(t;) < 271 . Moreover,

m(tic1) = m(t; +1¢) < mt;)m(rgm® " (t:)) (2.127)
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for all m € ®. Suppose that (2.126) is valid for all ¢ < n; then from (2.127) it
follows that

1
m(tn+1) S 2n+1 )

since 7¢,m*~1(t,) > 7 (for all m € D) in view of the choice of ¢, and the inductive
assumption (2.126). Thus, from (2.125) and (2.126) it follows that

-

m(t) <

for all t > t,, and n > 1. Note. that t,, 11 = 7(¢" ™ —1)(¢ — 1)~! and, hence,

1

2a71 -1 a—1
27" =2 <7tn+1 + 1) .
T

Now let ¢ € [tp, tn+1), then we have

1

204—1 —1 T a-1
27" < 2 (1 + 7t) . (2.128)
T

From (2.125) and (2.128) it follows that

1

1— 21*& Ta-1
m(t) < M <21“ + 7t>
T
for all t > 0 and m € . By setting a = 217 and b = 771(1 — 217?), we obtain
the required assertion. The lemma is proved. O

Theorem 2.34  Let a non-autonomous system (X, T1,7), (Y, Ta,0),h) be homo-
geneous, Y be compact, and the fiber bundle (X, h,Y") be normed. Then the following
conditions are equivalent:

a. the trivial section of the fiber bundle (X,h,Y) is uniformly asymptotically
stable;
b. there exit positive numbers N and v such that

|rtz] < Ne "z (2.129)

forallz e X andt > 0.

Proof. To prove the theorem it is sufficient to establish the implication a. = b.,
since the converse assertion is obvious.

Note, that from the uniform asymptotic stability of the trivial section © of
the fiber bundle (X,h,Y) and the homogeneity of the non-autonomous system
(X, Ty,m),(Y,Ts,0),h) it follows the equality X* = X. Now, to complete the
proof of the theorem it is sufficient to refer to Theorem 2.31. O
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Theorem 2.35 Let X be a Banach space. For an autonomous homogeneous (of
order k > 1) dynamical system (X,R, ) the following conditions are equivalent:

1. the trivial motion of (X, Ry, ) is uniformly asymptotically stable;
2. there exit positive numbers a and 3 such that

mtz| < (afa|'F + gty FT

forallt>0 and x € X.

Proof. Let us show that under the conditions of the theorem assumption 1. implies
2. Let z € X (x # 0). Then, in view of the homogeneity of order k& > 1 of the
system (X,R,7), we have

_ T _ —
m(t )| = |alm(t]z]® 17—)|§|:v|‘81‘1<pl|7f(flfc|’“ Lyl = Jafm(t|z]*T)
Y=

||
for all £ > 0 and = € X, where

m(t) = sup |7 (t,y)|.
ly|<1

From the uniform asymptotic stability of the trivial motion of (X,R,7) and by
virtue of the homogeneity of order k& > 1 of the system (X,R.,7) we have X*® =
X. From Theorem 2.29 it follows the boundedness of the function m, but from

the uniform asymptotic stability of the trivial motion of (X, R, ) it follows that
m(t) — 0 as t — 4o0. In addition, note that

m(t+7) = sup |7(t+ 7,y)| = sup |n(7,7(t,y))|

ly|<1 ly|<1
=m up |7 [ 7mFt M m(t)m(rmF1
= m(t) sup [ (7m0, TS| < ey 0)

for all t,7 > 0. According to Lemma 2.19, there exit positive numbers M, a and b
such that

m(t) < M(a + bt)"F1
for all t > 0. Let us put & = M'~*q and 3 = M*~*b, then
Im(t,2)| < [alm(tle*=1) < |z[M(a+ btle]*~1) =T = (afa'F + pr) T

for all x € X and ¢ > 0. To complete the proof of the theorem it is sufficient to
refer to Lemma 2.18. O

Remark 2.12 Al results of this section hold for dynamical systems with homo-
geneous phase spaces (see Remark 2.11 b.).
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2.11 Linear systems

Let (X,h,Y) be a local trivial fiber bundle with the fiber F and ((X,T;,n),
(Y, T3,0),h) be a linear non-autonomous dynamical system, i.e. the mapping
nt : X, — Xy, is linear for all y € Y and ¢t € Ty. From the results of Chap-
ter 2 (section 10)follow the following statements.

Theorem 2.36 The following statements are equivalent:

(1) the dynamical system (X, Tq,7), (Y, Ta,0),h) is pointwise dissipative;
(2) X*=X.

Theorem 2.37 LetY be compact. Then the following statements are equivalent:

(1) the dynamical system (X, Ty, 7), (Y, Ta,0),h) is compactly dissipative;

(2) X = X and the trivial section 6 of the fiber bundle (X, h,Y) is uniformly
stable, that is for all € > 0 there exits 6(¢) > 0 such that |x| < 0 implies
|zt| < e for all t > 0;

(8) if the fiber bundle (X,h,Y) is normed, then there exits a positive number N
such that

|zt| < N|z|
forallze X, t>0and X° =X .

Theorem 2.38 LetY be compact. Then the following statements are equivalent:

(1) the dynamical system ((X,Tq,7), (Y, Ta,0),h) is locally dissipative;
(2) X = X and the trivial section © of the fiber bundle (X,h,Y) is uniformly
attracting, i.e. there exits v > 0 such that
lim sup |7(¢,x)| = 0;
el <y
(8) if the fiber bundle (X, h,Y) is normed, then there exit positive numbers N and
v such that

|7(t,z)] < Ne "'|x| (2.130)

forallz e X, t>0.

Remark 2.13 a. Using Banach-Steinhaus theorem, it is easy to check that for
linear autonomous or periodic system the notions of pointwise and compact dissi-
pativity are equivalent.

b. In the example 1.8 the linear autonomous dynamical system defined on the
Hilbert space X = L2[0, 1] by the differential equation ' = Ax with bounded operator
A is compactly dissipative but not locally dissipative.
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Theorem 2.39 Let (X, T,n), (Y,T,0),h) be a group (i.e. T =R or Z) linear
non-autonomous dynamical system, Y be compact, (X, h,Y) be a normed fiber bun-
dle and let exist positive numbers M and a such that |wtz| < Me*|z| (z € X,
t € T). Then the following statements are equivalent:

1. {(X,T,n), (Y,T,0),h) is locally dissipative, that is there exit N, v> 0 such that
|zt] < Ne7Vt|z| for allt > 0 and x € X;
2. there exits a function V : X — R possessing the following properties:

2.a. V is some norm on (X,h,Y);

2.b. there exit positive numbers a and 8 such that o|z| < V(z) < Blz| for all
re X;

2.c. Valz) = —|z| (z € X), where Vy(x) := ltilr{)lt_l[V(xt) —V(x)] for T=R
and Vi (z) := V(r(1,2)) — V() for T = Z.

Proof. Let {((X,T,n), (Y,T,o),h) be locally dissipative. Define a function V :
X — R, by the formula

V(z) = /0+OO |zt|dt  (z € X), (2.131)

if T = R. Directly from the equality (2.131) it follows that V' is some norm on
(X,h,Y). We will establish some properties of the function V.

1 N
. — < < — .
0 lel <V < Tl (weX)
In fact,
+oo —+oo N
V(z) = / |xt|dt < N/ e Haldt = —|x|.
0 0 v

On the other hand, |z| = |(zt)(—t)] < Me®|xt| (x € X, t > 0) and, hence,
+oo 1 +o0 1
V(z) z/ |xt|dt > —/ e |dt = —|z|.
0 - M) Ma

b, Vi(z) = —|z| (z€X).

Indeed,

+oo “+o0
V(a:t)—V(m):/O |(mt)s|ds—/0 los|ds

400 +oo t
z/ |ms|d8/ |xs|ds = —/ |xs|ds
t 0 0
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and, consequently,

t
. 1 . 1
ltlg)lt [V(zt) — V(x)] = lglrgl —t /0 |zs|ds = —|z| (z € X).

If T = Z, then we put V(z) = 3% [an| (x € X). It is obvious that V defines
some norm on (X, h,Y). It is easy to see that the function defined above possesses
the required properties. Thus, we established that 1. implies 2..

Now we will establish that 2. implies 1. Let € X and |z| # 0. Consider the
function o(t) := V(xt). Since alz| < V(z) < flz| and Vi (z) = —|z| (z € X), then
we have

() = Ve (at) = —Jat]| < f%vm) - f%w)

and, hence,
o(t) < p(0)e” 7" (t=0). (2.132)
On the other hand,

%th) < lot| < (zeX,t>0) (2.133)

aV(xt)

From the inequalities (2.132) and (2.133) it follows that
B -1t
wt] < De3ta) @e x> 0)
«
The theorem is proved. O

Definition 2.23 Let ((X,T,w), (Y,T,0),h) be a linear non-autonomous
dynamical system. A non-autonomous dynamical system ((W,T,u),(Z,T,\),0) is
said to be linear non-homogeneous, generated by linear (homogeneous) dynamical
system (X, T,n), (Y, T,o),h), if the following conditions hold:

1. there exits a homomorphism ¢ of the dynamical system (Z, T, \) onto (Y, T, o);

2. the space W, := (qop)~*(y) is affine for all y € (go)(W) C Y and the vectorial
space X, = h~!(y) is an associated space to Wy ([287, p.175]). The mapping
pt s Wy — Wyey is affine and 7t : X, — X, is its linear associated function
([287,p.179]), i.e. X, = {w1—ws | w1, w2 € Wy} and plw; —plwe = 78 (wy —ws)
for all wy,wy € Wy and t € T'.

Remark 2.14 The definition of linear non-homogeneous system, associated by
the given linear system, is given in the work [33], but our definition is more general
and sometimes more flexible.
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Lemma 2.20 Let (W, T,u), (Z,T,\),0) be a linear non-homogeneous non-
autonomous dynamical system and (Z,T,\) be compactly dissipative. Then the

following statements are equivalent:

1. (W, T, ), (Z,T,N),0) is compactly dissipative;
2. (W, T, ), (Z,T,\),o0) is convergent;

Proof. Let (W, T, ), (Z, T, \), o) be compactly dissipative and Jy be the Levinson
center of (W, T, ). We will show that Jyr N W, contains at most one point for all
z € Jz. If we suppose that it is not true, then there exit zg € Jz and wy, ws €
Jw N W,, such that w; # wy. It is easy to see that w = wo + AMw; — we) =
(1= XNws + Aw;y € Jyw NW,, for all A € R, but this contradicts the compactness of
Jw. Thus, 1. implies 2. The reverse implication is obvious. The lemma is proved.]

Theorem 2.40 Let T'(Z, W) # 0 and (X,S4,7), (Y,S,0),h) be a linear ho-
mogeneous dynamical system, (W,Sy, 1), (Z,S,A), 0) be a linear nonhomogeneous
dynamical system generated by ((X,Sy,7), (Y,S,0),h) and q be a homomorphism
from (Z,S,\) onto (Y,S,0). If the spaces Y and Z are compact and (X,h,Y) is a
normed fiber bundle, then the dynamical system (W,S4,un), (Z,S,\), p) is locally
dissipative if and only if the dynamical system ((X,Sy,7),(Y,S, o), h) is locally dis-
stpative.

Proof. Let (W,S4, 1), (Z,S, ), p) be locally dissipative and Jy, be Levinson center
of (W,S4, ). According to Lemma 2.20, the set Jy N W, contains a single point
for all z € Jz. Denote this point by w,. Since (W, S4, ) is locally dissipative, then
there exits v > 0 such that

Jim o' B(Jw, ), Jw) = 0. (2.134)
We will show that the equality (2.134) implies

lim p(p'w, plw,) =0 (2.135)

t——+o0

for all z € Jz and w € B(w,,7). Moreover, the equality (2.135) holds uniformly
in z and w. If we suppose that it is not true, then there exit ¢g > 0, ¢, — +o0,
zn € Jz and x, € B(w,, ,7v) (h(x,) = z,) such that

p(ptwy, gt w, ) > go. (2.136)

From the equality (2.135) and the compactness of Z it follows that we can sup-
pose that the sequences {u'"w,}, {znt,} and {u'"w,, } convergent. We put
z= lim zpt, and W = lim plrw,, then lim p'rw, = ws. Passing to limit

t——+o0 t——+oo t——+o0

in (2.136) as n — 400, we obtain p(w,wz) > eg. This contradicts the relation
w € Wz N Jw. The obtained contradiction proves the equality (2.136) .
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Note, that the equality (2.135) implies

lim sup |xt| =0,
t_’+°°\w\<v| |

if we remark that xt = ptw; — plws + ptw, — plw,, where z = h(z), |z| < v and
x = w; — we. From the equality (2.136) and Theorem 2.38 it follows the local
dissipativity of the dynamical system ((X,S;,7), (V,S,0), h).

Conversely. Let {(X,Sy, ), (Y,S,0), h) be locally dissipative, then according to
Theorem 2.38 there exit positive numbers N and v such that the equality (2.130)
holds. Denote by I'(Z, W) the space of all continuous sections of the homomorphism
0:Z — W endowed with the distance

d(p, ¥) = max p(p(2), ¥ (2)) = max |o(2) — P(2)],

z€Z

which converts it in the complete metric space. Define the mapping S* : I'(Z, W) —
['(Z,W) by the equality (S'¢)(z) := plo(A\"t2) (2 € Z, o € T(Z,W)) for all t € S.
It is easy to check that the family of mappings {S?: ¢ € S, } forms a commutative
group with respect to composition. Note, that

d(S" 1, 5'2) = g o1 (A"2) — pfpa (A 2))]
= max|u'e1(z) = plpa(2)] = max |7t (o1(2) = w2 (2))] <
Ne ¥ mea§(|§01(z) — @a(2)]. (2.137)

From the equality (2.137) it follows that
d(S'p1,5"p2) < Ne™" max|p1(2) = ¢2(2)

for all 1,2 € I'(Z,W) and t > 0 and, consequently, the mapping S* is contraction
for the sufficient large t. From this it follows that the commutative semi-group {S? :
t € Sy} of mappings has a unique fixed point ¢ € I'(Z, W), i.e. (Stp)(z) = ¢(2)
for all z € Z and t € S; and, consequently, ufp(z) = p(A'z) (z € Z, t € S). Let
w € W and z = p(w), then

[u'w — pe(2)] = |7 (w — ¢(2))] < Ne™|w — o(2)] - (2.138)

From (2.138) it follows that the compactly invariant set J = ¢(Z) C W is globally
uniformly asymptotically stable, and in addition, Jz = J N Wz = {p(z)} for all
z € Z. According to Theorem 2.14, the dynamical system ((W,S, u), (Z,S,\), o)
is convergent and, consequently, it is compactly dissipative and J = ¢(Z) is the
Levinson center of (W,S, ). To prove that (WS, u) is locally dissipative it is
sufficient to show that the set J = ¢(Z) is uniformly contracting. We will show
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that the equality
Jim  B(u B(J,7), J) = 0.

holds for all v > 0. If we suppose that it is not so, then there exit g, 7o, wo €
B(J,70) and t,, — 400 such that

p(utrw,, J) > eo. (2.139)

From the inequality (2.138) and the compactness of Z it follows that the sequence

{pt*w,} can be considered convergent. Put w = tEI—Poo ptnw,, then w € J. Passing

to limit in (2.139) as n — +o00, we have W ¢ J. The obtained contradiction proves
the theorem. O



Chapter 3

Analytic dissipative systems

3.1 Skew-product dynamical systems and cocycles

Let Y be a compact metric space and W = FE". Consider the cocycle
(E™, @, (Y, Ty, 0)) over the dynamical system (Y, To, o) with the fiber E™ and the
non-autonomous dynamical system ((X, Ty, 7), (Y, Te,0), h) associated by it. Then
(X,h,Y), where X := E™ x Y, is a finite-dimensional vectorial fibering (a trivial
fibering with the fiber E™). The function V : X x X — R, defined by the equality
V((u1,y), (u2,y)) := |ug —us|, where |-| is a norm on E™ defines on X a Riemannian
metric.
From Theorem 2.23 follows the following statement.

Theorem 3.1 Let Y be a compact and (E™, p, (Y, Ta,0)) be a cocycle over the
dynamical system (Y, To,0) with the fiber E™. Then the following statements are
equivalent:

1. There exists a positive number R such that

limsup |¢(t,u,y)| < R

t——+o0

forallue E™ "y eY.

2. There is a positive number r1 such that for all w € E™ and y € Y there exists
T =7(u,y) > 0 for which |p(T,u,y)| < ry.

3. There is a positive number ro such that

lim inf |@(¢, u, y)| < o

t——+oo

forallue E™ andy €Y.
4. There exists a positive number Ry and for all R > 0 there is [(R) > 0 such that
lo(t,u,y)| < Ro for allt > I(R), ue€ E™, lu/ <R andy €Y.

Taking into consideration Lemma 2.14 we obtain that every condition 1.-4. that
figures in Theorem 3.1 is equivalent to the dissipativity of the non-autonomous

119
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dynamical system ((X,Ty,w), (Y,Te,0),h) associated by the cocycle (E™, ¢,
(Y, T3, 0)) over (Y, Ty, o) with the fiber E™.

We will give below an example of a skew-product dynamical system which plays
an important role in the study of non-autonomous differential equations.

Example 3.1 Let E™ be an n-dimensional real or complex Euclidean space. Con-
sider the differential equation

u = f(t,u), (3.1)

where f € C(R x E™, E™). Along with the equation (3.1) we consider its H-class
[32],137], [238], [300],[302], i.e. the family of the equations

v = g(t,v), (3.2)

where g € H(f) = {f, : 7 € R} and f.(¢t,u) = f(t + 7,u), where the bar indicating
closure in the compact-open topology. We will suppose that the function f is
regular, that is for every equation (3.2) the conditions of existence, uniqueness and
extendability on R are fulfilled. Denote by ¢(-, v, g) the solution of (3.2) passing
through the point v € E™ for t = 0. Then the mapping ¢ : Ry x E™ x H(f) — E"
satisfies the following conditions (see, for example, [32],[290],[291]):

1) ¢(0,v,9) =v for all v € E™ and g € H(f);
2) o(t,o(1,v,9),9-) = p(t + 7,v,9) for each v € E", g € H(f) and t,7 € Ry;
3) ¢: Ry x E™ x H(f) — E™ is continuous.

Denote by Y := H(f) and (Y,R4,0) a dynamical system of translations on
Y, induced by the dynamical system of translations (C(R x E™ E™),R,0). The
triple (E™, ¢, (Y,Ry,0)) is a cocycle over (Y,Ry,o) with the fiber E™. Hence,
the equation (3.1) generates a cocycle (E™, ¢, (Y,R,,0)) and the non-autonomous
dynamical system ((X,R;,7), (Y,R4,0),h), where X := E" x Y, 7 := (¢,0) and
h:=pry: X =Y.

Definition 3.1 Recall that the equation (3.1) is called dissipative [137],
[271],[325],[326], if for all ty € R and xzy € E™ there exists a unique solution
x(t; xo, to) of the equation (3.1) passing through the point (zo, tg) and if there exists
a number R > 0 such that tlig_noo sup |x(t; zo, to)| < R for all zg € E™ and ty € R.
In other words, for every solution x(t; xo,to) there is an instant ¢; = to + (o, zo),
such that |z(¢;xo,t0)] < R for all ¢ > ¢;. If the number (¢, x0) can be chosen
independent on tg, then the equation (3.1) is called uniformly dissipative [137].

Below we will establish the relation between the dissipativity of the equation
(3.1) and the dissipativity of the non-autonomous dynamical system generated by
the equation (3.1).
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Lemma 3.1 Let f € C(R x E™, E™) be regular and H(f) be compact. Then the
following affirmations are equivalent:

(1) Equation (8.1) is uniformly dissipative; that is, there are numbers R > 0 and
I(zo) > 0 such that

|x(t; zo,to)| < R (t > to + l(mo), zo € E™). (3.3)
(2) There is a positive number r such that

limsup |¢(t, 0, g)] <1 (z0 € E", g € H([)). (3.4)

t——+oo

Proof. Let xo € E™ and g € H(f). If g = f; for some 7 € R. Then

and the inequality (3.4) follows from (3.3). For this aim it is sufficient to take r > R.
Consider the case when g = khrf fr. and 7, — +00 (or —o00). By Theorem 3.2

from [186] follows that the sequence {¢(t,zo, fr,)} converges to a certain solution
of (3.2) and this solution passes through the point (z¢,0) € E™ x R. Note, that the
solution passing through the point (z¢, 0) is unique because the function f is regular.
Thus, ¢(t, zg,g) = kEIEw o(t, xg, fr,) uniformly with respect to ¢ on every compact

from R;. From (3.3) and (3.5) follows that |p(t, zo,9)| = kEr—&I-loo lo(t, xo, fr )| <R

(t > l(zo)) and, consequently, the inequality (3.4) holds.

Conversely. Suppose that the inequality (3.4) holds. Then the non-autonomous
dynamical system generated by the equation (3.1) is dissipative and by Theorem
3.1 (the condition 4.) there is Ry > 0 such that for all xg € E™ there exists
I(zo) = I(Jxo|) > 0 for which

lp(t, 20, 9) < Ro (3.6)

for all ¢t > I(xg) and g € H(f). Note that

x(t;x()vto) :go(t_tOVanfto)? (37)

and taking into account (3.6) we obtain (3.3). For this aim it is sufficient to take
R > Ry. The lemma is proved. O

Thus, for the equation (3.1) (f is regular and H(f) is compact) we established
that it is uniformly dissipative if and only if the non-autonomous dynamical system
generated by this equation is dissipative.

We note that the notions of the dissipativity and uniform dissipativity for the
equation (3.1) with periodic right hand side are equivalent, but for the equations
with almost periodic right hand side they are different. This assertion can be
illustrated by the following example.
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Example 3.2 Counsider the linear scalar equation
2 = a(t)w, (3.8)

where the function a € C(R,R) is almost periodic such that all the solutions of
the equation (3.8) tend to 0 as ¢ — +o00, but the trivial solution of (3.8) is not
uniformly stable. The equations (3.8) with the indicated above properties exist
(see, for example [123] and also the example 13.2). It is clear that along with the
equation (3.8) all translations of the equation (3.8), that is

2 =a, (),

where a,(t) = a(t + 7) (t,7 € R), possess the same property. Therefore, from
the relation (3.7) follows that tiigloo |z(t; zo,t0)| = O (x(t; o, to) is the solution of
the equation (3.8) passing through the point (zg,to) ), i.e. the equation (3.8) is
dissipative.

We will prove that the equation (3.8) is not uniformly dissipative. In fact, if we
suppose that is not true, then by Lemma 3.1 the non-autonomous dynamical system
generated by the equation (3.8) will be dissipative. In virtue of Theorem 2.38 the
trivial solution of (3.8) is uniformly asymptotically stable. But this contradicts to
the choice of the function a. The desired example is constructed.

Taking into account the fact established above, we will call the equation (3.1)
dissipative if the non-autonomous dynamical system generated by this equation is
dissipative.

An important class of dissipative equations are equations with convergence [137],
[270].

The equation (3.1) possesses the property of convergence if it has a unique
bounded on R solution which is globally uniformly asymptotically stable. This
unique bounded solution is called a limit regime for the equation (3.1).

From the results of [8],[290],[291] follows that, if the equation (3.1) is convergent,
then every equation from the family (3.2) possesses the same property. Thus, the
non-autonomous dynamical system generated by the equation (3.1) is convergent.
On the other hand, it is easy to construct examples of the equation which is not
convergent, but the non-autonomous dynamical system associated by this equation
is convergent. Note, that it is possible that the equation (3.1) has the limit regime
which is not a solution of this equation, but if the right hand side of the equation
(3.1) is stable in the sense of Poisson in positive direction, then the phenomenon
indicated above is not true. That is in this case the equation (3.1) is convergent if
and only if the corresponding non-autonomous dynamical system generated by this
equation is convergent.

Below we will call the equation (3.1) convergent if the non-autonomous
dynamical system generated by this equation is convergent.
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Example 3.3 Counsider the system of differential equations

u' = F(y,u)
{y/ _ Gly). 39

where Y C E™ G € C(Y,E™) and F € C(Y x E", E™). Suppose that for the
system (3.9) the conditions of the existence, uniqueness and extendability on R
are fulfilled. Denote by (Y, R, ) a dynamical system on Y generated by the second
equation of the system (3.9) and by ¢(¢, u,y) — the solution of the equation

u = F(o(t,y),u) (3.10)

passing through the point v € E™ for t = 0. Then the mapping ¢ : Ry Xx E" XY —
E™ satisfies the conditions 1) and 2) from Example 3.1 and, consequently, the system
(3.9) generates a non-autonomous dynamical system ((X,Ri,7),(Y,R4,0),h)
(where X .= E" xY, m:=(p,0) and h:=pro : X = Y).

We will give some generalization of the system (3.9). Namely, let (Y,Ry,0) be
a dynamical system on the metric space Y. Consider the system

u = F(o(y,t),u)
(o= o

where F' € C(Y x E™ E™). Suppose that for the equation (3.10) the conditions
of the existence, uniqueness and extendability on Ry are fulfilled. The system
(X,Ry,7m),(Y,Ry,0),h), where X := E" XY, 7:= (p,0), p(-,x,y) is the solution
of (3.10) and h := pry : X — Y is a non-autonomous dynamical system generated
by the equation (3.11).

3.2 (C-analytic systems

Definition 3.2 We will call that the non-autonomous dynamical system
(X, Ty,m), (Y, Te,0),h) is C-analytic, if the following conditions are fulfilled:

a. X = C" xY and 7((z,y),t) := (¢(t,2,y),0(t,y)) for all ¢ € T and (z,y) €
C™ x Y i.e. the non-autonomous dynamical system (X, Ty, 7), (Y, Ta,0),h) is
generated by the cocycle (C™, ¢, (Y, T2, 0)) over (Y, Ts, o) with the fiber C*;

b. for each y € Y and ¢ € T; the mapping U(t,y) : C* — C" (U(t,y) := ¢(t,-,y))
is holomorphic.

It follows from the results above that, when Y is compact, all three types of dis-
sipation properties for C-analytic systems are equivalent. In addition a C-analytic
system is dissipative if and only if there is a positive number r (independent of both
z and y) such that limiup lo(t, z,y)| < r, where | - | denotes the norm in C”.

[— 100
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An important property of C-analytic dissipative systems is described in

Theorem 3.2 IfY is compact, then the C-analytic dissipative dynamical system
(X, Ty,m), (Y, Te,0),h) is uniformly stable in the positive direction on compacts of
C", i.e., for arbitrary e > 0 and r > 0, there is a § = §(e,r) > 0 such that the
inequality |z1 — z2| < & (21|, |z2] < 1) implies that |U(t,y)(z1) — U(t, y)(2z2)| < € for
allyeY andt € T,.

Proof. We first prove that, for arbitrary a > 0, there is a compact K, C C"
such that U(¢,y)B[0,a] C K, for all ¢t > 0 and y € Y. In fact, Theorem 3.1
implies that there is b > 0 such that, for arbitrary a > 0, there is [, > 0 for which
U(t,y)B[0,a] C B[0,b] fort > I, and y € Y. Let K, := ¢([0,14], B[0, a], Y)UBJ0, b];
then K, is the required set.

Now let r > 0; then the foregoing implies that the family of holomorphic map-
pings {U(t,y)} of the space C™ into itself is uniformly bounded (with respect to
t > 0and y € Y) on the ball B[0,7], and the generalized Vitali theorem [167]
implies that this family is equicontinuous in B[0, r], i.e. for arbitrary ¢ > 0 there is
d(g,7) > 0 such that |U(t,y)z1 —U(t,y)z2| < e forall (¢,y) € T xY if |21 — 22| < §
(Jz1l, |22] < r). This proves the theorem. O

Theorem 3.3 Let (X, Ty,7), (Y, To,0),h) be a C-analytic non-autonomous dis-
sipative dynamical system and let Y be a compact minimal set; then

(1) for each y € Y the set J, := JN X, (X, := h™(y)) contains only the single
point x,, where J is the centre of Levinson of the system (X, Tq,m);

(2) for all e > 0 there is §(e) such that the inequality p(z,x,) < d (v € X,) implies
that p(at, zy) < e fort > 0.

(3) tEI-Poo p(xt, Tpzy) = 0 for x € X, uniformly with respect to x on compacts from
X.

Proof. Since Y is compact, it follows from the preceding remark that the non-
autonomous system ((X,Tq,7), (Y, Tq,0),h) is compact dissipative, and Theorem
3.2 implies that it is uniformly positively stable on compacts from X. Hence, if
Y is a compact minimal set, then all conditions of Theorem 2.4 are satisfied, and
applying this theorem in the case under consideration we obtain assertions 2. and
3. To complete the proof of the theorem it remains to establish 1.

Thus let y € Y. According to Theorem 2.4, the set J, is connected because
X, =C" x {y} (y €Y) is connected. In proving Theorem 2.4 we established that
the semigroup P, contains an idempotent element u such that J, = u(X,), and

that there are ¢, — +oo for which u = kliljrrl mtk. Let © € Xy, that is, z := (z,y)
— 1+ 00

(z € C™); then u(x) = u(z,y) = (§4(2),y), where &,(2) := khrf U(tr,y)z and this
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relation holds uniformly on compacts in C". Since the mappings U (t,y) : C* — C™
(k = 1,2,...) are holomorphisms, the same is true of their limit &,. In proving
Theorem 2.4 we showed that the idempotent element u acts on .J, in the same
fashion as the identity mapping, i.e. u(z) = = (z € Jy); hence &,(z) = z for all z
such that (z,y) € Jy. Thus, if (2,y) € Jy, then z € C" is a fixed point of §,. Since
&y is a holomorphism, it has at most a finite number of fixed points in the interior
of each bounded set. It follows that J, contains a finite number of points, and its
connectivity implies that it contains only one point z,. This proves the theorem.l]

Corollary 3.1 IfY is compact and minimal, then C-analytic non-autonomous
dynamical system ((X,Tq1,7),(Y,Ta,0),h) is convergent.

Corollary 3.2 Under the conditions of Theorem 3.8 the dynamical system
(X, Ty, 7) induces on the centre of Levinson J of the system (X, T1,7) a dynamical
system (J,Tq, ) which is isomorphic to (Y, T, o). In particular, the point x, is
recurrent (almost periodic, quasi-periodic, periodic) if y € Y is recurrent (almost
periodic, quasi-periodic, periodic).

Proof. This follows from Theorem 3.3 (see also Corollary 3.1). It is sufficient to
note that the mapping p : Y — J, defined by the relation p(y) := x, (J, = {zy}),
is a homomorphism of (Y, Tq, o) onto (J, Tq, 7). O

The general results obtained in this section can be used in the study of the
dissipative differential equations with the recurrent (with respect to time t) right
side if it is holomorph with respect to spatial variable z. Before formulate the
respectively results we will give the following example

Example 3.4 Denote by A(R x C™,C") the set of all continuous with respect to
t € R and holomorphic with respect to z € C" functions f : Rx C* — C", equipped
with the topology of convergence uniform on the compacts from R x C™. Consider
the equation (3.1) with right side f from A(R x C™,C™). Along with equation (3.1)
we consider its H - class, i.e. the family of equations

i=yg(t,2) (g€ H([)), (3.12)

where H(f) = {f-: 7 € R}, f-(t,z) = f(t + 7, z) and the bar indicating closure in
the space A(R x C™,C™). Let (-, 2,g) be the solution of (3.12) passing through
the point z for t = 0 and defined on R.

Note the following properties of the mapping ¢ : Ry x C* x H(f) — C™

a. @(Ovzvg)zz (ZE(C”, gEH(f));

b. (1,0t 2,9),9t) =t +7,2,9) (T€R4, teR, z€C” and g € H(f));

¢. the mapping ¢ : Ry x C" x H(f) — C" is continuous and, for fixed ¢t € R and
g € H(f) the mapping U(t, g) := p(t,-,g) : C* — C" is holomorphic [122].
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We write (Y, R, o) (Y := H(f)) for the dynamical system of translations on H (f)
and define on X := C™ x Y the semi-group dynamical system (X, R, ) as follows:
w(7,(2,9)) = (p(1,2,9),9-). Put h := pro : X — Y (h is a homomorphism of
(X,R4, ) onto (Y,R,0)). Equation (3.12) therefore generates the non-autonomous
dynamical system ((X,Ry,7),(Y,R,0),h). Property c. of ¢ implies that the non-
autonomous dynamical system constructed is C-analytic and application to it of
Theorem 3.3 yields

Theorem 3.4 If f: R x C"” — C" is analytic in z € C™ and continuous in t € R
and f recurrent with respect to t € R uniformly with respect to z on compacts from
C™ (in particular, it is almost periodic or periodic), then the dissipativity of equation
(8.12) implies that it is convergent, i.e. (3.12) has a unique solution p : R — C"
, bounded on R and uniformly asymptotically stable in the large; moreover, p is
recurrent (almost periodic or periodic) if f has this property.

Proof. This is a direct consequence of Theorem 3.3 Corollaries 3.1 and 3.2. It should
be kept in mind that the recurrence of f means that the set H(f) is compact and
minimal with respect to the dynamical system of translations on H(f). O

Remark 3.1  The "local” variant of Theorem 3.3 (and so of Theorem 8.4) holds
too, i.e., Theorem 8.4 remains in force when C™ is replaced everywhere by a domain
W C C" (W can be both bounded and unbounded and can coincide with C™). Hence
Theorem 3.4 (see also Corollary 3.2) implies that the autonomous equation z = f(z)
cannot have limit cycles in W C C if f is holomorphic on W.

Definition 3.3 ((X,Ty,7),(Y,Ta,0), k) is said to be C-analytic on the set M C
X, if M is invariant and the system ((M,Ty,7), (Y, Ts,0), k) is C-analytic, where
Y := h(M), but (M, Ty, 7) is a restriction (X, Ty, 7) on M (analogous is defined
(Y, Ta, ).

Theorem 3.5 Suppose that the following conditions are fulfilled:

1. (Y, Ta,0) is compact dissipative and its Levinson’s centre Jy is a minimal set;
2. (X, Ty,7) is compact dissipative and Jx is its Levinson’s centre;
3. ((X,Ty,m),(Y,Ts,0),h) is C-analytic on Jx.

Then the set JxNX, contains only one point for every y € Jy and, consequently,
the system ((X,Tq,7), (Y, T2, 0),h) is convergent.

Proof. Since Jx is nonempty, compact and Jy is minimal, then h(Jx) = Jy. From
the C-analyticity of (X, Ty, ), (Y, Tq,0),h) on Jy follows, according to Theorem
3.3, that Jx N X, contains only one point for any y € Jy. Thus a non-autonomous
dynamical system ((X, Ty, 7), (Y, Ta,0),h) is convergent. O
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Corollary 3.3  Suppose that for certain yo € Y Ht(yo) =Y is compact and wy,
is minimal. If the conditions 2. and 3. of Theorem 3.5 are fulfilled, then the system
(X, Ty,m), (Y, Tq,0),h) is convergent.

Proof. This assertion follows from Theorem 3.4. In fact, under the conditions of
the Corollary 3.3 the system (Y, Tq, o) is compact dissipative and Jy = wy,. |

Corollary 3.4 Let yo be asymptotic recurrent (i.e. there is a recurrent point
g0 €Y such that tliﬁn p(yot,qot) = 0). If Y := H'(yo) and the conditions of
— 100

Theorem 3.5 are fulfilled, then the system ((X,T1,7),(Y,Ta,0),h) is convergent
and each point x € X 1is asymptotic recurrent.

Proof. The first statement of Corollary follows from Theorem 3.5 and Corollary
3.3. Let now z € X, and y € Y = H*(yo). Since the point yo is asymptotic
recurrent, then the point y is so asymptotic recurrent, i.e. there is a recurrent
point ¢ € wy, such that p(yt,qt) — 0 as t — +oo. Taking into account that
(X, Ty,7), (Y, Te,0), h) is convergent, then Jx N X, consists from the single point
p. Since in our conditions p(zt, pt) — 0 as t — 400, then the point x is asymptotic
recurrent. 0

Consider the equation
z2=f(t,z)+r(tz) (z€C). (3.13)
It follows directly from Theorem 3.5 and Corollary 3.4 the following theorem.

Theorem 3.6 Let f,r € C(RxC"™ C") and the following conditions are fulfilled:

(1) equation (3.13) is dissipative;

(2) . liIJP [r(t, 2)] = 0 uniformly in z on compacts from C";
— 100

(8) f is holomorphic in z € C™ and recurrent (almost periodic, periodic) in t € R
uniformly in z on the compacts from C™.

Then the equation
2= f(t,2)
has a unique bounded on R solution p € C(R,C"), which is recurrent (almost peri-
odic, periodic) int € R and , liin lo(t) — p(t)] =0 for all solution ¢ of (3.13).
In the conclusion of this section we will give the following

Example 3.5 Consider the system of differential equations

{21 = -2z -I—Z%

C). 14
22 = 2, (Zl7 22 € ) (3 )
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Dynamical system defined by this system is C-analytic and dissipative. In ad-
dition, from [7, p.167-174] follows that the system (3.14) can not linearized by
biholomorphic transformation.

Thus, there are the nonlinear C-analytic dissipative systems, which can not
linearized by biholomorphic transformation.

Remark 3.2  For real analytic system the assertion analogous to example 3.5 does
not hold, as the example below shows.

Example 3.6 Consider the system of the differential equations

t=(1-22—yHz
{y’ =(1-a?=y)y (319)

It is possible to check by directly integration that the system (3.15) is dissipative
and its Levinson’s centre J = {(z,y) : 2% + y* < 1} contains a continuum points.
Thus , the analogous of Theorem 3.3 for real analytic system is not true.

3.3 Converse of Lyapunov’s theorem for C-analytic systems

Let R (C) be the set of all real (complex) numbers and C" be n-dimensional complex
space with norm ||z|| := max{|z;| : ¢ = 1,...,n}. Denote by AR x W,C") the
space of all continuous functions f : R x W — C™ which are holomorphic in the
second variable, where W is a domain in C" containing 0 € C™.

We consider the differential equation

dz

— = f(t 3.16
== (%), (3.16)
where f € AR x C*,C") and f(¢,0) = 0. along with (3.16) we consider the
variational equation for the zero solution

du

— = A(t 3.17
= Al (3.17)
. : of . :
in which A(t) := E(t,O). We denote by z(t;to,v) the solution of (3.16) passing
through v € C” for ¢t = t.

Definition 3.4 We recall (see, for example, [273]) that the solution z = 0 of
(3.16) is said to be stable if for any € > 0 and to € R there exists a 6 = d(e,t9) >0
such that for all z € B(0,6) = {w]| ||w|| < 0} and t > o one has [|z(¢;t0,v)| < e.
If one can choose d(e, tp) independent of ¢y € R, then the solution z = 0 is called
uniformly stable.
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Definition 3.5 The solution z = 0 of (3.16) is said to be attracting if for any
to € R one can find an n = n(tg) > 0 and for any € > 0 and ||v|| < 7 one can find a
o = o(to,e,v) > 0 such that ||z(¢;to,v)|| < e for all t > ¢y + 0. If one can choose 1
independent of ty and o, but dependent only on €, then the solution z = 0 is called
uniformly attracting.

Definition 3.6 The solution z = 0 is said to be asymptotically stable (uniformly
asymptotically stable) if it is stable (uniformly stable) and is attracting (uniformly
attracting).

Theorem 3.7 The following assertions hold:

(1) if the zero solution of (3.16) is stable (uniformly stable), then the zero solution
of (8.17) is also stable (uniformly stable);

(2) if the zero solution of (3.16) is attracting (uniformly attracting), then so is the
zero solution of (3.17).

Proof. Let the solution z = 0 of (3.16) be stable (uniformly stable), ¢ > 0, to € R
and 6 = d(e, tg) > 0 (6 = d(g) > 0) be a positive number from the stability (uniform
stability) condition. By the theorem on analytic dependency on the initial data [122]
the function z(¢;tp,v) is holomorphic in v for fixed ¢ and ¢y in the domain of the
definition of z(¢;tp,v). We compute the linear part of the Taylor expansion at the
point v = 0 of the function z(¢;tg,v). According to the variation of parameters
formula we have
t
2(t;to,v) = Ut to)v + / U(t,7)F (1, z(1;t0,v))dT,
to
where U(t,7) := U(t, A\U (1, A), U(t, A) being the Cauchy operator of (3.17) and
F(t,z) .= f(t, z) — A(t)z.
We note that z(t;tg,v) = v + ff(T, 2(7;to,v))dr and hence
to
0z

_(T7 t07 U)

ov

92 (410, )

d
Ov m

v=0

t
=F —|—/ %(772(7;1%0,1}))

to

v=0 v=0

where F is the identity matrix. Thus, V(¢,tg) = U(t,to) satisfies the matrix
differential equation %—‘; = A(t)V and the initial condition V(tg,t9) = E so
V(t, to) = Ul(t, to). Since

/U(t, T)F (7, 2(75t0,v))dT = /U(tm)%—lj(ﬂ 0)-U(r to)dr =0,

to v=0 to

9
ov
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the linear part of the Taylor expansion in v of z(¢;tg,v) for any tp € R and t > tg
is U(t; tp)v. On the other hand, this linear part can be computed from the Cauchy
integral formula [207]. Since in C" the I, norm is chosen, the domain B(0, §) is an
open polydisk and one can write

1 z(t;to, v " w
U(t, to)w = —— / / AXZU—:dvlm..»dvn. (3.18)

(2mi)™ V1 Vg ... Up
lo1]=§ lon|=4

The stability (uniform stability) of the zero solution of (3.17) follows directly from
(3.18) if the zero solution of (3.16) is stable (uniformly stable).

If the zero solution of (3.16) is attracting (uniformly attracting), then passing to
the limit in (3.18) and considering Lebesgue’s theorem on passage to the limit under
the integral sign as ¢ — +o0o we get the analogous property for the zero solution of
(3.17). The theorem is proved. O

Corollary 3.5 If the zero solution of (3.16) is asymptotically stable (uniform
asymptotically stable), then so is the zero solution of (3.17).

Remark 3.3 1. If (3.16) is autonomous, Theorem 3.7 is a result of Lyubich
[241].

2. For a real analytic system the assertion analogous to Theorem 3.7, does not
hold, as the example § = —y> shows.

8. Theorem 8.7 is true also for the difference equations.

Along with equation (3.16) we consider its H-class

dz

T —gte) (g H(). (319)
Let © := {(0,9)lg € H(f)} S C" x H(f), W*(©) := {(v,9)|(v,g9) € C" x
H(f), tligp lle(t,v,9)|| = 0} and ((X,R4,7),(Y,R,0),h) be a non-autonomous
dynamical system generated by the equation (3.16) (see the example 3.1). If the
zero solution of (3.16) is uniform asymptotically stable and the set H(f) is compact,
then the compact invariant set © C X = C™ x H(f) is asymptotically stable and
its domain of attraction W#(O) is open. The following theorem holds.

Theorem 3.8 Let f € A(R x C™*,C"), H(f) be compact and the zero solution of
(3.16) be uniform asymptotically stable, then the set W*(©) is unbounded.

Proof. Let as assume that W*(©) is bounded, then the set M = W$(©) C X is
compact invariant subset (X,R4, 7). In virtue of Theorem 3.7 the zero solution of
(3.17) is also uniform asymptotically stable and hence one can find positive numbers
N and v such that

U (¢, to)|| < Ne+ (=t (3.20)
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for all t >ty (t,to € R). It follows from (3.20) that
Ut A)|| >Nt (3.21)

for all t < 0.
On the other hand, it follows from (3.18) and the boundedness of W*(©) that

sup [U(t, A)|| < +oo,
teR
which contradicts (3.21). The theorem is proved. O

Corollary 3.6 Let f € AR x C*,C"), H(f) be compact and the zero solu-
tion of (3.16) be uniform asymptotically stable. Then the set W7(0) = {v | v €
cn, , HI—‘P lo(t, v, £)|| = 0} is unbounded.

Let © be a metric space and (Q,R, o) be a dynamical system on . Consider
the differential equation

& = f(wt, z) (3.22)

where wt := o(t,w), f € A2 x C",C"), z € C" and f(w,0) =0 for all w € Q. The
results presented above are true also for the equation (3.22). We will formulated
some of them.

Theorem 3.9  If the zero solution of (3.22) is uniform asymptotically stable, then
the zero solution of

y = A(wt)y, (3.23)

_ Of (w,x)

where A(w) : 5
x

, 18 also uniform asymptotically stable.
=0

Theorem 3.10 Let the zero solution of (3.22) be uniform asymptotically stable
and 2 be compact. Then the set

wW*(0) ={(z,w) eC" x Q| 75liJf_P lo(t, z,w)| = 0}

is unbounded, where p(t,xz,w) is the solution of (3.22) passing through the point
x € C™ fort =0 and defined on R.

Proof. These statements can be proved as Theorem 3.7 and 3.8. |
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3.4 On the structure of compact attracting sets of C-analytic systems

The present section is devoted to the structure of compact invariant sets of the
system

% = f(t,2) (3.24)
with right-hand side f holomorphic with respect to z and almost periodic with re-
spect to t. We show that an asymptotically stable compact invariant set of system
(3.24) consists of almost periodic solutions to this system. This problem is studied
and solved in the frame of general non-autonomous dynamical systems. We give
also the description of the structure of uniform asymptotically stable compact in-
variant set of arbitrary C—analytic non-autonomous dynamical system with compact
minimal base.

We recall that the set K C X is called orbitally stable with respect to non-
autonomous system (2.1), if for any € > 0 there exist d(¢) > 0 such that the
inequality p(z,Ky,) < ¢ (x € X,y = h(z)) implies p(xt, K1) < ¢ for all t > 0.
In addition, if there exist v > 0 such that p(xt, Ky) — 0 for t — +oo and every
x € K, such that p(z, K;) < -y then it is said that K orbitally asymptotically stable.

Theorem 3.11 Assume that {(X,S4,7), (Y,S,0),h) is a non-autonomous C-
analytic dynamical system and the following conditions are satisfied:

(1) Y is compact and locally connected and (Y,S, o) is minimal, i.e., Y = H(y) =
{yt|t € S} forally €Y;

(2) M C X is nonempty, compact, orbitally asymptotically stable, and invariant
with respect to ((X,Sy,7), (V,S,0),h);

(8) M orbitally asymptotically stable.

Then ((M,S,n), (Y,S,0),h) is a distal covering of finite multiplicity, i.e.,

(a) for any y €Y the set M, = {m|m € M, h(m) =y} consists of finitely many
points;
(b) 2g£p(x1t,x2t) >0 for all x1,20 € M (21 # 2, h(z1) = h(z2)).

Proof. Since the space Y is locally connected and the bundle (X, h,Y) is locally
trivial, the space X is locally connected as well. By Proposition 1.18 [33], the set
M has finitely many connected components My, Mo, ..., M,. We write

Wy (M) = {z|lz e X, = R~ Y(y), lim p(azt, M) = 0}

t——+oo

and note that W (M) is open in X,. By theorem 1.36, for any compact set K C
We(M) == U{WS(M)|y € Y}, the set X1 (K) := U{r'K [t > 0} is relatively
compact.
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We set K; = W#(M;) N K and note that K; (i € 1,p) are closed, K; N K; = 0,
ifi#jand K = KiUKyU...K,. Let v >0 (v < a = n;inp(Ki,Kj)) and
i#]

[ > 0 such that we have B(M,~), B(K,y) C W*(M) and |zt|] < for all t > 0

and x € B(K,v). By the Cauchy integral formula [167] there exists a number
L = L(l,) > 0 such that

p(rtay, mtas) < Lp(xy, z2) (3.25)

forallt > 0 and z1,20 € K; (i € {1,2,...,p}, h(z1) = h(z2)).

Let us now show that for any £ > 0 and any compact set K C W#(M), there
exists 0(e, K) > 0 such that p(z1,22) < 0 (21,22 € K, h(z1) = h(z2)) the relation
implies

plxit, zot) < € (3.26)

for all ¢ > 0. If we suppose the contrary, then there exist €9, 6, | 0, Ko C
We(M), {zt} C Ko (i=1,2; h(zl) = h(z?2)) and t, — +oo such that

p(,’E}“:,E%) <0, and p(‘rqlztnvxitn) > &g. (327>
Since K is compact we can assume that the sequences {z¢} (i = 1,2) are conver-
gent. Let 2o := lim ) = lim a2 and 20 € K, := K N X,,. Hence W (M) =

n—-+o0o n—-+o0o
P
_!1 Wy (M;), there exists ig € {1,2,...,p} such that o € Wy (M;,). Since

Wy (M;,) is open set in X, there exists do > 0 such that By, (wo,do) := {z|z €

Xyo, p(x,20) < o} C W (M;,). For sufficiently large n we have p(z,,,22%) < 5%.
Without loss of generality we can assume that {z%} C K;, (i = 1,2); then by (3.25)
we have the estimate

€0
p(:citn,:z:itn) < Lp(z,ll,zi) < 9

which contradicts (3.27). The obtained contradiction completes the proof of our
statement.

Now we will prove the first statement of the theorem. Note that it follows from
inequality (3.25) implies that an invariant set M is distal in the negative direction
with respect to h. Now, since Y is minimal, it follows from Lemma 2.8 [32] (see
also Lemma 1 [238, p.104] ) that M is two-sided distal.

Let a > 0,y € Y. We set Ejf := {77’5|Wys(M) |t > a}, where the bar denotes
the closure in the compact-open topology, and P, := {{|{ € Ey, (W5 (M)) C
Wy (M)}. As in Lemma 2.7, we can establish that P, is a nonempty compact

topological semigroup. By Lemma 4.11 [32], there exists an idempotent u € P,
2

ie, u* = u. Since u € P, C E;} and Y is minimal, there exists ¢, — 400
such that u = lirf 7" lwes(ary and hence w(Wy7(M)) € M,. Indeed, we have
n—-—+0oo &

M, = u(W; (M)), because M is two-sided distal and the idempotent u actcs on M,
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as the identity mapping. Now let z € W/ (M) and p = u(x) € M,. Let us show
that
lim p(xt,pt) = 0. (3.28)

t——+oo

Indeed, since u(p) = u(u(x)) = u(zx), such that p(xt,,pt,) — 0 as n — +oo. Let
>0, K=HY(z)={xt|t>0}and 6 = (e, K) > 0 be such that (3.26) holds for
pla1,x2) < 0 (21,,22 € K and h(x1) = h(xz2)). Choose ng such that p(zt,,pt,) <
for all n > ng; then we have

p(x(tn +1),p(tn +1)) <e

for all ¢ > 0 and thus relation (3.28) holds.

Consider the open covering {B(p,~) | p € M, } of the set M,. Since M, is com-
pact, this covering contains a finite sub-covering {B(p;,7)| i = 1,m}. Note that
w(B(pi,v)) € M, and p; € u(B(pi,v)). Since M, C U{B(p;,7) | i € 1,m}, we have
my = u(My) C U{u(B(pi,v))|i € 1,m} C M,, and therefore U{u(B(pi,7))|i =
1,m} = M,. Since u is holomorphic and u(z) = z for all x € M,, the set
M, is analytic. Since M, is compact, it consists of finitely many points [167].
Let M, = {x1,22,...,Zm(y}. Consider the non-autonomous dynamical system
((M,S, ), (Y,S,0),h). As proved above, this system is two-sided distal. By Propo-
sition 4 [238], the mapping H : Y — 2M (H(y) := M,) is continuous in the Haus-
dorff metric, and therefore cardM, = n(y) does not depend on y € Y. Thus, the
theorem is completely proved. O

Corollary 3.7 Assume that the conditions of Theorem 3.11 are satisfied and that
Y consists of recurrent (Bohr almost periodic, quasi-periodic, periodic, stationary)
motions. Then the set M consists of recurrent (Bohr almost periodic, quasi-periodic,
periodic, stationary respectively) motions.

Proof. This assertion follows from Theorem 3.11, Theorem 3 [238] and Lemma
1[238]. 0

Theorem 3.12 Under the conditions of Theorem 3.11 the following assertions
hold:

(1) the set M is uniform stable in the sense of Lyapunov, i.e. Ye > 0 3 §(e) > 0
such that p(x,po) < 0 (x € Xy, p € My) implies p(at,pt) < e for all t > 0;
(2) for each x € W*(M) there is p € My (y := h(x)) such that
t—lgknoo p(at,pt) = 0.
In particular, if Y consists from the recurrent (almost periodic, quasi-periodic, pe-
riodic, stationary) points, then the set W*(M) consists of asymptotically recurrent
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(asymptotically almost periodic, asymptotically quasi-periodic, asymptotically peri-
odic, asymptotically stationary) points.

Proof. The first statement of Theorem follows directly from (3.26). The second
assertion follows from Theorem 3.11 and Lemma 4 [48)]. O

Corollary 3.8 Let (C™,S,m) be an autonomous C-analytic dynamical system,
M C C be a nonempty compact invariant orbitally asymptotically stable set, then
M consists of finitely many stationary points {x1,x2,...,Zp}.

Let f € A(R x C™,C"). Consider the differential equation

dz
— = f(t,2). 3.29
o 1,2) (3.29)
Along with equation (3.29), we consider its H-class
dz
T —t2) (geHG). (3.30)

Definition 3.7 The set M C C" is said to be invariant for equation (3.29), if for
any point v € M there exists g € H(f), such that the solution ¢(t, v, g) to equation
(3.30) is defined on the entire R and ¢(t,v,g) € M for all t € R.

Definition 3.8 A compact set M C C™ invariant with respect to (3.29) is said
to be orbitally stable if for any € > 0, there exists d(¢) > 0 such that the relation
p(v, My) < § implies p(p(t,v,9),My,) < e for all t > 0, where M, = {z | z €
M, o(t,z,g) € M for all t € R} and g, - is a translation of g in first variable on ¢.

We write W7 (M) = {v | v € C", tEI_ElOOp(QD(t,U,g% My,) = 0} and W*(M) =
U{Wg(M)[g € H(f)}

Definition 3.9 A compact set M, invariant with respect to equation (3.29), is
said to be asymptotically orbitally stable if it is orbitally stable and there exists
~v > 0 such that B(M,~) ={z | p(z, M) <~} CW*(M).

Applying Theorem 3.11 and Corollary 3.7, 3.8 to the constructed non-
autonomous C-analytic system generated by equation (3.29), we obtain the following
statement.

Theorem 3.13 Let f € A(R x C",C™) be regular and recurrent (Bohr almost
periodic, quasi-periodic, periodic, stationary) with respect to t € R uniformly with
respect to z on compact sets from C™, M C C™ and let the following conditions be
satisfied:

(1) M is a compact set invariant with respect to equation (3.29);
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(2) M is orbitally asymptotically stable,

Then for any g € H(f), the set My consists of finitely many recurrent (Bohr al-
most periodic, quasi-periodic, periodic, stationary respectively) solutions of equation

(3.50).

Remark 3.4 A statement similar to Theorem 3.13, is valid for difference equa-
tions as well.

3.5 Dynamical systems in spaces of sections

Let ((X,S4,7), (Y,S,0),h)) be a non-autonomous dynamical system. We recall
that a mapping v : Y — X is called a section (selector) of the homomorphism h, if
h(y(y)) =y for all y € Y. The section v of the homomorphism 4 is called invariant
if y(o(t,y)) = n(t,v(y)) forally € Y and ¢t € S.

Denote by T' = T'(Y, X) family of all continuous sections of h, i.e. T'(Y,X) =
{yeC,X): hoy=Idy}. We will suppose that I'(Y, X) # ). This condition is
fulfilled in the many important case for the applications.

We endow the space I' = T'(Y, X) with the uniform-convergence on compacts in
Y.

Let K CY be a nonempty compact from Y, then the relation

K(71,72) = I;lea%p(% (¥),72(y))

defines a pseudo-metric px on I', and the family of pseudo-metrics {px : K €
C(Y)}, where C(Y) is the family of nonempty compact subsets of Y, defines a
uniform structure on I' (a uniform-convergence topology on compacts from Y).

We consider the special case in which Y = U Qr, where {Qy} is an expanding
sequence of nested compacts. In this 81tuat10n 1t is sufficient to use a countable
number of pseudo-metrics P’ = {py : k=1,2...}, where

Pr(71,72) = Inax p(11(y),72(v))-

It can be easily verified that this family of pseudo-metrics separates the points of

T, and p1(v1,72) < p2(71,72) < ...pk(71,72) < .... Hence the topology defined by
this family of pseudo-metrics is metrizable. For example the topolgy defined by the

metric
L pe(n,7)
1,712
d(71,72) g
’ — 28 1+ pr(m1,72)

is consistent with the topology of ' defined by the family of pseudo-metrics P’.
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Remark 3.5 a. It is easily shown that I" is a complete space if and only if X is
a complete space.

b. If (X, h,Y) is a vector fibering, then the section space T' = T'(Y, X) is naturally
endowed with a vector-space structure, and all operations are continuous with respect
to the topology defined on T, i.e., in this case I' is covered into a topological vector

space.
c. If Y is compact and (X, h,Y) is a Banach fibering, then the relation

[Iy[] = max (y)]

defines a norm on T (here |-| : X — Ry is a norm on (X, h,Y), and consistent with
the metric) and the topology generated by this norm is consistent with the original
topology on T.

Let p: S x T' — T denote the mapping defined by the relation: u(t,v)(y) :=
mwty(o~ty) for all y € Y. It is easily verified that u(t,v) € T.
The following assertion holds.

Theorem 3.14  The triple (I',Si,p) s a (semigroup) dynamical system on T,

i.e.,

(1) p(0,7) =~ for all v €T.
(2) ulr, i(t,7)) = plt +7,7) for all v €T and t,7 € Sy
(8) w:S; xT' =T is continuous.

Proof. The first two assertions can be established directly. The nontrivial part of
Theorem 3.14 is the continuity of p. Let t, — to and v, — 7o ({t,} (respectively
{7.}) is a directedness in S; (respectively I')). We shall prove that u(t,,v,) —
1(to,vo0) in the space T, i.e.,

lim max p(7" 7y, (0" y), 770 (0" "y)) = 0.
v yeK

for each compact K C Y. Assume the contrary: There is €9 > 0 and a compact
Ky CY such that

max p(m" v, (07" y), 050 (" y)) > €.
yEKo

Since K is compact, there is {y,} C Ky for which

—t,

P(Wt"’YV(U yu)7 WtOWO(Uitoyu)) > €p.

Again since K is compact, we assume that the sequence {y,} is convergent. Let

Yo := limy,, then =%y, — o~y and hence
1%

—t,

lilgn'yo(a y) = Yo(o "yp). (3.31)
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From (3.31) it follows that

liin T y(ovy,) = Wéyo(cro_tyo). (3.32)
However
g0 < p(m™ v (oY), Ty (0 y,)) < (3.33)
p(m v, (07 ), Ty (00 yo))

—t9

+p(r*y0(0 " y0), 0 (0 0y,)).

The second term on the right here tend to zero when y,, — yo. We shall prove that

the first term also tends to zero y, — yo and t, — to. At first we shall establish

that lim v, (67 y,) = vo(c 7 %y). In fact
v

p(w o™y, Y0 (o y0)) < p(v (0" yu),v0 (o)) +
p(vo(o ™" yu), y0(o ™" yo)) < max P (y),70(y)) + (3.34)

_tll

p(v0(o ™" y),v0(o ™ y0)),

where K’ = o(Ky, Tg) and Tg = {—t,}. Letting n — +oc in (3.34) and using (3.32)
and the fact that v, — g in topology I', we obtain the required result.
Hence 7, (07t y,) — vo(0c "yo) and ¢, — to, and thus

p(m v, (0" g, T30 (0P yo)) — 0. (3.35)

Letting ¢, — ¢o and y, — yo in (3.33) and employing (3.35), we find that g9 < 0,
in contradiction with the choice of £9. The mapping p : I' x Sy — T is therefore
continuous, and this completes the proof of the theorem. ([l

Remark 3.6 a. If (X,S,n), (Y,S,0),h) is a group non-autonomous dynamical
system, then the group dynamical system (I',S, u) is defined on T.

b. A continuous section v € T' is invariant if and only if v € T is a stationary
point of the system (T',S4, ).

We consider a special case of the foregoing construction. Let (W, ¢, (Y,S,0))
be a cocycle over (Y,S,c) with fiber W and {((X,Sy,7),(Y,S,0),h) be a non-
autonomous dynamical system generated by this cocycle. Then h o~ = Idy and
because h = pry it follows: v = (¢, Idy ), where v € T'(Y, X) and ¢ : Y — W. Hence
to each section 7y there corresponds a mapping ¥ : Y — W and conversely. There
being a one-to-one relation between I'(Y, W x Y') and C(Y, W), where C(Y,W) is
the space of continuous functions ¢ : Y — W, with the uniform-convergence topol-
ogy on compacts of Y, we identify these two objects from now on. The dynamical
system (I, Sy, p) induces, in a natural fashion a dynamical system (C(Y,W),S,, Q)
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on C(Y,W). Namely

(W' y)(y) =y (o y) = 7' (¥, Idy ) (0" 'y) =
(oY), 0 y) = (U(t,o"y)v(o"y),y) = (Q")(y), y)-

Hence pt (v, Idy ) = (Q%, Idy ), and so the mapping Q : C(Y, W) xS, — C(Y,W),

defined by the relation Q(w,t) = Q%, with (Q*)(y) = U(t,c ty)w(c7ty) (y€Y),
has the following properties:

a. Q" = Idciy,w);
b. Q'QT =Q"" (t,T€Sy)

c. @ is continuous,

ie, (C(Y,W),S4,Q) is a semigroup dynamical system on C(Y,W). By virtue of
the foregoing, we identify the systems (T', Sy, u) and (C(Y, W), S, Q) in the sequel.

3.6 Quasi-periodic solutions

In this section we investigate dissipative differential equation (3.1) with quasi-

periodic coefficients, and prove that, if its right side is analytic, then there is always

at least one quasi-periodic solution with the same frequency basis as the right side.
Consider the system

_—_
{ag (. 0), 5.36)
© = iwep,
where w = (w1,wo2,...,wm) € R™ (wy,ws,...,w, are linearly independent

with respect to the integers), i2 = —1, ¢ = (p1,02,...,0m) € C™, wp =

col(wi 1, ..., Wmpm), € € C™ and F € C(C"* x C™,C™). We denote by 7™
m-dimensional torus, i.e. 7™ := {p € C™ : |pk| = 1,k = 1,m}. We are interested
in the system (3.36), when the parameter ¢ runs over the points of the torus 7™
and a small neighborhood

D5 = {QDECm“Ok:' <1+6,k€1,m}7

where ¢ > 0 is sufficiently small.
The system (3.36) is clearly equivalent to the equation

&= F(x, poe™?), (3.37)
where g € C™, or to a subset (for example Dj).

Definition 3.10 We will say that the system (3.36) (or equation (3.37)) is an-
alytic on 7™ if there is a positive number §, for which F' : C" x Ds — C" is
analytic.
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Let (C™,R, o) denote the dynamical system on C™ determined by the second
equation of the system (3.36). Then

o(p,t) :=col (galei“’lt, <p26i“’2t, ce gamei“’mt) .
It is easily seen that, for arbitrary 6 > 0 the sets Ds and Dy, where the bar indicates
the closure of D5 in C™, are invariant with respect to (C™,R, o).

Definition 3.11 The system (3.36) (and the equation (3.37)) is said to be dis-
sipative on 7™, if there exists 6 > 0 (sufficiently small) such that the dynamical
system (C™, R, o), generated by (3.36) (¢ € Ds) is dissipative.

We sharpen this definition. Suppose that, for the system (3.36), conditions
for existence, uniqueness, and continuability to the right are satisfied. Then it is
known that (3.36) determines a semigroup system (C" x Ds,R,,m) on C" x Ds;
then 7((x, o), t) := (V(t, 2, ©0), poe?), where 1(-, z, pg) is the solution of equation
(3.37) passing through the point € C™ for t = 0. It is easily to verify that the triple
((C™ x Ds,Ry,7),(Ds,R,0),h) (h:=pry: C"* x Ds — Ds) is a non-autonomous
dynamical system. Hence, if the system of differential equations (3.36) is dissipative
on 7™, then the non-autonomous dynamical system ((C" x Ds, R, , ), (Ds, R, o), h)
generated by it ( for sufficiently small 0) is dissipative, i.e. there is a positive number
r for which

limsup |[¥(t, z,0)| <7

t——+o0

for z € C" and ¢ € Ds, and r is independent of both z € C™ and ¢ € Dj.

Theorem 3.15 If the equation (3.37) is dissipative on T™ and the right side of
(3.37) is analytic on T™, then the equation (3.37) has at least one quasi-periodic
solution with the same frequency basis wi,ws,...,wn as the right side F'.

Proof. 1If (3.37) is dissipative and F' is analytic on 7™, then there is 6 > 0 (suf-
ficiently small) such that F' : C" x Ds — C" is analytic and the non-autonomous
dynamical system ((C" x Ds, Ry, ), (Ds,R,0),h) is dissipative. Let A(Ds,C")
denote the set of all analytic functions v : Ds — C™ endowed with the uniform-
convergence topology on compacts from Dg. Clearly A(Ds,C™) is a closed subset
of the space C(Ds,C™) of all continuous functions v : Ds — C™ with the uniform-
convergence topology on compacts from Ds. Since Ds is an invariant subset of
(Ds, R, o), the non-autonomous system ((C™ x Ds, Ry, ), (Ds, R, ), h) is correctly
defined and, by virtue of Remark 3.6, C(Dj, C™) is the space of all continuous sec-
tions for this system. Theorem 3.14 implies that the triple (C(Ds,C™), Ry, @),
where (Q'y)(p) = ¥(t,v(c7tp),07tp), is a dynamical system on C(Ds, C").
We shall prove that A(Ds,C") is an invariant subset of the dynamical system
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(C(Ds,C"),Ry,Q). In fact, if v € A(Ds,C"), then general properties [122] of
solutions of equations with analytic right sides imply that Q'y € A(Ds,C") for
all t > 0. Hence a semigroup dynamical system (A(Ds,C"), R, Q) is defined on
A(Ds,C™). We note one property of this system following from the dissipativity
of equation (3.37) on 7™. Let A, := {v € A(Ds,C") : v(Ds) C B(0,r)}, where
B(0,r) is the open ball in C™ of radius r centered at the origin. It follows from Vi-
tali’s theorem [167] that, for each r > 0, the sets A, are precompact in A(Ds, C").
It is clear that the sets A, are convex. Theorem 3.1 implies that there is b > 0 such
that, for each r > 0, there is [, > 0 for which

QtAT g -Ab

for all t > I,. Let r > b (for example r = b+ 1), and U = Int.A, (the interior of
A;), then QtU CA, CU. According to Theorem 1 [205] there exists a stationary
point v € A(Ds,C™) of the dynamical system (A(Ds,C"), R4, Q), i.e.

Y(t, (07 ), 07 0) = ()  (peDs, t>0). (3.38)

Hence (t, ’Y(<P)7_LP) = ’V(Ut(p) ((,0 € Ds, t > 0), that is, ¥(t, ’Y(SOO), 900) =
y(otpo) = y(poe™?) is a quasi-periodic solution of (3.37) with the frequency basis
W1,W32, ..., wWm. This proves the theorem. O

Remark 3.7 a. We note that the proof of Theorem 3.15 is of a general nature,
and it can be directly applied to equations of more general form. For example,
instead of (3.36) we could consider the system

j::F(:Z:’(p) n m
{ 5= Glo) (xeC™ peCm). (3.39)

We must assume that T™ is a minimal quasi-periodic set for the second equation
of (3.39), and that there is a neighborhood D5 of T™ that is an invariant set of the
dynamical system generated by second equation of (3.89). The other conditions, in
Theorem 3.15, can clearly be modified for this case.

b. Theorem 3.15 (see also Theorem 3.4) established a conjecture of Bronstein
(see [32, p.278]). It should be added that the hypothesis was concerning equation
with almost periodic right sides, satisfying the uniform positive stability condition.
Hence the latter condition is superfluous for analytic systems.

c. In the author’s opinion, the importance of the condition that the right side F'
be analytic is doubtful in Theorem 3.15. We are inclined to believe that Theorem
3.15 still applies when F is sufficiently smooth. In this connection we note two
examples in [152,332]. One is an example of a dissipative equation of the form
(3.1) with quasi-periodic coefficients but with no almost-periodic solutions. Both in
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[152,332] the construction is based on Denjoy’s results concerning flows on a two-
dimensional torus, and analysis of the examples shows that, if the right hand side
of equation (3.1) is sufficiently smooth, then this situation does not prevail.

Theorem 3.16 Suppose that the conditions of Theorem 8.15 are fulfilled and
F(x,9) = F(z,%) (where by bar we note the complex conjugation). Then there
exists v € A(Ds,C™) such that

(1) v(x) = y(T) for all x € Ds;
(2) Y(poe™*) = ¥(t,v(¢0), po) for all po € Ds and t € R.

Proof. The proof of this statement uses the same argument as Theorem 3.15. [

3.7 The analogy of Cameron-Johnson’s theorem

The well-known Cameron-Johnson’s theorem [39], [204] asserts that the equation
¥ = A(t)x (3.40)

with a recurrent (almost periodic by Bhor) matrix may be reduced by the Lyapunov-
Perron transformation to the equation y' = B(t)y with a skew-symmetric matrix
B(t), if all solutions of the equation (3.40) and all its limit equations are bounded
on the whole real axis. The generalization of this result on the linear C-analytic
equations in the Hilbert space is our main scope in this section.

Let R = (—o00,+00),C™ is an m-dimensional complex Euclidean space, G be
a domain from C™, H be a real or complex Hilbert space with the scalar product
(-,-) and with the norm | -
weak topology, and by [H] ( respectively [H,,] ) the family of all linear continuous

|2 = (.,-). Denote by H, a space H equipped with

operators acting into H (respectively H,) and equipped with operational norm
(with weak topology). Assume that H(G, [H])) (vesp. H(G, [Hw]), H(G,C™)) is the
family of all holomorphic functions h : G — [H] (resp. h: G — [Hy],h: G — C™)
equipped with compact-open topology.

Consider the system

¥ = A(z)x
{ = () (z € G), (3.41)

where ® € H(G,C™) and A € H(G, [H]). We suppose that the second equation of
the system (3.41) generates the dynamical system (G, R, o) on G. Denote by U(t, 2)
the Cauchy’s operator of the equation

¥ =Alzt)z (2 €Q), (3.42)
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where zt = o(t, z). From the general property of solutions of differential equations
(see, for example, [122] and [132],[137]), it follows that the family of operators
{U(t, z)|t € R, z € G} satisfies the following conditions:

1. U(0,z) =1 (Vz € G), where I is a unit operator on H ;

2.U(t+71,2)=U(t,zn)U(r,z) (Vt,r €Rand z € G );

3. the mapping U : R x G — [H] (U : (t,z) — U(t,z)) is continuous and for
every t € R the mapping U(t,-) : G — [H] is holomorphic.

The following assertion holds.

Theorem 3.17  Suppose that there exists a positive constant C' such that
Ut 2)]| <C (3.43)
for allt € R and z € G. Then there exists P € H(G, [H]) such that

a. P- is bi-holomorphic, i.e. the operator P(z) is invertible for all z € G and the
mapping P~ : G — [H] (P~': 2z — P~Y(2)) is holomorphic;

P.(z) = P(z) for all z € G (Py(2) is an adjoint for P(z) operator);

the operator P(z) is positively defined for all z € G;

C7Yz| < |P(2)x| < Clz| for all z € G and x € H;

the change of variables x = P(zt)y alters the equation (3.42) into

o R0 &

y' = B(zt)y (3.44)

with a skew-Hermitian operator B € H(G, [H]), i.e. B.(z) = —B(z) for all z € G.

Proof. Let S*: H(G,[H]) — H(G,[H]) (resp. H(G,[Hy]) — H(G,[Hy])) be a
mapping defined by the equality (S*f)(z) = U.(t,2)f(2t)U(t, 2) for all 2 € G and
f € H(G,[H]) (resp. f € H(G,[Hy])). It is easy to verify that the family of
mappings {S?|t € R} satisfies the following conditions:

the operator S* maps H(G, [H]|) (or f € H(G,[Hy])) into itself for each t € R;
SY = I, where [ is a unit mapping on H(G, [H]) ( resp. H(G,[Hw]));

StS™ = ST for all ¢, 7 € R;

the mapping S* ( ¢t € R) is linear and continuous on H(G, [H]) ( resp.
H(G, [H,))).

N o

From 4.-7. follows that the family of mappings {S!|t € R} is a commutative group
of linear continuous operators on H(G, [H]) (or H(G, [Hy])).

Denote by K := {A € [H]| |A| < C?} and note that the set K is weakly
closed. According to Tihonoff theorem, the set K is weakly compact because every
bounded and closed set in H is weakly compact. From Cauchy’s integral formula
(see, for example, [288, p.339]) and the Arzela-Ascoli theorem [288] follows that the
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set I' = {v € H(G,[H]| |v(2)|]] < C?} is compact in the space H(G,[H,]). We
suppose that V := conv{S*Q | t € R}, where Q(z) = I(Vz € G), I is a unit operator
in H and ¢onv is a weak closure of the convex hull of {S*Q | t € R}. Note, that the
set V is invariant, i.e. S*V C V for all t € R because the family of operators {S*}
is linear and continuous in H(G, [Hy]). It is easy to see that

(8'Q(2)x, x) = (Uu(t, 2)U(t, 2)w,x) = |U(t, 2)x|? (3.45)
for all z € G,t € R and = € H. From (3.43) and (3.45) follows that
C7%zf* < (S'Q(2)x,z) < C[af?
and, consequently,
C?z* < (R(2)z,z) < C?a|? (3.46)

for all R € V,z € G and = € H. In addition, the equality R.(z) = R(z) holds
for all z € G and R € V. According to the equality (3.46) we have |R(z)| < C?
for all z € G and, consequently, V' C T'. According to the theorem of Markov-
Kakutany [28], the group {S* | t € R} admits in V at least one fix point, i.e. there
exists R € V such that U, (t,2)R(2t)U(t,z) = R(z) for all z € G and t € R. We
note that the operator R(z) is self-adjoint and, according to the equality (3.46),
is positively defined. From Theorem 12.33 [274] (see also [182, p.65]) follows that
there exists a unique reversible self-adjoint and positively defined operator M (z)
such that M?(z) = R(z) for all z € G and, according to the inequality (3.46), we
have

C™Ha| < [M(2)z| < Cla|

for all z € G and = € H. Finally, according to the equality

1
RY(2) = —=— ¢ A*(R(2) — AI)"'dA
(:) =~ 5 $ A*(R(=) = AI)
L
(a = ﬁ:%), where L is a simple contour, enclosing the spectrum of the operator
R(z), we have that the mapping M : G — [H] is biholomorhic.

Note, that M (zt)U(t, z)M ' (z) = M~ (2t)U, " (t, 2) M (z) since
U.(t, 2) M*(2)U(t, 2) = M?(2)

forall t € R and z € G. We set V(t,2) = M(2t)U(t,2)M ~1(z) and note that the
family of operators {V(t,z) | t € R,z € G} satisfies the conditions 1.-3. and in
addition:

8. Vi(t,z) =V~ It,z) forall t € R and z € G;
9. U(t,2)P(z) = P(2t)V(t,z) for all t € R and z € G, where P(z) = M ~1(z).
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Let

B(z) = SV(t, D)o = (=) + M(2)A)]P(2),

where M (z) := LM (2t)|i—0 = dl\gz(,z)q)(z). Then B € H(G, [H]) and

dv(t, z)
dt

= B(zt)V(t, 2) (3.47)

for all t € R and z € G. Thus, V(t, z) is a Cauchy operator of (3.44). On the other
hand, by the condition 8., we have

{ V) = BV 4 2) (3.49)

V. H0,2) =1

for all t € R and z € G. From the equalities (3.47), (3.48) and condition 8. follows
that B.(z) = —B(z) for all z € G. Finally, to finish the proof of the theorem it is
sufficient to remark that the change of variables = P(zt)y reduces equation (3.42)
to the equation (3.44). The theorem is proved. O

Remark 3.8 a. In the case, when the space H is finite-dimensional, the statement
close to Theorem 8.17 was obtained by V. V. Glavan [165].

b. If the point z € G is stationary ( w-periodic, quasi-periodic, almost periodic
etc.), then according to [300], the operator-function P(zt) will also be stationary
(w-periodic, quasi-periodic, almost periodic etc.).

c. Theorem 8.17 holds for the system of difference equations

(k € Z),

where A € H(G, [H]) and ® € H(G,C™) and also for the system of differential and
difference equations with multi-dimensional time.

3.8 Almost periodic solutions of the weak nonlinear dissipative
systems

1. In this item we will study bounded and uniformly compatible solutions of the
linear and nonlinear system of differential equations.

Denote by Cy(R, E™) the set of all bounded on R functions ¢ : R — E™ with
the sup-norm. Consider a linear homogeneous equation

&= A(t)z, (3.49)
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where A € Cy(R,[E™]). Along with the equation (3.49) we consider the non-
homogeneous equation

&= Atz + f(2) . (3.50)

Definition 3.12 Recall, that the equation (3.49) is weakly regular if for every
function f € Cy(R, E™) the equation (3.50) has at least one solution ¢ € Cy(R, E™).

Let ¢ € C(R, E) (respectively f € C(xU, E)), denote by M., (respectively M)
the family of all sequences {t,, } such that the functional sequence {¢;, } (respectively
{ft.}) converges in the space C(R,E) (respectively C(xU, E)), where ¢,(t) :=
o(t + 7) for all t € R (respectively f,(t,x) := f(t+ 7,z) for all (t,2) € R x U).

Definition 3.13 Recall [300, 302] that the solution ¢ € C(R, E™) of equation
¥ = f(t,z) (f € C(Rx E" E")) (3.51)

is called uniformly compatible if My, € M, fq is a restriction on R x @ of the

function f and @ := ¢(R).

It is known [300, 302] that, if the function f is 7-periodic (quasi-periodic, almost
periodic, recurrent) w.r.t. variable ¢ € R uniformly w.r.t. = on the compacts from
E™ and ¢ is a uniformly compatible solution of equation (3.51), then the function
 is is T-periodic (quasi-periodic, almost periodic, recurrent) too.

Theorem 3.18 Let A € Cy(R, [E"]). If the set H(A) is compact, then the follow-
ing conditions are equivalent:

1. the equation (3.49) is weakly reqular;
2. the equation (8.50) has at least one bounded on R uniformly compatible solution
for every function f € Cp(R, E™).

Proof. Tt is easy to see that from 2. follows 1.. Therefore, to prove Theorem 3.18
it is sufficient to show, that the condition 1. implies 2. We will consider two cases:
a. Let A € C(R,[E™]) be a Poisson stable at least in one direction matrix, i.e.
there a sequence [t;| — +oo such that A;, — A in C(R,[E™]). In this case from
Theorem 3.18 and Lemma 4.2.1 [51] follows that the equation (3.49) satisfies the
condition of exponential dichotomy on R and, according to Theorem 22.23 [32], the
equation (3.50) has a unique bounded on R and uniformly compatible solution.

b. The matrix-function A € C(R,[E"]) is not stable in the sense of Poisson
neither in positive nor in negative direction. Let ¢ be a bounded on R solution
of the equation (3.50) and {tr} € M4 5). There is (B,g) € H(A, f) such that
A, — B and f;, — g. Note, that in this case for the sequence {¢;} it is possible
only the following two cases:
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(1) the sequence {t;} converges to ¢y € R and, consequently, {tx} € M,;
(2) |tx] — +oo.

Then the matrix-function B := . lim A, is w-limit or a-limit for A and in this case
— 400

we have {t;} € M,. In fact, the sequence {¢, } is compact in C'(R, E™) because
the function ¢ is bounded. In addition, every limit function for the sequence {¢, }
is a bounded on the R solution of the equation

&= B(t)x +g(t) . (3.52)
By Lemma 4.2.1 from [51] the equation
¥ =B(t)y

satisfies the condition of the exponential dichotomy on R and, consequently, the
equation (3.52) cannot have more than one bounded on R solution. From this fact
follows that the sequence {¢y, } converges in the space C'(R, E™), i.e. {tx} € M, .
Finally, we will shows that, in case the sequence {t;} is unbounded, it does not
contain bounded sub-sequences. If we suppose that it is not true, then there is a
subsequence {t,} C {3} such that ¢, — ¢ € R and in this case we have
B:= lim A, = lim Ay =A, (& €R).

k—4o00 k—4oco "k

From this equality follows that the matrix-function A is stable in the sense of Poisson
at least in one direction, but this contradicts to our condition. The theorem is
proved. O

Denote by Ep := {u € E™ : sup{|¢(t,u, A)| : t € R} < 400} and by Py a
projection mapping the space E™ onto Fy. The following statement holds.

Lemma 3.2 Let A € C(R,[E™]). If the matriz-function A is bounded on R and
the equation (3.49) is weakly regular, then for every f € Cy(R,E™) there exists
a unique solution ¢ € Cy(R, E™) of the equation (3.50) satisfying the following
conditions:

(1) Pop(0) = 0;
(2) there exists a positive constant K (a constant of the weak regularity of (3.49)),
which does not depend on the function f, such that ||¢|| < K| f]-

Proof. We prove the formulated statement using the same arguments as in Lemma
6.3 [186, p.515]. O

Corollary 3.9 Let A € C(R,[E™]). If the set H(A) is compact, then the following
conditions are equivalent:

(1) the equation (3.49) is weakly reqular;
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(2) for every function f € Cy(R,E™) there is a unique bounded on R uniformly
compatible solution ¢ of the equation (3.50) satisfying the following conditions:

a. Pop(0) =0 and b. [o] < K|[f],

where K is a constant of the weak regularity of the equation (3.49).

Theorem 3.19 Let A € C(R,[E"]) be a bounded on R matriz-function, the equa-
tion (3.49) be weakly regular and F € C(Rx E™, E™) be a function with the following
property: |F(t,u)] < c(Ju|) (Vt € R and u € E™), where ¢ : Ry — Ry is a non-
decreasing function. If {r > 0 : Kc(r) < r} # &, where K is a constant of the
weak regularity of the equation (3.49), then the equation

= A(t)u+ F(t,u) (3.53)

has at least one bounded on R solution.

Proof. For every function f € Cp(R, E™) the equation (3.50) has a unique solution
¥ € Cy(R, E™) such that

Poyp(0) =0 and |9 < K[ f[| , (3.54)

where K is a constant of the weak regularity of the equation (3.49). Let ¢ €
Cy(R, E™). Counsider a differential equation

u=A(t)u+ F(t, o(t)) . (3.55)

Since the function f(t) := F(t,¢(t)) is bounded on the R (|f(¢)| = |F(t, ¢(t))] <
c(le@®)]) < e(llell), then the equation (3.55) has a unique bounded on R solution
1, satisfying the condition (3.54) and, consequently,

[¥ell < K[ fIl = Ksup [E(t, o) < Kellel]) - (3.56)

Let us define an operator ® : Cy(R,E") — Cu(R, E™) in the following way:
(Pp)(t) = Yyu(t) (¢ € Cp(R,E™),t € R). We will show that if the number rq > 0
satisfies the inequality Kec(rg) < 79, then the ball B[0,r¢] := {p € C,(R,E™) :
loll < ro} is invariant with respect to the mapping ®. In fact, if ¢ € B0, r], then
1P| < Kc(|lell) < Kc(rg) < 1. Consider now the space Cy(R, E™) in the quality
of the subset embedded in the space C(R, E™). First of all, we note that every ball
B[0,r] C Cy(R, E™) is a convex, bounded and closed subset of the space C(R, E™).

Note, that the mapping ® : B[0,ro] — B[0,r] is continuous in the topology of
the space C(R, E™). In fact, let {¢x} C B[0,r] and ¢ — ¢ in C(R, E™). Consider
the sequence (®py)(t) := 1y, (t € R ). Note, that fr(t) := F(t,9x(t)) — f(t) =
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F(t,o(t)) in the topology of the space C'(R, E™). If we suppose the contrary, then
there are g9 > 0 and Ly > 0 such that

mase [F(t (1)) — F(t.0(t))] > <0

Hence, there exists a sequence {t;} C [—Lo, Lo| such that

|F'(tk, o (tr)) — F(tr, o(te))] > €0 - (3.57)

Since the sequence {t;} is bounded, then we may suppose that it is convergent.
Note, that ¢ (tr) — ¢(to), where tg := klim tx. In fact,
— 400

lon(tr) — w(to)| < ler(tr) — @(te)l + lo(te) — ¢(to)]

< max [pr(t) = @(B)] + (te) — ¢(to)]

Passing to limit in this inequality, as k — 400, we obtain the necessary state-
ment. From the inequality (3.57) (taking into account that the sequence {pg(tx)}
converges to ¢(tg) as k — +00) we obtain g < 0 and this contradicts to the
choice of the number &y. Thus, fr — f in the space C(R, E™) and, in addition,
Ifill = sup B or(t))] < eligll) < elro), iee [fi(®)] < e(ro) (¢ € R ) and, conse-

quently, |f(t)] < c(rg) (t € R ). On the other hand, the function ®¢y is a bounded
on R solution of the equation

W= Alt)u+ fi(t) .

In addition, the functions {®p} and their derivatives are uniformly bounded on R
and, consequently, the sequence {®yy} is relatively compact in the space C(R, E™).
Since fr — f in C(R,E™), then every limit function of the sequence {®py} is
a bounded on R solution of the equation (3.50), satisfying the conditions (3.54).
But by Corollary 3.9 the equation (3.50) has at most one bounded on R solution
satisfying the conditions (3.54). From this fact follows that the sequence {®py} is
convergent in the space C(R, E™) and the continuity of the mapping ® : B[0, 7] —
B0, 7] is established.

Now we will show that the mapping ® : B[0,79] — B[0,7¢] is completely con-
tinuous in the topology of the space C(R, E™). For this aim we note that

(@) () = A(t)(Po)(t) + F(t, 0(t))
and, consequently,
[(@0)' (1)] < al(®p) ()] + [F(t, ()| < aro +c(ro) (tER),

where a = sup{||A(¢)| : ¢ € R}. From this follows that the set ®(BJ0,r¢]) is
relatively compact in the topology of the space C(R, E™). According to the theorem
of Tihonoff-Shauder, the mapping ® has at least one fixed point ¢ € B[0,ro]. It is



150 Global Attractors of Non-autonomous Dissipative Dynamical Systems

easy to see that the function ¢ € B[0,7¢] is a bounded on R solution of the equation
(3.53). The theorem is proved. O

Remark 3.9 The statement close to Theorem 3.19 was proved in the work [257),
but under more strongly assumptions on the nonlinear perturbation F.

Theorem 3.20 Let A € C(R,[E™]), F € C(R x E™, E™) and the following con-
ditions be hold:

a. a =sup{||A@®)| : t € R} < 4o0;

b. the equation (3.49) is weakly regular;

c. |[Ft,u)] < c(u)) (te€R, uwe E") and {r > 0: Ke(r) < r} # &, where
c: Ry — Ry is a non-decreasing function and K is a constant of the weak
reqularity of the equation (3.49);

d. the restriction Fy of the function F on R x B[0,rg] satisfies the condition of
Lipschitz and Lip(Fo) < K1, where ro is some positive number satisfying the
inequality Kc(rg) < ro.

Then the equation (3.53) has at least one bounded on R and uniformly compatible
solution.

Proof.  Denote by B,,(M) := {p € Cv(R,E™) : |o(t)| < ro (t € R )} and
M C M, where M := M4 ). By, (M) is a closed subset of Cy(R, E™) [300,
p.60]. The operator ® : Cy(R, E") — Cy(R, E™), defined as well as in the proof
of Theorem 3.19, maps B,,(9M) into itself. In fact, if ¢ € B,,(9M), then the func-
tion f(t) := F(t,0(t)) (t € R) belongs also to By, (M). According to Corollary
3.9, ®p is a unique bounded on R uniformly compatible solution of the equation
(3.50), satisfying the conditions (3.54). In addition, as well as in Theorem 3.14,
®(BJ0,10]) C B[0, 7] and, consequently, ®(B,,(9M)) C B,,(M). Let 1 and @2 be
the function from B, (91). Note, that

(1 — Di2)'(t) = A(t)[(Depr — Pepa) ()] + F(t, 1(t)) — F(t, 02(t))

and, therefore,
[@p1 — Pipa|| < Kiu]g |E'(t, p1(t)) — F(t,02(1))| < KLip(Fo)|ler — 2 -
S

From the latter inequality follows that the mapping ® : B,,(9) — B,,(9M) is a
contraction, therefore it has a unique fixed point, which is a uniformly compatible
solution of the equation (3.53). The theorem is proved. O

Corollary 3.10 Under the conditions of Theorem 8.20 if the functions A €
C(R,[E"]) and Fy = FlrxBo,r, are mutually T-periodic (almost periodic, recur-
rent, stable in the sense of Poisson, asymptotically T-periodic, asymptotically almost
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periodic, asymptotically recurrent). Then the equation (3.53) admits at least one
T-periodic (almost periodic, recurrent, stable in the sense of Poisson, asymptotically
T-periodic, asymptotically almost periodic, asymptotically recurrent) solution.

Remark 3.10 The problem of existence of uniformly compatible solutions of weak
nonlinear equations was studied before in the works [32],[300]. The principal dif-
ference of Theorem 8.20 from the corresponding results [32],[300] consists of the
following: under the conditions of Theorem 8.20 and Corollary 3.10 the equation
(3.49) does not obligatory satisfy the condition of the exponential dichotomy on R.
In addition, the nonlinear term is not obligatory small with respect to the variable
ue B

2. In this item we will study uniformly compatible solutions of weak nonlinear
dissipative systems.

Theorem 3.21 Let A € C(R,[E™]),F € C(R x E™, E™) and the following condi-
tions be fulfilled:

(1) a =sup{||A(t)| : t € R} < 4o00;
(2) there are positive numbers N and v such that

|U(t, AU (7, A)|| < Ne ™"~ (t > 7, t,7 €R);
(3) |[F(t,u)|] <M +elul (u€E" teR)and0<e<egy<v?(Na) !
Then the equation (3.53) is dissipative, i.e. there is a number Ry > 0 such that

limsup lp(t, v, B,G)| < Ry (v € E", (B,G) € H(AF) ),

t——+o0

where ¢(-,v, B,G) is a solution of the equation
v=DBtv+G(tv), (3.58)

satisfying the initial condition p(0,v, B,G) = v.
Proof. For all B € H(A) we will define on E™ a norm | - |g by the equality
+oo
lulg = / |U(t, B)uldt .
0

As well as in the proof of Theorem 2.39, it is possible to check that

1 N
~uf <lulp < —Ju| (uecE™).
a v
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We put
+oo
u(t) :=|e(t,u, B,G)|B, = / |U (s, By)p(t,u, B,G)|ds .
0
Since
t
o(t,u,B,G) =U(t, B)(u+/U_l(T,B)G(T,(p(T,u,B,G))dT),
0
then

+o0 t
u(t):/o |U(s,Bt)U(t,B)[u+/0 U (1, B)G(r,¢(7,u,B,G))dr] |ds
o0 !
:/0 |U(s—|—t,B)(u—|—/U_I(T,B)G(T,w(T,u,B,G))dT)\ds
0

—+oo “+oo t
S/ |U(s—|—t,B)u|ds+/ |/ U(s+t,BYU"Y(r,B) x
0 0 0
N —vt
G(7,¢(T,u, B,@))dr)|ds < e lu] +
+oo pt
/ Ner(SH*T)(M + elp(r,u, B,G)|)drds
0 0

t
N N M
=—e u|+ =V (—(""-1) + 5/ lo(T,u, B,G)|e""dr)
14 1% 1%
0

NM

Ne t
e ul + ——(1 - e V) + —e_”t/ alp(t,u, B,G)|p.e""dr
1% 14 0

N _, . NM
=—e |u| +

N t
— (1—e™)+ a_yse_,,t/o u(t)e’"dr. (3.59)

Let o(t) := u(t)e’t. From the inequality (3.59) follows that

v

¢
N
lu] + — (e’ —1) + ae /(p(r)dr
0

and by Theorem 9.3 from [132] o(t) < ¥(t) (t € R), where 1 is a solution of the
integral equation

t
N . NM,, aeN
) = Sl + et = 1)+ [ y(ryar
0
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Solving the latter equation, we find that

NM >%M NM
v2 —aeN € u2—a5N€

vt

N
t:<_
o(t) = (Sl +
and, consequently,
NM )mvt NM
N

N
vt vt
u(t)e”t < ( > |u] + 2 e v '+ T aeNC (3.60)

From the inequalities (3.59) and (3.60) we obtain

|<P(t’ u? B7 G)| S a‘so(t7 u’ B’ G)‘Bi

(Mg I, oM
- v v2 —aeN v2 —aeN ~
Therefore,
. aM N
tl}I-ipoo sup |§0(t, u, .B7 G)| < m
(u€ E", (B,G) € H(A,F) and v — %X > 0). The theorem is proved. O

Remark 3.11 Simple examples show that under the conditions of Theorem 3.22
dissipativity does mot reduce to convergence. This statement can be illustrated by
the following example i = —x + 2z(1 + 2?)~1.

Theorem 3.22 Let A € C(R,[E™]), F € C(R x E™, E™) and the following con-
ditions be fulfilled:

(1) a:=sup{ ||[A{®)| : t € R} < 400
(2) there exist positive numbers N and v such that
(U, AU, A)|| < Ne7?) (t>7, t,7 €R) .
(3) |F(t,u)] < M +¢lul (ue€ E") and 0 < e < g0 := min(F, 5 ), where M is
some positive number.
(4) the restriction Fy of the function F on Rx B0, ], where ro is a positive number
appearing in Theorem 3.20 (for example, ro = VI_VEJZIN), satisfies the condition
of Lipschitz with the Lipschitz constant Lip(Fo) < Nv—!.

Then the equation (3.52) is dissipative and in the ball B[0,7o] there exists a
unique bounded on R uniformly compatible solution of this equation.

Proof. The formulated assertion immediately follows from Theorems 3.20 and 3.21
O

Remark 3.12  The theorems 3.20 — 3.22 are true also for the differential equations
(3.53) in arbitrary Banach spaces.
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Corollary 3.11  If under the conditions of Theorem 3.22 the functions A and Fy
are almost periodic, then the equation (3.53) is dissipative and its Levinson center

contains at least one almost periodic solution.

Remark 3.13 Under the conditions of Theorem 3.22 and Corollary 3.11, dissi-
pativity does not reduce to convergence.

We will give an example which confirms this statement.

Example 3.7

where

Consider the scalar equation
&= —kx+ aF(z), (3.61)
2
- <
Fla) = 2 for |x| <10
50 + 10[1 — exp(10 — |z])] |=| > 10

for 0 < k < 5a. In this connection we can take rg = 2 It is easy to check that for
the equation (3.61) all the conditions of Theorem 3.22 are fulfilled for the chosen

a,k, and F.

In addition, its Levinson center contains at least two fixed points

(in reality there are 3) and, consequently, the equation (3.61) is not convergent.



Chapter 4

The structure of the Levinson center of
system with the condition of the
hyperbolicity

4.1 The chain recurrent motions

Let ¥ C X be a compact invariant set, ¥, > 0 and t > 0.

Definition 4.1 The collection {x = zg,z1,22,..., 2k = y;to,t1,...,tk} of the
points x; € ¥ and the numbers ¢; € T such that ¢; > ¢t and p(x;t;, xiy1) < e (i =
0,1,...,k —1) is called a (g,t, 7)-chain joining the points z and y. We denote by
P(X) the set {(z,y) :x,y € ¥,V e >0Vt >0 3 (g,¢t,7)-chain joining = and y}.

The relation P(X) is closed, invariant and transitive [33]. The point z € ¥ is
called chain recurrent, if (z,z) € P(X). Let R(Z) = {x € £ : (z,z) € P(X)}. On
R(X) we will introduce a relation ~ as follows: z ~ y if and only if (z,y) € P(X)
and (y,z) € P(X). It is easy to check that the introduced relation ~ on R(X) is a
relation of equivalence and, consequently, it is easy to decompose it on the classes
of equivalence {Ry : A € L} i.e. R(X) = U{R, € L}. By Proposal 2.6 from [33]
the defined above components of the decomposition of the set R(X) are closed and
invariant.

Lemma 4.1 If the compact invariant set X from X contains only a finite numbers
of minimal set, then the relation ~ decomposes the set R(X) on the finite numbers
of different classes of equivalence.

Proof. Let R(X) = U{Rx : A € L}. Since Ry C X are closed and invariant and ¥ is
compact, then by the theorem of Birkhoff the set R contains at least one minimal
set. Consequently, the number of different classes of equivalence is not more that
the number of minimal sets. The lemma is proved. O

We will indicate below the condition when the number of classes of equivalence
{Rx : A € L} is finite in case, if the set ¥ contains infinite number of different
minimal sets.

155
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Definition 4.2 By analogy with the work [2] in the collection {R1,Ra,..., Rk}
we will introduce a relation of partial order as follows: R; < R;, if there exist

i1,172,...,4, such that i1 = i,4i, = j and W*(R;,) Y\W"(Ri,,,) # @ for all p =
1,2,...,r—1.

Definition 4.3 The ordered collection of  (r > 2) different indexes {i1, iz, ..., i}
satisfying the condition R;; < Ri, < -+ < Ri. < Ry 1is called an r-

cycle in the collection {R1,Ra...,Rr}. The l-cycle is called such index i that
WH(R)NWH*(Ri)\R; # 2.

Note, that the introduced above notion of partial order is a slight modification
of the corresponding notion from [33, p.61].

Definition 4.4 Following the works [2],[261],[271], the collection of points
{z1,22,...,2,} € X (or K := H(x1) U H(z3) U---U H(z,)) is said to be a

generalized homoclinic contour, if wz;, N ag,,, # @ for all i = 1,2,...,n, where
Tn+1 = T1.

Lemma 4.2 Let ¥ C X be a compact invariant set and {x1,22,...,2,} be a
generalized homoclinic contour. Then (x;,z;) € P(X) for all i,j=1,2,...,n.

Proof. Let 4,5 € {1,2,...,n}. Suppose, for example, that ¢ < j and 0 < p =
j—1i < mn. We will show that (z;,z;) € P(X). Let ¢ > 0 and ¢ > 0. Since
Wey, N0tz # D forallk =i+ 1,...,5 — 1, then for the numbers ¢ > 0, ¢t > 0
and the point xp (k = 4,4+ 1,...,7 — 2) there exist t,, > t, t} < —t and p;, €

€

Wz, N g, such that p(xgty,pr) < £ and p(xgty,pr—1) < 5. Let Ty := z;,T1 =

3 3
$i+1t;+1, cey Tpo1 = {Ejt;-l,fp = x5t 1= t;,tl = t;’—&-l - t;/—i-lﬂ conytpo1 = —t;/. It
is clear that {Zo,T1,...,Tp; 0, t1,- -, tp—1} is a (g, ¢, m)-chain joining the points z;
and z;. The lemma is proved. O

In Lemmas 4.3-4.5 we will suppose that R(X) consists of finite number of dif-
ferent classes of equivalence R1,Ra ..., Ry, i.e. R(X) =R1 URo U - U Rk. Let
us establish some properties of the sets R; (i =1,2,...,k).

Lemma 4.3 In the collection {R1,Ra..., Rk} there is no r-cycles (r > 1).

Proof. Assuming the contrary, we obtain that there exist r > 1 and 1,19, ...,
such that R;; < R, < -+ < R;. < R4,. As well as in Lemma 4.2, it is possible
to prove that the set M :=R;, U---UR;, belongs to one class of equivalence and,
consequently, » = 1. We will show that in the collection {R1,Rsa ..., Ry} l-cycles
are absent too. In fact, if we suppose that there exist 1 < i < r and a point z from
(W3 (Ri) NW*(R;))\ Ry, then H(xzg) UR; C (). Moreover, H(z9) UR; belongs to
one class of equivalence and, consequently, H(z9) UR; C R;. The latter contradicts
to the choice of the point xy. The lemma is proved. 0
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Lemma 4.4 The sets R; (i = 1,2,...,k) are locally maximal in 2, i.e. for R;
there exists a neighborhood U; of the set R; in % such that R; is a maximal closed

mwvariant set in U;.

Proof. Since R; NR; # @ for all i # j, then there exist neighborhoods U; of the
sets R; such that U; N Uj = @ for i # j. Note, that in U; the set R; is maximal.
In fact, if we suppose that there exists a compact invariant set A, C U; such that
A; € R;, then A; \ R; # @. Let € A; \ R;. Since the sets a, and w, are chain
recurrent [33, p.33], then a,,w, C R;, i.e. @ € (W*(R;) N W%(R;)) \ R; and,
consequently, x ¢ R(X). On the other hand, reasoning in the same way that in the
proof of Lemma 4.2, it is possible to show that z is chain recurrent, i.e. z € R(X).
The obtained contradiction finishes the proof of the lemma. O

Lemma 4.5 The sets R; (i =1,2,...,k) are indecomposable.

Proof.  Suppose that for some ¢ the set R; can be represented in the form of a
union of two own closed invariant subsets A; and As, i.e. R; = A; U As. Since
Ai1NAy; =@ and R;NR; = @ for all j # i, then there are neighborhoods U; and Us
of the sets A; and Ay respectively, such that Uy NUs = @ and (U; UU2) N R;, =@
for all j # 4. Let gg > 0 be such that B(Aj,g0) C Uy and B(As,e0) C Us.
We will take arbitrary points a3 € Aj,az € Az and numbers 0 < € < gy and
t > 0. Since ai,as € R;, then for the numbers ¢ and ¢ there exists (g, ¢, 7)-chain
{a1 = xo,x1,...,2, = ag;t1,ta,...,t,} joining the points a; and as. By Theorem
2.24 from [33] we can suppose that 2, € R; (k = 0,1,...,n). According to the
choice of the number ¢ and the invariance of the set Ay, we have x;, € Ay for all
k=0,1,...,n,ie. x, = az € A;. The latter contradicts to our assumption. The
lemma is proved. O

4.2 The spectral decomposition of the Levinson’s center

Let ((X,S,7),(Y,S,0),h) be a two-sided non-autonomous dynamical system with
the fibers X, := {z € X | h(z) = y} (y € Y). And let every fiber X, be homeo-
morphic to V, where V is some n-dimensional manifold (for example, V' = E™) and
p € X,,. Following the work [33, p.213], we denote by W§ (p) := {z € X, | p(at,pt) <
0,t > 0} and Wi (p) = {z € X, | p(at,pt) <4,t <0} (6§ > 0).

Definition 4.5 The compact invariant set A C X is said to be hyperbolic (or non-
autonomous dynamical system (X, S, 7), (Y,S, o), h) has a hyperbolic structure on
A), if there are positive numbers N, v, § and v such that

H1. Wi(p) N Wi (p) = {p} for all p € A, W§(p) and the sets Wi (p) are sub-
manifolds from X, (y = h(p)), which are homeomorphic to the closed desk
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in R¥ and R"~* respectively. In addition, if p(p,q) < v (p,q¢ € X,), then
W5 (p) N Wit(p) # 05

H2. #'W§(p) C Wi(n'p) for all t > 0 and 7' W (p) O W¥(x'p) for all ¢ < 0 and
and each p € A;

H3. the manifolds W3 (p) and W§'(p) depend continuously on the point p € A in
the distance of Hausdorff;

H4. (a) p(pit,pat) < Nexp(—vt)p(p1,p2) for all p1,p2 € Wi(p) and t > 0;
(b) p(p1t, pat) < Nexp(vt)p(p1, p2) for all p1,p2 € Wi'(p) and ¢t < 0.

Remark 4.1 a. If the set A C X is hyperbolic in usual sense [33,261], then
under some additional conditions of smoothness, the set A will also be hyperbolic in
the sense of the definition above. The inverse statement, generally speaking, is not
true.

b. For a discrete autonomous dynamical system there was introduced a close
notion (ariom A* ) in the work [2].

Denote by M(X) a closure of all the recurrent points of the set .. The following
statement takes place.

Theorem 4.1 Let Y be a compact minimal set, ¥ be a compact invariant set
from X and let one of the following two conditions be fulfilled:

a. the number of minimal sets in X is finite;

b. if the set X contains an infinite number of minimal sets, then on the set M(X)
(except, maybe, a finite number of isolated minimal sets) the non-autonomous
dynamical system ((X,S, ), (Y,S,0),h) has a hyporbolic structure.

Then the relation ~ decomposes the set R(X) on finite number of different classes
of equivalence.

Proof. If the set ¥ contains only a finite number of minimal sets, then the statement
of the theorem coincide with the lemma 4.1

Let now the condition b. of the theorem be fulfilled. And we suppose that the
theorem is not true. Then there is a denumerable family of classes of equivalence
{Rr: k=1,2,...}. Since the sets Ry, are closed, invariant and the set ¥ is compact,
then every set SRy, contains at least one compact minimal subset My C Ry. Since the
set Y is minimal, then h(My) =Y forallk =1,2,.... Lety € Y and py € MpNX,.
According to the compactness of the set X, we can suppose that the sequence {py}

is convergent. Put p := klim pr and we note that p € A :=U{My : k=1,2,...}.
——+00

Without loss of generality we can suppose that the set A is hyperbolic. Let v > 0 be

the number figuring in the condition H1. for the set A. The sequence {px} C A is

convergent; therefore, starting from some ko, the manifolds W§(px, ) and Wy (px,)
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are a nonempty intersection for all k1, ks > ko. Let now ki # ko and k1, ke > ko.
Chose points z1 € W§(pr, ) N Wi (pr, ), 2 € Wi (pr,) N W5 (pr,) and consider the
homoclinic contour K := H(x1) U H(z2). By Corollary 2.19 [33] and taking in
consideration that on an w-limit (a-limit) set every two points are equivalent in the
sense of the relation ~, we obtain the equivalence of every two points of homoclinic
contour K, i.e. the set K belongs to one class of equivalence. Thus, beginning with
ko, the points p, and pg, are equivalent for all k1, ks > ko. On the other hand,
the point {pr} was chosen from the different classes of equivalence. The obtained
contradiction proves our theorem. O

Theorem 4.2  Under the conditions of Theorem 4.1 on the center of Levinson J
of the dynamical system ((X,S, ), (Y,S,0),h) the following assertions hold:

(1) the relation ~ decomposes the set R(J) on finite number of different classes of
equivalence, i.e. R(J) =R URa U -+ URg;

(2) the sets R; (1 =1,2,...,k) are closed, invariant, indecomposable, locally maz-
imal and in the collection {R1,Re, ..., Rk} there is nor (r > 1) cycles;

(8) J =U{W“R) :i=1,k}, where W¥(R;) == {z € X : tii{noo plxt,R;) = 0}

(i=1k).

Proof. The first and the second statements of Theorem 4.2 directly follow from
Lemmas 4.3-4.5 and Theorem 4.1. Now we will prove the third statement. Let
r € W*(R;) (i = 1,k), then by the compact dissipativity of the dynamical system
(X, S, 7) the set H(zx) is compact and, consequently, z € J.

Inverse. Let z € J. In view of the compactness and invariance of the set J, the
sets a, and w, are nonempty, compact, indecomposable and chain recurrent [33).
Since under the conditions of Theorem 4.1 R(J) = Ry LRz U - - - LRy and the sets
R; (i = 1,k) are disjoint, closed and invariant, then there are i,j € {1,2...,k}
such that a; C R; and w; CR;. Thus x € W*(R;). The theorem is proved. O

Remark 4.2 Theorems 4.1 and 4.2 are true also in the case, if we replace the
condition of the minimality of the set Y by the following condition: the set Y
contains only finite number of minimal sets.

4.3 One-dimensional systems with hyperbolic center

In this section we study the structure of the Levinson center for the scalar dissipative
equation v’ = f(¢,u) with recurrent (almost periodic, periodic) right-hand side.
Although the problem under study concerns the equation u’ = f(¢,u), its solution
is given within the framework of general non-autonomous dynamical system.
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Let A € X be a hyperbolic set of non-autonomous dynamical system
(X,S,n),(Y,S,0),h), (X,h,Y) be a finite-dimensional vector bundle with the fiber
R™ and |-| be a Riemannian metric on (X, h,Y"), that is compatible with the metric
pon X.

Remark 4.3 a. Ifp € A is such that k = n (k = 0), then the set H(p) is
exponentially stable on Sy (S_).

b. For n =1 the hyperbolic set H(p) is exponentially stable either on Sy or on
S_.

Everywhere in this section, we will suppose that the set Y is compact minimal
and n = 1.

Lemma 4.6  If the compact minimal set M of X is hyperbolic, then h|py : M — Y
is a homeomorphism (or, what is the same thing, M, := M N X, consists of exactly
one point for each y € Y ).

Proof. Let M C X be a compact minimal subset of X. If M is hyperbolic,
then, by Remark 4.3 b., we can assume that M is exponentially stable on Sy ,
and,consequently, M is uniformly stable in the positive direction, i.e. for each € > 0
there exists a vy() > 0 such that p(m1,mz2) < (m1,mg € M and h(mq) = h(ms))
implies the inequality p(mit, mot) < € for all ¢ > 0. To complete the proof of the
Lemma it is sufficient to refer to Theorem 3 from [331, p.110]. O

Let ¥ be a nonempty compact invariant set in X, {M, | « € A} by the family
of all minimal subsets of ¥, and M(X) := U{M,| o € A}.

Lemma 4.7 If M(X) is hyperbolic, then X contains a finite number of minimal
sets My, Ma, ..., My and, consequently, 9M(X) = My UMy U --- U M.

Proof. Let us assume the contrary, i.e. let there exist a countable family { My, : k =
1,2,...} of distinct minimal sets in ¥. Let y € Y and py, € M N X, (k=1,2,...).
Since pr € M(X), we can assume that {p;} is convergent. Let pr — p, then
p € M(X). Since M(X) is hyperbolic, we can assume that (see Remark 4.3 b.)
H(p) is exponentially stable on S, and, consequently, there exists a kg € N such
that p(pr, t, Pryt) < Nexp(—vt)p(pr,,pr,) for all ki, ke > ko and ¢ > 0. It follows
from the last inequality that p(pg,t, p,t) — 0 as t — +oo for all ki, ko > ko. But
this is not possible because by Lemma 4.6 p, and pg, are jointly recurrent. This
contradiction proves the Lemma 4.7. O

Lemma 4.8 Under the conditions of Lemma 4.7, for each point x € ¥ there exist
recurrent points p1 and pa (h(p1) = h(p2) = h(x)) such that the following conditions
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are fulfilled:

a, 1i£Ln plat,p1t) =0 and b.t lim p(xt, pat) = 0. (4.1)

Proof. Let x € ¥, w and o-limit sets w, and «, are nonempty, compact and
contain the minimal sets M; and M, respectively. Since Y is minimal, it follows
that h(M;) = h(Mz) =Y, and, since MM(X) is hyperbolic, the sets M, and Ma,
consist of exactly one point each for an arbitrary y € Y.

Let  be non-recurrent (in the contrary case Lemma is obvious) and M;,, = {p;}
(i = 1,2). Then there exist t1, — +oo and ty, — —oo such that xty, — p; and
xto, — p2. By Lemma 4.6 p;t;, — p; (i =1,2) as n — 400. Hence

p(Ttin, pitin) — 0 (4.2)

a. Let M; be exponentially stable on S;. Then (4.2) implies (4.1a). Now we
show that (4.1b) holds. Indeed, if M; is exponentially stable on S, then M is
exponentially stable on S_. If we assume the contrary, then, by (4.2) p(xt, pat) — 0
as t — +oo. It follows from Lemma 4.6 that p; = ps = p. Let ¢ = p(x,p) > 0 and
~(g) > 0 be chosen for ¢ from the condition of uniform stability of H(p) on S4. Then
it follows from (4.2) that for sufficiently large n we have p(atap, patan) < 7v(€) and,
consequently, p(z(t + toy), p2(t + tan)) < € for all ¢ > 0. In particular, p(z,p) < &,
which contradicts the choice of €. This contradiction proves the exponential stability
of the set My on S_. From (4.2) it follows (4.1b).

b. We will show that no M; C w, cannot be exponentially stable on S_. Indeed,
if we assume the contrary, then it follows from (4.2) that p(at,p1t) — 0 ast — —oo
and, consequently, a, = M7 C w,. Thus Ms = M1 = o Cw,. Let p:=p; =p2 €
MinNX, =M;nNX, and € = p(z,p) > 0. Further, reasoning in the same manner
as at the end of the preceding item, we obtain a contradiction, which proves the
exponential stability on S; of the minimal set M; C w;. The Lemma is completely
proved. O

Under the conditions of Lemma 4.7, the family ¥ consists of only a finite number
of distinct minimal sets My, M, ..., My and M(X) = M1UMoU- - -UMj. Lety €Y
and {v(y)} = M; N X,. We will suppose that M, My, ..., M, are ordered such
that v1(y) < 72(y) < -+ < y(y). Let us set p, := inf ¥, an v, :=supX,. It is
obvious that pu,,v, € X,.

Lemma 4.9 Under the conditions of Lemma 4.7 the equalities p, = v1(y) and
vy = Yi(y) hold for ally €Y.

Proof. We prove, for example, the first equality (the second equality is proved in the
same manner). If we suppose that u, 7# v1(y) for certain y € Y, then p, < v1(y).
By Lemma 4.8, there exist recurrent points p; and py from 9(X), such that (4.1a)
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and (4.1b) hold. We show that pi,ps < 71(y). In fact, from (4.1) it follows the
existence of t1, — 400 and t3, — —oo such that p,ti, — p1 and pyte, — po.
Moreover, by Lemma 4.6, v;(y)tin — 7i(y) (¢ = 1,2). Since pyy < 71(y), it follows
that pyt1, < 71(y)tin and, consequently, p1 < v1(y). Analogously, pa < 1 (y).
Thus, p1 = p2 = 11 (y). Since H(y1(p)) = M; is hyperbolic, it follows that M; is
exponentially stable either on S; or on S_. Further, reasoning in the same manner
as in Lemma 4.8, we obtain a contradiction. The lemma is proved. O

Theorem 4.3 Let ¥ C X be a nonempty compact invariant subset of X and
M(X) C X be hyperbolic. Then the following statements are valid:

(1) X consists of only a finite number of distinct minimal sets My, M, ..., My and
ME) =M UM U---UMy;

(2) each minimal set M; (i =1,2,...,k) is homeomorphic to Y and, in particular,
M; is almost periodic (periodic) if Y has this property;

(8) for each point x € 3 there exist points p1 and py from IM(X) such that relations
(4.1) are fulfilled;

(4) if My, Ma,..., My are ordered such that v;(y) < v;(y) for ally € Y (where
{(vi(y)} == M; N Xy) if and only if i < j, then 0¥ = My U My, where 0% is the
boundary of 3.

Proof. This assertion follows from Lemmas 4.6-4.9. O

Theorem 4.4 Let ((X,S,n),(Y,S,0),h) be compact dissipative and J be its
Levinson center. If 9M(J) is hyperbolic, then the following statements are valid:

(1) J contains only a finite number of the minimal sets My, Ma, ..., My, each of
which is homeomorphic to Y, and M(J) = My U Mo U --- U My;

(2) for each point x € J there exist points p1 and py in M(J) such that relations
(4.1) are fulfilled;

(3) if x ¢ J, then

(a) p(at, y1(y)t) — 0 as t — +00 if & < 71(y), where y = h(z), and
(5) plat, yu(y)t) — 0 as t — +o0 if x> (y).

(4) 0J = M1UMy, and 0J is uniformly asymptotically stable in the positive direction
and, in particular, k is odd.

Proof. This statement follows in essence from Theorem 4.4 and properties of the
Levinson center. g

Remark 4.4 Although Theorems 4.3 and 4.4 are proved for one-dimensional
systems, yet in fact we have always used only a consequence of one-dimensionality
(see Remark 4.3 b.). Therefore, Theorems 4.3 and 4.4 are valid with insignificant
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changes for n > 2 also if besides the hyperbolicity of M we require that for each
m € M the set H(m) is exponentially stable either on Sy or on S_. In addition,
the minimal sets My, My, ..., My in Theorems 4.3 and 4.4, generally speaking, not
homeomorphic to Y but are only distal covering of Y of finite multiplicity, which
also ensures their almost periodicity (periodicity) if Y is almost periodic (periodic).

Using the known connection between non-autonomous dynamical system and
differential equations, we can obtain statements, analogous to Theorems 4.3 and
4.4, for differential equations.

Let us consider the differential equation

u = f(t,u), (4.3)

where f € C%2(R x R",R") and C%?(R x R",R") is the space of all continuous
functions f : R x R™ — R"™, continuously differentiable twice in u € R™, equipped
with the topology of uniform convergence of functions and their derivatives up to
second order inclusive on compacts from R x R™. Along this equation (4.3) we
consider the family of equations

u = g(t,u), (4.4)

where g € H(f) :={f- | 7 € R}, and f-(t,u) := f(¢t+7,u), the bar denoting closure
in f € C%(R x R",R"). Let us suppose that the condition of non-local extend-
ability is fulfilled for each equation (4.4). Let ¢(¢,v, g) denote the solution of (4.4)
that passes through v € R" for ¢t = 0. Let Y := H(f) and (Y, R, o) be a dynamical
system of translations on Y. Further, let X := R™ x Y. Then we can define the
dynamical system (X,R,7) by the rule n(7, (v,9)) := (p(7,v,9), g-). Finally, we
set h := prog : X — Y. Then we obtain the non-autonomous dynamical system
(X,R,7),(Y,R,0),h). Applying Theorems 4.3 and 4.4 to the so-constructed
dynamical system, we get the corresponding statements for equation (4.3). For
example, we formulate the statement that follows from Theorem 4.4. Fist of all, let
us recall certain notion related to equation (4.3).

We recall that the equation (4.3) is called dissipative if the non-autonomous
dynamical system, generated by it, is dyssipative. Let J C R™ x H(f) be the
Levinson center of (4.3) and ¥ C J.For each point (v,g) € ¥ let us consider the
equation in variations for (4.4) along the solution ¢(¢,v, g), i.e., the linear equation

w' = g,'j(t,go(t,v,g))w. (45)

The family of equation (4.5), where (v, g) € X, is said to satisfy the exponential
dichotomy on R [132] and the corresponding constants can be chosen independent
of (v,g) € %.
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Theorem 4.5 Let f € C**(R x R",R") and f, fl, and [/, be jointly recurrent
(almost periodic, T-periodic) in t € R uniformly in x on compacts from R. Suppose
that the equation (4.3) is dissipative, J C R x H(f), be its Levinson center, and
the family of equation (4.5), where (v, g) € M(J), satisfy the exponential dichotomy
condition on R. Then for each g € H(f), (4.4) has only a finite number of uniformly
compatible solutions [300): These are q1,qz2, -+ ,qx (k is an odd number and depends
only of f); all the remaining solutions, bounded on R, converge to the indicated
solutions as t — 400 or —oco. But if a certain solution of (4.4) is bounded on R
only (since (4.3) is dissipative, all solutions of (4.4) is bounded on Ry ), then it
converges to one of the solutions q1 and qi as t — +o0.

Remark 4.5 A statement, analogous to Theorem 4.5, holds also for the difference
equations.

4.4 The dissipative cascades

Let M be a differentiable manifold, U be an open subset of M, f: U — f(U) C M
be a diffeomorphism of the class C” (r > 1), A C U be a maximal compact invariant
set of the diffeomorphism f. Suppose that U is a domain of attraction for A, i.e.
W#(A) = U. In this case, the dynamical system generated by the positive powers
of the diffeomorphism f is dissipative and its Levinson center J = A.

Lemma 4.10 Let xg € U. If wy, is a compact and hyperbolic set of the diffeo-
morphism f : U — M, then for every x € wy, and § > 0 there is p € Per(f) such
that p(z,p) < ¢ and £, C B(wsy,, ), where Per(f) is a set of all the periodic points
of the diffeomorphism f, ¥, is a trajectory of the point p.

Proof. Let 6 > 0. We may take the number ¢ to be so small such that B(wy,,d) C
U(ws, ), where U(wg,) is a neighborhood of the hyperbolic set w,, figuring in the
theorem of Anosov about the family of e-trajectories [261, p.220]. In the cited
above theorem we will chose a number ¢ (¢ < §) that corresponds to the number
g. Then for § there is I > 0 such that f"zg € B(wa,, §) for alln > 1. If 2 € w,,,
then there is a number ng > [ such that f"zy € B(x, %) Put z; = f™xy. There
exists a number N > 0 such that fNz; € B(x, 5). Consider the space Xy =
{0,1,..., N — 1} with discrete topology, the homeomorphism of the shift 7 : Xy —
Xn, 7(k) = k41 mod(N), and the mapping ¢ : Xy — M defined by the equality
(k) = fkxy (k = 0,1,...,N —1). Note, that ¢ : Xy — B(ws,,5) C U(wsy)-
Further: P(po T, fop) = 0<:1<1]13 p(p(r(k)), f(e(k))) < p(x, fNx1). Since

p(z1, fN21) < p(x1,2) + p(z, fjvagl) < g, then P(por, foyp) <e. According to
Anosov’s theorem of the family of e-trajectories, there exists a continuous mapping
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Y Xy — ﬁ(wxo) such that ¢ o7 = f o and P(p,¢) < %. To finish the
proof of the lemma it is sufficient to note that 1(0) € Per(f), p(¢(0),z) < $ and
(k) € B(wg,,d) forall k=0,1,...,N — 1. O

Corollary 4.1 If the set X is locally maximal and wg, C X, then under the
conditions of Lemma 4.10, in the set X there exists at least one periodic point f.

Corollary 4.2 Let A be a locally mazimal compact invariant set. If ¥ C wy, C A
is a compact minimal set, which does not contain periodic trajectories, then under
the conditions of Lemma 4.10 in the set A there exists an infinite number of different
hyperbolic points p, — p € B C wy,, moreover, X, C B(wg,,ex) and € | 0.

Definition 4.6 The set M C X of the dynamical system (X, S, 7) is called quasi-
minimal, if there is a stable in the sense of Poisson point p € M such that M = H(p).

Theorem 4.6 Let f : U — M be a diffeomorphism of the class C* (k> 1) and A
be a compact invariant set of the diffeomorphism f. If the set Mo(A) is hyperbolic,
then:

(1) the relation ~ decomposes the set R(A) on finite number of classes of equiva-
lence, i.e. R(A) =R UR U+ URy;

(2) the sets R; (i = 1,k) are closed, invariant, indecomposable, locally mazimal
and in the collection {MR1,Ra, ..., Rk} there is no r-cycles, where r > 1.

Proof. This statement follows from Theorem 4.1. O

Corollary 4.3 Let M be a differentiable manifold and f : M — M be a diffeo-
morphism of the class CF (k > 1). If the set of the chain recurrent points R(f) of
the diffeomorphism f is compact and hyperbolic, then:

(1) the relation ~ decomposes the set R(f) on finite number of classes of equiva-
lence, i.e. R(f) =R UR U+~ URy;

(2) the sets W; (i = 1,k) are closed, invariant, quasi-minimal, locally mazimal and
in the collection {MR1,Ra, ..., Rk} there is nor (r > 1)-cycles;

(8) if, in addition, in the set M there exists an infinte number of different minimal
sets, then in the set M there is a nontrivial (non periodic) minimal set.

Proof. The formulated assertion follows from Theorem 4.6, Theorems 7.5 (and its
discrete analog) 7.8 from [2] and Lemma 6.4 from [261]. O

Theorem 4.7 Let f : U — M be a dissipative diffeomorphism and J be its
Levinson center. If one of the following two condition is fulfilled:

a. in the set A there is only a finite number of minimal sets;



166 Global Attractors of Non-autonomous Dissipative Dynamical Systems

b. in the set A there is an infinite number of different minimal sets and the set

Mo(A) is hyperbolic [261],
then:

(1) the relation ~ decomposes the set of the chain recurrent points R(f) of the
diffeomorphism f on finite number of classes of equivalence, i.e. R(f) =R U
Ro LI+ LR,

(2) the sets R; (i =1,2,...,k) are closed, invariant, indecomposable, locally maz-
imal and in the collection {M1,Ra, ..., Rk} there is no r (r > 1)-cycles;

(3) J=U{W"R,):icl k}

Proof. This statement follows from Theorem 4.2. In fact, if the set Mg(A) # 0
and it is hyperbolic, then from the results [261] (see Theorems 0.1, 5.4 and the
theorem from the first appendix) follows, that on the set 9(A), except, maybe,
a finite number of isolated minimal sets, a dynamical system generated by the
positive powers of the diffeomorphism f has a hyperbolic structure in the sense of
our definition. O

Remark 4.6 a. Theorem 4.7 is an analog of the well-known theorem of Smale
about spectral decomposition [261] for A-diffeomorphisms.
b. The analog of the theorem 4.7 is true also for the continuous dynamical system

(flows).

Theorem 4.8 Let f : U — M be a dissipative diffeomorphism and let its center of
Levinson contain an infinite number of minimal sets. If the set Mo (A) is hyperbolic,
then the statements 1.-3. of Theorem 4.6 hold. In addition, in the set A there is an
infinite number of hyperbolic periodic trajectories.

Proof. According to Theorem 4.7 it is sufficient to show, that in the set A there is
an infinite number of different hyperbolic periodic trajectories. Denote by UcUa
neighborhood of the set Mo(A) such that every compact, invariant with respect to
f set A’ C U is hyperbolic. By Theorem 2 [261, p.224] there is such a neighborhood.
According to [226, p.52] a metric space 2% is compact. Since in the set A there is
an infinite number of the minimal sets {M;} and M; C R = R; LR U --- U Ry,
then we can suppose that M; C R; (i = 1,2,...). Taking into consideration the
compactness of the space 2%, we may suppose that the sequence {M;} is convergent
in the metric of Hausdorff. In particular, beginning from a number iy, we have
M; C U for i > ig. In view of the choice of the set (7, all the minimal sets M;
(i > ip) are hyperbolic. The following two cases are possible:

a. every minimal set M; (i > i) is periodic and in this case the theorem is proved.
b. between the sets M; (i > ig) there is a nontrivial minimal set M.
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Then, according to Corollary 4.2, there exists an infinite number of different periodic
points pr, — p € M, moreover, ¥, C B(M,¢ey) and € | 0. Since M; C Ry (i > o)
fR; is closed and locally maximal, then starting from a number m( we have p,, € R;.
The theorem is proved. O

Definition 4.7 Recall [2]-[3], that an invariant set A of the diffeomorphism f :
U — M is called factor-markovian, if there is a TMC (topological markovian chain
[2]) T : QO — Qp and a continuous mapping ¢ : Q — A such that ¢ o T = f o ¢.
If the mapping ¢ is a homeomorphism, then the set A is called markovian.

Corollary 4.4 Under the conditions of Theorem 4.8 in the set R there is a locally
maximal hyperbolic markovian set A C R and, in particular, in the set R there is a
transversal homoclynic trajectory.

Proof. The formulated statement follows from Theorem 4.8 and also from Theorems
7.7 [2] and 2.4 [271]. O

4.5 The periodic dissipative systems

1. Let
<(X7T177T)7 (Y7 T27U)7h> (46)

be a non-autonomous dynamical system. In this paragraph we will suppose that
the dynamical system (Y, Ts,0) is periodic, i.e. there exist 7 € Ty (7 > 0) and
g € Y such that o(¢,7) = qand Y = {o(q,t) : 0 < ¢t < 7}. In this connection
the non-autonomous dynamical system (4.6) is said to be 7-periodic. Denote by
P : X, — X, a mapping defined by the equality P(z) = =(7,z) and by (X4, P)
denote a cascade generated by the positive powers of the mapping P.

Lemma 4.11 A non-autonomous dynamical system (4.6) is pointwise (com-
pact,local) dissipative if and only if the cascade (Xg4, P) is pointwise (compactly,
locally) dissipative. In this case the following relations hold:

J={r"J,:0<t<71} and J,:=JNX,,

where J is the Levinson center of the dynamical system (4.6), but J, is the Levinson
center of the dynamical system (Xg, P).

Proof. This assertion follows immediately from the corresponding definitions. O

Corollary 4.5 If (X,h,Y) is a finite-dimensional vectorial fibering, then the
center of Levinson J of the non-autonomous dynamical system (4.6) and J, are
connected.
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Proof. This statement follows from Theorems 1.32, 1.33 and Corollary 1.14. g

Corollary 4.6 Under the conditions of Corollary 4.5, there exists r > 0 and for
all a > 0 there is k(a) € Z4 such that P*B[0,a] C B[0,7] for all k > k(a), where
B[0,a] :={x € X; : |z]| <a}.

Proof. Corollary 4.6 follows from Theorem 2.23 and Lemma 4.11. |

Corollary 4.7 Under the conditions of Corollary 4.5 there exists a fived point of
the mapping P : X, — X,.

Proof. Corollary 4.7 follows from the theorem on the fixed point of Brauder [35]
and Corollary 4.6. 0

Theorem 4.9 Let (X,h,Y) be a finite-dimensional fibering. There exists a
nonempty compact invariant set J (Levinson center) of the dynamical system (4.6)
possessing the following properties:

(1) for everyy €Y the set J, = JN X, is connected;

(2) for every € > 0 there exists 6(e) > 0 such that the inequality p(z,J,) < 6
(x € X)) implies p(xt, Jy) < € for allt > 0;

(8) forally €Y and z € X, tii+moo plat, Jy) = 0;

(4) in the center of Levinson J of the system (4.6) there is at least one T-periodic
point.

Proof. The formulated statement follows from Lemma 2.1, Theorem 2.1 and Corol-
lary 4.7. O

Theorem 4.10 If X, is a complex n-dimensional space (i.e. Xq = C") and the
mapping P : X, — X, is holomorphic, then J; = {p} and , ligl p(xt,pt) =0 for

all v € X, i.e. the dynamical system (4.6) is convergent.
Proof. The proof of this assertion can be obtained with the help of a slight modi-
fication of the proof of Theorem 3.3. (]

2. Consider a differential equation
uw= f(t,u), (teER, ueE"™) (4.7)

where f is a 7-periodic function with respect to the variable ¢t € R and f is contin-
uously differentiable w.r.t. w € E™. If the function f € C(R x E™, E™) is regular,
then (see Example 3.1) the equation (4.7) generates a non-autonomous dynamical
system (and this system is 7-periodic). Applying to this non-autonomous dynamical
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system Theorems 4.6, 4.7 and 4.8, we will obtain the corresponding statements for
the equation (4.7).
Let P : E® — E™ be a Poincare transformation for the equation (4.7), i.e.

P(u) = ¢(7,u, f).

Definition 4.8 The set of chain recurrent points for the equation (4.7) is said to
be a set of chain recurrent points of the cascade (E™, P).

It is well known (see, for example, [33, p.56]), that for the equation (4.7) with
the differentiable (w.r.t. variable u) function f the set of chain recurrent points R
coincides with the set II that generates periodic (with the period k7, where k € N)
solutions of the equation (4.7) (for the definition of the set II see [271, p.278]).

Theorem 4.11  Suppose, that for the equation (4.7) the set of chain recurrent
points R is compact and the set My(R) is hyperbolic, then

(1) the relation ~ decomposes the set R on finite number of classes of equivalence,
e. R=R UR U --- LR,

(2) the sets R; (i = 1,k) are closed, invariant, indecomposable, locally mazimal
and in the collection {R1,Ra, ..., Rk} there is nor (r > 1)-cycles;

Corollary 4.8 Suppose, that for the equation (4.6) the set I, which generates
periodic solutions (with the period kt, where k € N), is compact and hyperbolic,
then:

(1) the relation ~ decomposes the set I on finite number of classes of equivalence,
pe. =TI UTlg LI -+« L T,

(2) the sets I1; (i = 1,k) are closed,invariant, quasi-minimal, locally mazimal and
the collection {I11,a, ..., I} does not contain r-cycles;

(8) in addition, if in the set I there is an infinite number of minimal sets, then in
II there exists a nontrivial minimal set.

This assertion generalizes Theorem 3.3 from [271, p.280].

Theorem 4.12  Let the equation (4.7) be dissipative and the set J be its Levinson’s
center. Suppose that one of the following two conditions is fulfilled:

a. in the set J there is a finite number of minimal sets;
b. in the set J there is an infinite number of minimal sets and the set Mo(J) is
hyperbolic.

Then:

(1) the relation ~ decomposes the set of chain recurrent points of the equation (4.7)
R on finite number of classes of equivalence, i.e. R =R LURy U --- URy;
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(2) the sets R; (i = 1,k) are closed, invariant, indecomposable, locally mazimal
and in the collection {R1,Ra, ..., Rk} there is no r-cycles (r > 1);
(3) J=U{W"R,):icl k}

Theorem 4.13  Suppose that the equation (4.7) is dissipative, J is its Levinson
center. If the set J contains an infinite number of minimal sets and the set Mo (J)
is hyperbolic, then the statements 1.-3. of Theorem 4.12 hold. In addition, in the
set J there is an infinite number of hyperbolic periodic solutions.

Corollary 4.9  Under the conditions of Theorem 4.183 in the set J there is a locally
maximal markovian set A C J and, in particular, in the set J there is a transversal
homoclinic periodic trajectory.

This statement follows from Corollary 4.4.



Chapter 5

Method of Lyapunov functions

5.1 Criterions of dissipativity in term of Lyapunov functions
In this section we suppose that (X, h,Y) is a Banach fiber bundle.

Theorem 5.1 Let Y be compact and (X,Tq,m) be completely continuous.
The non-autonomous dynamical system ((X,Ty,7),(Y,T2,0),h) is boundedly k-
dissipative if and only if there is a number r > 0 and a continuous function
V:E, - R (E,:={x € FE| |z| >r}) with the following properties:

1. the set {z | V(x) < c} is bounded for any c € R;

2. if xT € B, for all 7 € [0,t], then V(xt) < V(x);

3. level lines of the function V' do mot contain w-limit points of the dynamical
system (X, Ty, 7).

Proof. Let K1 = {x € E | |z| < r}, where r is the number from the statement
of the theorem. As Y is compact and the fiber bundle (X, h,Y) is locally trivial,
then the set K7 is bounded. As (X, Ty, 7) is completely continuous, then for the
bounded set K; there will be a number [ such that 7'K; is relatively compact.
Suppose K = K, and let us show that w, N K # () for any z € E. Suppose it
is not so, then there will be zg € F for which w,, N K # () and, consequently, for
some tg > 0 we will have zgt ¢ K for all t > t(. If this were not so, then we should
have a sequence t,, — 400 such that |zot,| < r and, hence, {zo(t, +1)} C K. We
consider the sequence {xo(t, +1)} to be convergent. Let T = ngl}rloo xo(ty, +1), then

T € wg, N K, but this contradicts the choice of zg. Thus xot ¢ K; for all ¢ > ¢ and,
hence, V(zot) < V(xotg) for all ¢ > tg. According to condition 1. of the theorem,
the set ¥ = {xot | t > 0} is bounded and by virtue of complete continuity of
(X, Ty, 7) it is relatively compact. From here it results that w,, # 0 is compact,
invariant and wy, C E,. Let p € wy, and ¢ : S — wy, is the whole trajectory of
the system (X, Ty, 7) passing through the point p € wy,. Consider the function
1 Sy — R defined by the equality u(t) = V(e(—t)). It is continuous, bounded

171
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and non-decreasing and, consequently, there is ¢y = , ligl w1(t). From here it results
— 100

that on the set o := {q | I, — +00,¢(~tn) — ¢} the function V' is continuous,
that is af C V~'(co) N wy,. This contradicts the condition 3. of the theorem.
So wy, N K # ) for all z € E. According to Theorems 1.22 the non-autonomous
dynamical system ((X,Tq,7), (Y, Ta,0),h) be boundedly k-dissipative.

Let now ((X, Ty, ), (Y, Te,0),h) be boundedly k-dissipative, J be its Levinson
center and r > ro :=sup{|z| : x € J}. Let us define a function V : E, — R by the
equality

V(z) := sup{|xt| : t > 0}. (5.1)
Directly from the definition of V' it results that:

(1) V(z) > |z| for all x € E, and, therefore, it satisfies the condition 1. of the
theorem;
(2) if z7 € E, for all 7 € [0,¢] , then V(zt) < V(x).

Let us show that the function V', defined by the equality (5.1), is continuous. Let
xn — z(z, 2, € E,) and R := sup{|x,| | n € N}, then from Theorem 2.19 for the
number R > 0 there exists {(R) > 0 such that

|at| <r (t > I(R) and |z| < R). (5.2)
From (5.1) and (5.2) it results that
V() = |o]

for some 7(x) € [0,1(R)] (|x] < R). The sequence {V(z,)} = {|zn7n|} is relatively
compact, where 7, = 7(z,,). Let us show that it has a unique limit point. Let V'
be one of the limit points of the sequence {V(z,)}, then there is a subsequence
{V(zk,)} such that V(z, ) — V' for & — +o0o. As {74, } is bounded, then we
can consider it to be convergent. Then V' = |z7/|, where 7/ = lim 74, . Let us

n—-4o0o
show that |z7'| = |z7| = V(). If we suppose that |x7'| # |x7|, then |z7| > |z7T
Let € > 0 be such that |z7'| + 2¢ < |z7|. Then for k sufficiently large we have

'l

[|zk, 7| — |27|| < € and ||zk, Tk, | — |27']| < €, hence,
log, 7| > || — € > |27/ | + € > |xp, T8, | = V(2k,)- (5.3)

Inequality (5.3) contradicts the choice of the number 74,,. Thus V(z) = |z7/| and,
hence V(z) = ngrfoo V(zy), so that V is continuous.

Finally, let us show that level lines of the function V' do not contain w-limit points
(X, Ty, 7). Really, for any x € E, we have w, C J. According to the definition of
the set E, it has not common points with J and therefore, w, N V~=1(c) = 0, for
any z € F, and ¢ € R. This proves the theorem. O
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Lemma 5.1 Let (X, Ty, m) be completely continuous, (X, T1,n), (Y,Ta,0),h) be a
non-autonomous dynamical system and there exists r > 0 and a continuous function
V . E, — R which satisfies conditions:

1. the set {x € E : V(z) < ¢} is bounded for any c € R;
2. if xT € B, for all 7 € [0,¢], then V(xt) < V(x).

Then the following conditions are equivalent:

3. level lines of the function V' do mot contain w-limit points of the dynamical
system (X, Ty, 7);

4. level lines of the function V do not contain positive semi-trajectories of the
dynamical system (X, Ty, ).

Proof. Let us show that Condition 3. implies Condition 4. If we suppose that it
is not so, then there will be ¢y and 29 € V~!(cp) such that zot €€ V~1(cg) for all
t > 0. In conditions of the lemma the level lines of the function V are bounded sets,
therefore X7 is bounded. As (X, Ty, ) is completely continuous then the set X
is relatively compact and, hence, w,, # 0, is compact and w,, € V~1(cg). The last
is a contradiction to the condition 3. This contradiction proves the implication we
need.

Let us show that from the condition 4. follows the condition 3. Suppose the
opposite, that there is ¢y € R and xp € E, such that wg:N V-1 (co) # (. Reasoning
like in Theorem 5.1 we can show that wy, is compact and o C wz, N V=l(eo) #0
for some complete motion ¢ (p(0) = p). As af is positive invariant, then V= (co)
contains positive semi-trajectories of the system (X, Ty, 7), but this contradicts the
condition 4. Lemma is proved. O

Corollary 5.1 Let Y be compact and the dynamical system (X, Ty,mw) be
completely continuous. The non-autonomous dynamical system ((X,Tq,7),
(Y, T3, 0),h) is boundedly k-dissipative if and only if there are number r > 0 and
continuous function V : X, — R, satisfying the conditions:

(1) V(z) > a(|z|) for all z € X,, where a € A:={a | a: Ry —R4, a is a continu-
ous and strongly monotonically increasing function } and ImV C Im (a);

(2) if xT € X, for all T € [0,¢], then V(xt) < V(z);

(8) level lines of the function V. do not contain positive semi-trajectories of
dynamical system (X, Tq,7).

Theorem 5.2 Let (X, Ty,7) be completely continuous. A non-autonomous
dynamical system ((X,Tq,7),(Y,Ta,0),h) is boundedly k-dissipative if there is a
number r > 0 and a continuous function V : E, — R with the following properties:

(1) the set {x € E | V() < ¢} is bounded for any c € R;
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(2) if e € E, for all T € [0,t], then V(at) < V(x).
Proof. Let Ky = {x € E:|z| <r},l >0, be such that 7' K is relatively compact

and K = w!K;. Let us show that w, N K # ( for all x € E. Like in Theorem
5.1 it can be shown that in the opposite case we should have a point xo € F such

that ¥} is relatively compact, wy, # 0 is compact and w,, N K = . Furthermore
there will be ¢g € R and a complete motion ¢ : S — w,, (p(0) = p) such that
af C wyy NV 1co) # 0. As of is positively invariant, then together with the
point = the set af contains xt for all t > 0, and, hence, V(2t) < V(z) = co. The
contradiction we have got proves the assertion we need. Thus w, N K # () for
all x € F and according to Theorem 2.19 the non-autonomous dynamical system
(X, Ty, ), (Y,Ta,0),h) is boundedly k-dissipative. The Theorem is proved. O

Theorem 5.3 Let {((X,Ty,7),(Y,T2,0),h) be a non-autonomous dynamical
system and T; = Ry. Assume that there is a number r > 0 and function
V : E,. — Ry with the following properties:

1. the function V is bounded on bounded sets and for any ¢ € R the set {x €
E. | V(z) < ¢} is bounded;
2. VI(x) < —c(|z|) for all z € E,, where ¢ : Ry — Ry s strictly positive on

[r,+00), and V! (x) = limsupt~ [V (xt) — V(z)].
t—+0

Then there exists Ro > 0 such that for any R > 0 there will be [(R) > 0 for which
|zt| < Ry for allt > I(R) and |z| < R.

Proof. First let us show that for any z € E, there will be 7 = 7(x) > 0 such
that |z7| < r. If that assertion is not true then there exists zo € E, such that
|xor| > r for all 7 > 0. Consequently, V(zo7) < V(zg) for all 7 > 0 and the
set ¥ = U{zo7r | 7 > 0} is bounded. Let by := sup{|zo7 | |7 > 0} and v =
inf{c(a) | r < a <bg} and we note that V/(zot) < —v, therefore

V(xot) < V(o) — vt (5.4)

for all ¢ > 0. The right hand side of (5.4) is negative for ¢ sufficiently large, but this
contradicts positive definiteness of V' on F,.. This contradiction proves the assertion
we need.

Let b(R) := sup{V(z) : z € E,,|z| < R}, M(R) := {z € E, | V(z) < b(R)}
and Ro := sup{|z| | © € M(R)}. According to condition 1. of the theorem the
set M(R) is bounded and, hence, Ry < 4o00. Let us show that |zt| < Ry for all
|z] < r and ¢t > 0. In fact, if |z| < 7, |xBz] = |zv| = v and |zt| > r for all
t €]8y, Vx|, then V(xt) < V(zf,) < b(R) and, hence, xt € M(R). From this it
follows that |zt| < Rg for all t €]8,,7,[ and |z| < 7, and therefore |zt| < Ry
for all ¢t > 0 and |z| < r. According to the proved above for any = € E, there
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will be 7(z) > 0 such that |z7| < r. Suppose v, := sup{t | z7 € E, for all
7 € [0,t]}, then |zv,| = r and |at| > r for all ¢ €]0,v,[. Let us notice that for
any R > 0 the set B(R) := {2t | x € F,,|z] < R and ¢ €]0,v,[} is bounded.
Indeed, V(zt) < V(x) < b(R) for all |x| < R and ¢ €]0,v,[, therefore zt € M(R).
According to condition 1. of the theorem the set M(R) is bounded. Let us show
now that L(R) := sup{v, | |x| < R} is finite for any R > 0. If the assertion is
not true, then there will be R > 0 and {x,} such that |z,| < R and v,, — +oc.
Suppose d(R) := sup{|z| | = € B(R)}. As the set B(R) is bounded, then we have
d(R) < 4+00. Suppose J(R) := inf{c(v) | » < v < d(R)} and let us notice that
Vi(xt) < —7 for all |z|] < R and t €]0,v,[ and, hence, V(zt) < V(z) — F(R)t. In
particular,

V(zpve,) < b(R) —F(R)vy, (5.5)

for all n. The right hand side of (5.5) is negative for n sufficiently large and this
contradicts the positive definiteness of V on E,.. From this contradiction it follows
that for every R > 0 the number L(R) > 0 and is finite. Now for finishing the proof
of the theorem it is sufficient to notice that |xt| < Ry for all || < R and t > L(R}]

Corollary 5.2 Let ((X,Tq,7),(Y,T2,0),h) be a non-autonomous dynamical
system and Ty = Ry. Assume that there is a function V : E — R which satis-
fies the following conditions:

(1) V is bounded on the bounded sets from E;
(2) V(z) > y1|z|™ — D1 (m1,D1,m > 0) for all x € E;
(3) Vi(z) < =2V (z) + D3 (2, D2 > 0) for all x € E.

Then there exists Ry > 0 such that for any R > 0 there will be [(R) > 0 for which
|xt] < Rg for all |x| < R and t > I(R).

Proof. This assertion follows from Theorem 5.3. To prove that it is sufficient to
notice that for |z| sufficiently large conditions 1.-3. of Corollary 5.1 guarantee the
fulfillment of the conditions of Theorem 5.3. (]

Corollary 5.3 Under the conditions of Theorem 5.3, if Y is compact and

(X, Tq,m) is asymptotic compact, then the non-autonomous dynamical system
(X, Ty,m),(Y,Te,0),h) is boundedly k-dissipativ.

Proof. This statement follows from Theorems 5.3 and 2.21. ]

Remark 5.1 The statement, analogously to Corollary 5.3, holds also for the
dynamical system with discrete time T1 = Z.
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Remark 5.2  Unlike Theorems 5.1 and 5.2 in Theorem 5.3 we do not demand the
continuity of the function V, but instead of that we impose certain condition on the
velocity of decreasing of the function V' along trajectories of the system (X, Tq, 7).
In additional, when T1 = Ry the completeness of the space is not necessary (in the
applications there are examples, when Y is a fortiori incomplete).

Theorem 5.4 Let (X, Ty,7),(Y,Te,0),h) be a non-autonomous dynamical
system, Ty = Ry, (X, Ty,7) be asymptotically compact and there is a continuous
function V : E — R satisfying the following conditions:

1. for all c € R the set {x € E| V(z) < ¢} is bounded;

2. along trajectories of the system (X, Tq,7) the function V is non-increasing, i.e.
V(xt) <V(x) for allz € E and t > 0;

3. there exists v > 0 such that V(zt) < V(x), if 7 € E, for all T € [0,t] and
t>0.

Then the non-autonomous dynamical system (X, Ty, m), (Y, Te,0),h) is locally k-
dissipative.

Proof. First let us notice that as V' is continuous, then in a point p € X there is
Cp € R and 6, > 0 such that V(z) < C), for any z € B(p,dp). According to the
condition 2. V(zt) < V(z) < C) for all z € B(p,d,) and ¢t > 0. According to the
condition 1. the set M, := X (B(p,d,)) = U{r'B(p, d,)|t > 0} is bounded and as
(X, Tq,m) is asymptotically compact, then there is a nonempty compact K, such
that the equality

, li+m B(rt M, K,) =0 (5.6)

takes place. Define K := {z € X | |z| < r}, where r > 0 is the number from the
condition 3. of the theorem. As Y is compact and as the fiber bundle (X, h,Y) is
locally trivial, then the set K is bounded. Let us notice that w, N K # () for any
point p € X. In fact, if this were not so, we should have a point py € X such that
wp, N K = 0. According to the equality (5.6) X := U{n'po | t > 0} is relatively
compact and, hence, wy,, # 0 is compact and invariant. The function p: Ry — R
defined by the equality wu(t) := V(pot) is continuous, bounded and monotone non-
increasing and, hence, there is tiigrnoo V(pot) = co. As V is continuous, we have

wp, € V7(ep). Let z € wp,, then V(zt) = V(z) = co for all t > 0. The last
contradicts condition 3. of the theorem. This contradiction shows that w, N K # 0
for all p € X. Let us show that as a matter of fact w, C K for all p € X. Indeed, if
it is not so, then there will be ¢y > 0 such that 7 € wy,, \ K for all 7 € [0, o] and,
hence, V(ztg) < V(z). On the other hand, reasoning as we do above, we will have
V(z) = ¢o for some ¢y € R and all € wp,. This contradicts the last inequality.
Thus Q@ C K, where Q := U{wp|p € X}, and, as Q is invariant and as (X, Ty, )
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is asymptotically compact, we conclude that 2 is compact and, hence, the system
(X, Ty, m) is pointwise k-dissipative. Taking into consideration (5.6) and Theorem
1.19 we conclude that the system (X, Tq,7) is locally k-dissipative. Theorem is
proved. O

Remark 5.3 a) From condition 3. it follows that level lines of the function V do
not contain w-limit points of the dynamical system (X, Ty, ).

b) Theorem 5.4 takes place for discrete dynamical systems, too, if condition 3.
is changed by the following: level lines of the function V' do not contain w-limit

points of the dynamical system (X, Ty, ).

Proof. For proving the last assertion let us notice that in conditions of Theorem
11.2 the set K is a weak attractor and that is why Q2 C K. Indeed, if this were not
s0, then we should have xy € E, such that wy, \ K # 0. Let p € w,, \ K, then there
exits co such that w,, € V~1(cp). Let ¢ = V(p), then ¢, = V(p) = ¢y and, hence,
p € V~Y(co) N E, Nw,,. The last contradicts the condition of the theorem. (]

Definition 5.1 ((X,Ty,7), (Y,Ts,0), h) is said to be bounded, if for arbitrary
R > 0 there is C'(R) > 0 such that |xt| < C(R) for all |x| < R and ¢t > 0.

Theorem 5.5 Let {((X,Ty,7),(Y,T2,0),h) be a non-autonomous dynamical
system, T1 = Ry and (X, Ty, 7) is asymptotically compact. If there exist r > 0
and a continuous bounded on the bounded sets from X function V : X, — R which
satisfies the following conditions:

1. for any c € R the set {x € E, | V(x) < ¢} is bounded;
2. if xT € B, for all 7 € [0,t], then V(xt) < V(x);
3. level lines of V' do not contain w-limit points of the dynamical system (X, Ty, 7).

Then the non-autonomous dynamical system (X, Ty, x), (Y, Te,0),h) is boundedly
k-dissipative and bounded, i.e. for any R > 0 there exists C(R) > 0 such that
|x] < C(R) for all || < R and t > 0.

Proof. Like in Theorem 5.3 the existence of C'(R) > 0 such that |zt| < C(R) for
allt >0 and x| <R (R>r) is proved.

Let us show that under the conditions of Theorem 5.5 the non-autonomous
system (X, Ty, 7), (Y,Ta,0), h) is boundedly k-dissipative. As ((X,Tq,n),
(Y, T3, 0), h) is bounded and asymptotically compact, then according to Lemma 1.4
Q(K7) # 0, is compact and attracts K7 := {z € E | |z| < r}. Suppose K := Q(K7)
and let us show that w, N K # @ for any x € X. If this were not so, we should
have o € X such that w,, N K = (. Under the conditions of Theorem 5.5 the set
¥ = {xot | t > 0} is relatively compact and, hence, w,, # () and is compact.
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Suppose d = p(wg,, K) > 0, then

Bk, 9y =g (5.7)

B L0y o
(Wao, 3 3

and there will be [ > 0 such that

d

n'Ki C B(K, g

) (5.8)
for all t > [. Let us show that zot ¢ K; for all t > tg, where t( is some nonnegative
number. If it is not so then there will be t,, — —+o0, such that x¢t, € K; and
according to (5.8) @o(t, + 1) € B(K, 4). We consider the sequence {zo(t, + ()} to
be convergent. Suppose p = nErfm zo(tn + 1), then p € w,, N B(K, $). The last
contradicts (5.7), and it proves the assertion we need. Further, reasoning like in
Theorem 5.1 we will have that for some cg € R the set w,, NV "1(co) # 0. The last
contradicts condition 3. of the theorem. The contradiction shows that w, N K # ()
for all z € X. As the dynamical system ((X,Tq, ), (Y, T2,0),h) is bounded and
asymptotically compact, then (X, Ty, ) satisfies the condition of Ladyzhenskaya.
Now for finishing the proof of Theorem 5.5 it is sufficient to refer to Theorem 2.20.
Theorem is proved. O

Remark 5.4 a) The condition 1. of Theorem 5.5 is equivalent to positive defi-
niteness V. on X, and to its boundedness on bounded subsets from X;

b) The assertion which is the opposite to Theorem 5.5 takes place and can be
proved like Theorem 5.1.

¢) Lemma 5.1 remains correct if the condition of complete continuity of
(X, Ty,7) is changed by the condition of Ladyzhenskaya. That is why Theorem
5.5 is correct in the case when condition 3. is changed by the following: level lines
of the function V' do not contain w- limit points of the dynamical system (X, Ty, ).

d) Theorem 5.5 remains valid if conditions 2. and 3. are changed by the follow-
ing: if T € E, for all T € [0,t] (t > 0), then V(xt) < V(x), and it can be proved
like Theorem 5.2.

e) Theorem 5.5 takes place for discrete dynamical systems if the function V' is
defined on the whole space and condition 2. takes place for allt > 0 and x € F.
For autonomous systems with discrete time this assertion is contained in [174).

5.2 Some criterions of dissipativity of differential equations

1. Let E™ be n-dimensional Euclidean space, | - | is the norm on E™ generated by
the scalar production of (-,-). Consider the differential equation

i = f(t,u), (5.9)
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where f € C(R x E™, E™) is a regular function. Along with equation (5.9) let us
consider its H-class

o= f(t,v) (9€H(S)): (5.10)

As it was mentioned above, the equation (5.9) naturally generates a non-
autonomous dynamical system (see example 3.1). Applying to it the results con-
cerning general non-autonomous dynamical system we obtain a series of statements
about the equation (5.9). From theorems 5.1, 5.2, Lemma 5.1 and Corollary 5.1
follow Theorems below.

Let > 0 and EF :={u € E" | |u| > r}.

Theorem 5.6 Let H(f) be compact. For the equation (5.9) to be dissipative
it is necessary and sufficient that would exist r > 0 and continious function V :
H(f) x E' — Ry satisfying the conditions:

(1) V(g,v) > a(|v]) for allv € E* and g € H(f), where a € A and ImV C Ima;

(2) if |o(T,v,9)| > r for all T € [0,t] then V(gi, o(t,v,9)) < V(g,v) (g€ H(f));

(3) the lines of the level of the function V' do not contain positive semitrajectories
of equation (5.10).

Theorem 5.7 Let H(f) be compact. For the equality (5.9) to be dissipative it
is necessary and sufficient that there would exist r > 0 and a continious function
V: H(f) x E* — Ry, satisfying the following conditions:

(1) V(g,v) > a(|v]) for allv e E* g€ H(f), where a € A and ImV C Ima;
(2) if lp(r,0,9)| = 7 for all 7 € [0,¢] then V(gs, ¢(t, v, 9)) < V(g,v) (9 € H(f))-

Theorem 5.8 Let H(f) be compact. Then the following conditions are equivalent:

1. the equation (5.9) is dissipative;

2. there exists a number r > 0 possessing the following property: for everyv € E™
and g € H(f) there exists T = 7(v, g) > 0 such that, |o(T,v,9)| <r;

3. there exists such number Ry > 0 that tLieroo inf [p(t,v,g9)] < Ry for allv € E™
and g € H(f);

4. there exists a number Ry > 0 and for every R > 0 there is [(R) > 0, such that
lo(t,v,9)] < Ro for allt > I(R), |v| < R and g € H(f).

Proof. The statement formulated above follows from Theorems 2.19 and 3.1. In the
case when f is periodic the equivalence of the conditions 1., 2. and 4. is established
in [270]. The equivalence of the conditions 1. and 2. for nonperiodic equationsis
established in [163]. O

Definition 5.2 We will say that the function F € C(R x E™, E™) satisfies the
local condition of Lipschitz v € E™ uniformly on ¢ € R or just satisfies the condition
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of Lipschitz if for every r > 0 there exists L(r) > 0 such that |F(¢,u1) — F(t,u2)| <
L|uy — ug| for all t € R and uq, us € B[O, 7].

Theorem 5.9 Let f € C(R x E™, E™) satisfy the condition of Lipschitz, H(f)
be compact and let exist R > 0 and continuous differentiable function V € C(R x
E" R.) satisfying the following conditions:

a. V satisfies the condition of Lipschitz;

b. a(Jul]) <V (t,u) <b(|u|) (a,beU, Ima=Imb, tcR andu € E*);

c. My C My NMav N Myraa,v (where My := {tn} : {ft,} is convergent } and
by analogy for My, zm% and Mgrad,v);

. oV '

d. Vi(t,u) == E(t,u) + (grad,V, f(t,u)) <0 (t € R and u € E);

e. whatever would be (V,g) € H(V, f) := {(V;, f;) : T € R} the lines of level of
the function V' do not contain positive semi-trajectories of the equation (5.10)
lying out of the ball B0, r].

Then the equation (5.9) is dissipative.

Proof. We will execute the proof in few steps.
1. Let g € H(f). There exists {t;} C R such that f;, — g. Since My C My,

the sequence {V4, } is also convergent. Assume V := i lim V4, . From the conditions
— 400

a.— e. follows that the function V satisfies the condition of Lipschitz, YN/g(t,v) =
%—‘t/(t,v) + (grad,V, g) < 0 and besides a(|v]) < V(t,v) < b(|v|) for all v € E™ and
teR.

2. Let v € E and g € H(f). Denote by ¢(-,v,¢) the solution of the equation
(5.10) passing through the point v for ¢ = 0. Let us show that this solution is
extendable to the right onto the whole semi-axis R;. Obviously, for this it is
sufficient to show that it is bounded on the whole domain of its existence [0,t,].
Let R = R(r) > 0 be such that a(R) > b(r), T1(v) := {t € [0,t,]: |o(t,v,9)] <
r} and Ta(v) := [0,%,[\ T1(v). It is clear that Ty(v) is open and, consequently,
To(v) = Ulta,ts] (8 = B(a)). For every ¢t € To(v) there exists o such that

«
t€ltastsl, o(tasv,9)] = o(tssv,9) = 7, |o(t,v,g)| > 7 and, consequently,

a(e(t,v,9)l) < V(t, o(t,v,9) < V(ta, ¢lta, v, 9))

< b(le(ta,v,9)]) = b(r) < a(R) (5.11)
From the inequality (5.11) follows that |p(¢,v, g)| < R and we have
Sup{|<p(t,v,g)| ite [07tv[} <o = max(r, R(T))

Since f € C(R x E™, E™) satisfies the condition of Lipshitz, it is regular.
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3. Let ((X,Ry,7),(Y,Ry,0),h) be a non-autonomous dynamical system gener-
ated by the equation (5.9). Define on X, := E x H(f) a function V : X,, — R, by
the equality V(v,g) = ‘7(0, v) where V is the function defined in the point 1. Note
that the function V(:, g) is defined uniquely by g € H(f) in virtue of the inclusion
My C Ny

4. Show that the introduced in the previous point function V satisfies all the
conditions of Corollary 5.1. Let us establish its continuity on X, = E” x H(f). Let

g — g and vy — v ((vg, gx) € EF x H(f)). Then

V(vk, gk) = V(v, 9)| < [V(0r, gk) = V(v, gr)] (5.12)
+V(0,9) = V(v,9)| < Lgr(R)|vx — v+ V(v 9%) = V(v,9)];

where Lg, (R) is the constant of Lipschitz for V (-, gx) on B(0, R) and R := sup |vg|.
keN

Since Lg, (R) < Ly(R) for all g € H(f) (see, for example, [95]) and M, C My,
V(v,gr) — V(v,g) and passing to limit in (5.12) with ¥ — 400 we establish the
continuity of V' in the point (v, g) € X,.

Other conditions of Corollary 5.1 under the conditions of the theorem are obvi-
ously fulfilled. To finish the proof it is sufficient to refer to Corollary 5.1. ]

Note, that in the case of periodicity of f the statement of Theorem 5.9 reinforces
Theorem 2.5 from [270].
2. Consider the linear homogeneous equation

= A(t)u, (5.13)

where A € C(R, [E"]) and [E™] is the set of all linear operators A: E™ — E™. By
U(t, A) we denote the operator of Cauchy of the equation (5.13). Along with the
equation (5.13) we will consider the perturbed equation

uw=Alt)u+ F(t,u) (FeCRxE"E™)). (5.14)
The following theorem takes place.

Theorem 5.10 For the equation (5.14) to be dissipative the fulfillment of the
following condition is sufficient:

(1) the function F' satisfies the condition of Lipschitz;
(2) HAF):={(A;,F;) : T € R} is compact in C(R,[E"]) x C(R x E™, E™);
(8) there exist positive numbers N and v such that

|Ut, AU (7, A)|| < Ne7" =D (¢ > 7); (5.15)

(4) |F(t,u)] < A+elul (Vu € E", t € R) where A >0 and 0 <e < gy < vN~2.
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Proof. Let (B,G) € H(A, F). Define Wg € [E"] by the equality
+oo
Wy = / U* (7, B)U(, B)dr. (5.16)
0

From (5.15) and (5.16) follows that |[[Wg|| < N?(2v)~!. Denote by a :=
sup{||A(t)|| : t € R} and note that

|u| =|U (=7, B:)U(7, B)u| < e*"|U (T, B)ul|.

From this
+oo +oo 1
(Wi, u) = / \U(r, B)ul2dr > /6_2‘”|u|2d7': o lul®
a
0 0

So, we established the following inequality

1 N2
%|u|2 < (Wpu,u) < EMZ (u€ E™, B e H(A)).

Let YV := H(A, F), (Y,R,0) be the dynamical system of shifts on Y, X := E™ x
Y and 7'(v; B,g) = (p(t,v,B,9); Bt,g:) (v € E", (B,G) € H(A,F)), where
(-, v, B, G) is the solution of the equation

o = Bty + G(t,v), (5.18)

passing through the point v as ¢t = 0. Let us consider a non-autonomous dynamical
system ((X,R,7), (Y,R,0),h) where h := pro : X — Y. Define on X a function
V : X — R, by the following rule:

V(v; B,G) := (Wpv,v) (5.19)

forallv € E™ and (B, G) € H(A, F). Note that this function possesses the following
properties:

1 N?
a. 5o < V(i B.G) < 5[l (v € B", (B,g) € H(AF)).
b. V is continuous.

In fact, if vy — v and (B, G) — (B, G) then

|V (vk; B, Gi) — V(v; B,G)| = {Wg, vk, vk) — (Wpv,v)| (5.20)
= [(Wg, (vk — v),v%) + (Wa,v, v, —v) + {(Wp, — Wg)v,v)|

N2 N2
< E|Ul~c||vk — v+ EWHU — vp| + [|Wg, — Wa||[v|*.

From the inequality (5.20) we can easily see that for V' to be continuous it is sufficient
to show that ||[Wp, — Wg|| — 0 if By — B. Let us establish the latter. From (5.16)
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follows that Wp is a self-conjugate operator. That is why

[[Wg, —Wg|| = ‘Slllp {(Wg, — Wg)v,v)| < (5.21)
v|=1
“+o00 1
< / sup ||[U (7, By) — U(r, B)Jv|[2dr — / sup |[U(r, Bx) — U(r, B)Jv|2dr
[v]<1 0 [v]<1
—+o0
+/ sup |[U(r, By) — U(r, B)|v|*dr < sup ||U(r,Bi) — U(r, B)||*l
o<1 0<r<t

+oo
+2/(IIU(T,Bk)H?+||U(T,B)II2)dT~
l

From (5.15) follows the inequality ||U(7,B)|| < Ne "7 for all 7 € Ry and
B € H(A) (see [51, p.70]). Hence, from (5.21) we obtain

2N?2
[|Wg, — Wzl < sup ||[U(r, By) — U(r, B)||*1 + Te*%l. (5.22)

Passing to limit as & — +oo and taking in consideration that the first term in the
right hand side of (5.22) vanishes with any fixed [ > 0 we establish that
limsup |[|Wp, — Wg]| < we*%l. (5.23)
k—+o00 v
In this case (5.23) takes place for all I > 0. Making | — 400 and taking in
consideration that the left hand side of the equation (5.23) does not depend on [
we will obtain the result needed. So, the continuity of V is established.
c. Let now |p(T;v,B,G)| > r (r > N?A(v — egN?)71) for all 7 € [0,¢]. Then
Vp(t;v, B,G), B, G;) < V(v; B,G). To establish this inequality we calculate the
derivative of the function

V(T) = V(QO(T;’U7B7G)7B7'7GT) = <WB¢(T;’07B7G)7§0(T;’U7B7G)>

in 7 € R. By standard reasoning, taking into account the identity

diWBT + B*(r)Wp, + Wi, B(r) = —E (5.24)
=

(E is the unit operator in E™), we have

div((p(T;vaBaG)aBT7GT) = _|¢(T;’U7B7G)|2+
T

2R6<G(Ta (p(Ta v, Ba G))’ WBT @(7—7 v, Bv G)>

(5.25)
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From (5.25) we obtain

d
—V(p(r;v,B,G), Br, Gr) < —|p(r;v, B, G)|?

N2
+ = om0, B, G)I(A + eolp(ri 03 B,G)))

N? NZ241
S |SD(T;/U7B5G)|2(71+EOT+ -

).

From this follows that V(p(¢;v, B,G), Bt,G:) < V(v, B,G). In the same way
as in Theorem 5.9 we prove the possibility of non-local extension to the right of

vor

all the solutions of the equation (5.18); their uniqueness follows from the condition
of Lipschitz for F. To finish the proof of the theorem it is sufficient to refer to
Theorem 5.9 (see also Theorem 5.2). O

Remark 5.5 a. Theorem 5.10 coincides with Theorem 3.21, which is obtained
with the help of a set of a priori estimations. However, Theorem 3.21 takes place
also for the equations defined in some Banach space.

b. Theorem 5.11 remains valid also in the case when we replace the condition
4. by: |[F(t,u)] < A+ Blu|* (Yu € E", t € R) where A and B are some positive
numbers and 0 < a < 1. We ezecute the proof of this statement by the same scheme
that Theorem 5.10 choosing r such that the condition r > roy would take place, where
ro s the solution of the equation Ar—' 4+ Bro~! = p2N—2,

c. Note that the statement of the point b., generally speaking, does not take place
if o > 1. This is proved by the example & = —x + x3.

Theorem 5.11 Let f € C(R x E™, E™) satisfies the condition of Lipschitz, H(f)
be compact and let exist A € C(R, [E™]) satisfying the following conditions:

L cmanm, (A= 20,

2. A(t) = A*(t) and oful* < (A(t)u,u) < Blul> u € E™ for all t € R and
a, 3 >0;

3. {(A(tyu,u) <0 (u€ E", teR);

4. there ezists T > 0 such that Re{A(t)u, f(t,u)) < —(|u|) for allu € E* t € Ry
where y(s) >0 as s > r.

Then the equation (5.9) is dissipative.

Proof.  According to Theorem 5.9 the function f is regular. Let <(X SRy, m),
(Y,R,0), h) be a non-autonomous dynamical system generated by the equation (5.9)
(see example 3.1) and g € H(f). There exists {t,} € M, such that g = kliI_iI_l fes
and under the conditions of the theorem {A, } is convergent. Denote its limit
by Bg. We define now on X, := E x Y a function V by the following rule:
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V(v,9) = (Bgy(0)v,v) for every v € E and g € H(f). Note that By is defined
uniquely because My C M 4. The continuity of V' is proved in the same way that
in Theorems 5.7 and 5.8.

Let now |¢(7,v,g)| > r for all 7 € [0,¢] (¢ > 0). Let us calculate the derivative
of V(¢(7,v,9),9-) in 7 € R. For this note that from the inclusion Mty C M4 NN,
follows the equality

e (p(r,,9),97) = S-(B()p(r, v, ), 6(r,v.9)) (5.26)

= (B(n)p(1,v,9), (1,0, 9)) + 2Re(B(7)e(7,v,9), g(7, (7, v,9)))-
From the conditions 1.—4. of the theorem we obtain
<B(t)v,v> <0 and Re(B(t)v,g(t,v)) < —(|v]) (5.27)

for all v € E', B € H(A), t € R and g € H(f). From (5.26) and (5.27) follows

d
that ——V(p(7,v,9), 9r) < =2(|¢(7,v,9)]), hence, V(p(7,v,9),9-) < V(v,9) for
allv € E and g € H(f). To finish the proof it is sufficient to refer to Corollary 5.2
and Theorem 5.2. O

Corollary 5.4 If the equation (5.9) is T-periodic and the conditions of Theorem
5.9 are fulfilled then the equation (5.9) has at least one T-periodic solution.

The particular case of Corollary 5.4 is announced in the work [192].

Corollary 5.5 Let a; € C(R,R). If H(a;) is compact (i = 0,2n+1) and
aon+1(t) < —a (a > 0) for all t € Ry then the equation

0(t) = ag(t) + a1 (t)v + -+ + agpyp 0"t (5.28)

is dissipative.

Proof. The formulated statement follows from Theorem 5.9. For this it sufficient
to take as A(t) a unit operator and to notice that

(A, f(t,v)) = v(ao(t) + ar(t)v + -+ - + agn41 (0?1 =

2042 am(t) | aolt) ) _ @ ony2
v (a2n+1(t) t— Tt o) S v

for all |u| > r and ¢t € R and when r > 0 is big enough. O

Corollary 5.6 If functions a; (i € 0,2n+ 1) are T-periodic and az,41(t) > 0 for
all t € [0, 7[ then the equation (5.28) has at least one T-periodic solution.
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Note that in the case when ag,41(t) < 0 (¢ € [0,7]) according to Corollary 5.6
the equation (5.28) is dissipative and, consequently, by Theorem 2.3 from [270] it
has at least one T-periodic solution. The case agn41(t) > 0 (¢ € [0,7]) is reduced
to the previous one by the replacement of ¢ by —t.

In the case when as,+1 = 1 Corollary 5.6 coincides with the result established
in [270, p.126).

Corollary 5.7 Let f = (f1,f2,.--,fn) € C(R x E™, E™) be continuously dif-

ofi —

ferentiable. If 8f < —-m < 0 (i € 1,n), H(f) is compact and functions
z;

filt,x1, 22, ..., 2i-1,0,%iq1,...,%,) are bounded, then the equation (5.9) is dissi-

pative.

Proof. From the equality

z;
Of:

fi(t,:cl,xg,...,xn):/6—ﬂ(t,x1,x2,...,xn)d:ﬂi
;

0

+fi(t,1171,1172,...,$i71,07$i+1,...,$n),

in the conditions of Corollary 5.7 follows that for all x € R™ the inequality
zifi(t, w1, 22,. .., 2,) < —max? + M|x;| holds, hence,

(@ F(2)) = 3" aufi(t, ) < —mlaf? + Mnfal < o’

i=1
2Mn . . .
for all ¢ € R and |x| > ——. According to Theorem 5.6 the equation (5.9) is
m
dissipative. O

Note that in the case of periodicity of f Corollary 5.7 is well known [270]. When
f is not periodic the statement close to Corollary 5.7 is established in [264] with
some additional restrictions on f.

Theorem 5.12 Let the condition of uniqueness be fulfilled for every equation
(5.10) with g € Xy := {f; : 7 € R}. For the disiipaivity of the equation (5.9)
there is sufficient existence of a function V : R x E" — Ry (r > 0) satisfying the
conditions:

(1) V satisfies the condition of Lipschitz;

(2) a(ju|) < V(t,u) <b(Ju]) (a,beA, Ima=Imb) when u € E;

(3) Vi(t,u) := limsup 7~ [V(t +ru+T7f(tu) — V(t,u)] < —c(|u|) for u € ET,
710

where ¢ : Ry — Ry is continuous and c(s) >0 as s > r.
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Proof. In the same way as in Theorem 5.9 we can show that the solution ¢(-, u, f,)
of the equation (5.10) (¢ = f,) passing through v as t = 0 is extendable to the
right onto the whole semi-axis R;. Assume Y := X; and by (Y,R,0) denote
the dynamical system defined by the following rule: wt(u, f;) := (@(t,u, f), fr1t)
forall 7 € R, v € E™ and t € R;. Define on X, := E xY a function V
by the equality V(u, f,) := V(r,u). Then V(r'(u, f7)) = V(o(t,u, f+), frer) =
Vit + 70t u fr) = V(s,o(s — 1yu, fr) = V(s,x(s;u,7)) (s = t+ 7) and,
consequently,

Vr(u, fr) = 1tilrglsupt_1[V(7rt(u f)) = V(u, fr)]
= Slirriosup(s —7)" [V(s,x(s u, 7)) — V(r,z[t;u,7))]
Vi(

= Vi(r,2(m;u,7) = Vi(r,u) < —c(lul)  (Jul > 7).

According to Theorem 5.3 the non-autonomous dynamical system <(X7 Ry, ),
(YR, 0), h> (h=prs : X —Y) is dissipative and, consequently, there exist R > 0
and [(u, ) > 0 such that |o(t,u, fr)| < R for allu € E™, 7 € R and ¢ > l(u, 7). As
it is in [137] we can show that the number [(u, ) > 0 can be chosen not depending
on 7 € R. Reasoning in the same way that in the proof of Lemma 3.1, we obtain
that the equation (5.9) is dissipative. O

Note that Theorem 5.12 makes precise the known theorem of T. Yoshizava
[137],[325]-[326].

5.3 Theorem of Barbashin—Krasovskii for non-autonomous dynamical
systems

The ideas and methods that we applied studying dissipative system in first two para-
graphs of Chapter 5 allow formulating and proving of a series of statements about
the stability of non-autonomous dynamical system and, in particular, generalizing
of the known theorem of Barbashin-Krasovskii [21] on asymptotic stability.

Let (X,h,Y) be a finite-dimensional vectorial bundle fiber, ((X,Ty,n),
(Y, Ts,0), h) be non-autonomous dynamical system, 6, € X, := h~'(y) be a null
element (|0y| = 0) and © := {0, | y € Y} be a null section of the vectorial bun-
dle fiber (X, h,Y). Below we will suppose that the null section © is invariant, i.e.
O C X is an invariant set of the dynamical system (X, Tq, 7).

Definition 5.3 the null section © is called uniformly stable if for every ¢ > 0
there exists d(¢) > 0 such that y € Y, z € X, and |z| < 0 implies |zt| < ¢ for all
t > 0.
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Definition 5.4 If © is uniformly stable and . 1iI+Il |zt] = 0 for all x € X, then
the null section is called globally uniformly asymptotically stable.

Theorem 5.13 Let Y be compact. For the null section © to be globally uniformly
asymptotically stable it is necessary and sufficient that there would exist a continuous
function V : X — Ry satisfying the following conditions:

1. V(z) > a(|z]) for allz € X, V(0,) =0 for ally € Y and Ima = ImV, where
a e

2. V(xt) <V(z) for allz € X and t > 0.

3. the lines of level of V' do not contain non-null w-limit points of the dynamical
system (X, T, x).

Proof. Sufficiency. Let the conditions of the theory be satisfied. Show that the
null section © is uniformly stable. Suppose that it is not true. Then there exist
€0 >0, |xn| <0, §, | 0 and ¢, > 0 such that

|Tntn| > €o. (5.29)

On the other hand, 0 < a(|znty]) < V(zptn) < V(z,) — 0 as n — 400 and,
consequently, |x,t,| — 0. The last contradicts to the equality (5.29).
Now let us show that , lirj_a |xt] = 0 for all x € X. Really, if we suppose the

contrary then there exists zo € X (|xo| # 0) such that limsup |zot| > 0, i.e. there
t——+o0

exist eg > 0 and t,, — +oo for which
|1‘0tn| > £0- (530)

Note that X} is relatively compact. In fact, a(lzot]) < V(xzot) < V(zo) and,

consequently, |zot| < a=!'(V(x0)) for all t > 0. So, the sequence {zot,} can be
considered convergent. Assume Z := lim xot,, then & € w,,. Reasoning in the

n—-+4oo

same way that in Theorem 5.1 we can show that there exists ¢ > 0 for which
V(z) = cfor all © € wy,. Since T € wy, and £ = lim zot,, from (5.30) follows

n—-+o0o

that |Z| > 0, hence ¢ = V(%) > a(|Z|) > 0. So, the lines of level of the function V
contain non-null w—limit points. This contradicts to the conditions of the theorem.
The global uniform asymptotic stability of the null section is proved.

Necessity. Let the null section © be globally uniformly asymptotically stable.
Let V : X — R be the function, defined by the equality (5.1). Directly from the
definition of V follows that it satisfies to the conditions 1. and 2. of the theorem.
We will show that it is continuous. For that we note that under conditions of
Theorem the non-autonomous system ((X, T1,7), (Y, Tz,0), k) is dissipative. Now
we will show that J C ©, where J is the center of Levinson of (X, Ty, 7). Indeed, if
x € J then according to Theorem 1.2 the semi-trajectory ¥ can be extended to the
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left, i.e. there exists a continuous mapping ¢ : S — J such that 7t¢(s) = ¢(t + )
for all t € Ty, s € S and p(0) = x. Since J is compact, the set of a—limit points
o, of the motion ¢ is not empty, compact and invariant. Obviously, a,, N© # ()
and, consequently, there exists ¢, — —oo such that |p(t,)] — 0. Let € > 0 and
d(e) > 0 be chosen out of the condition of the uniform stability of ©. Then for n
big enough we have |¢(t,)| < § and, consequently, |t'o(t,)| = |o(t + t,,)] < € for
all ¢ > 0. In particular, |z| = |¢(t, — ts)| < €. And since ¢ is arbitrary, we have
2] =0, i.e. J CO.
We will show now that for every r > 0 the following equality takes place

lim sup |xt| = 0. (5.31)
b= He0 |z <r
Suppose that it is not so; then there exist g > 0, rg > 0, |z,| < ro and ¢, — 400
such that

|Zntn| > e0. (5.32)

In virtue of dissipativity of the system ((X, T1,7), (Y, T2, ), h) the sequence {z,t,}
can be considered convergent. Assume xy := lim x,t, and note that x¢ € J,

n—-+o0o

hence |zg| = 0. The last contradicts to (5.32). So, the equality (5.31) takes place.
The continuity of V is established literally repeating the reasoning of Theorem 5.1
when instead of (5.2) we use the condition (5.31).

As for the 3rd condition, we verify it in the same way that in Theorem 5.1. The
theorem is proved. O

Note that Theorem 5.13 is valid if we replace X by some tubular neighborhood
U-:={zxe X : |z| <r} (r>0) of the null section ©.

Definition 5.5 The null section © is called uniformly asymptotically stable if it
is uniformly stable and there exists r > 0 such that . lirll |zt| = 0 for all z € U,.

If we slightly change the proof of Theorem 5.13, we can prove the following
theorem.

Theorem 5.14 Let Y be compact. For the null section © to be uniformly asymp-
totically stable it is necessary and sufficient that there would exist v > 0 and a
continuous function V : U, — Ry satisfying the following conditions:

(1) V(z) > a(|z|) for allz € Uy, V(0,) =0 for ally € Y;

(2) V(xt) <V(x) if x7 € U, for all T € [0,];

(8) the lines of level of V' do mot contain non-null w-limit points of the dynamical
system (X, Ty, 7).
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Remark 5.6 As well as in Lemma 5.1 we can show that in Theorem 5.14 the
condition 3. can be replaced by the following one: the lines of level of the function
V' do not positive semi-trajectories of the dynamical system (X, Ty, ).

At last note that the following theorem takes place.
Theorem 5.15 For the null section © would be uniformly stable it is necessary

and sufficient that there would exist r > 0 and a function V : U, — Ry satisfying
the following conditions:

1. V(z) > a(|z|) for all x € U, and |lilmoV(:lc) =0;
2. V(xt) <V(x) if xr € U, for all T € [0,1].

Proof. Sufficiency. Let us show that the null section is uniformly stable. Suppose
that it is not so. Then there exist eg > 0 (g < 7), 0, 1 0, |2,| < &, and ¢, >0
such that x,7 € U, for all T € [0,¢,] and

|Zntn| > €o.
Note that
aleg) < al|zntn]) < V(@ntn) < V(zy). (5.33)

Passing to limit in (5.33) as n — 400, we obtain a(eg) < 0 and, consequently,
o = 0. The last contradicts to the choice of €. So, the uniform stability of © is

proved.
Necessity. Let © be uniformly stable. For g9 = 1 select dg = d(eg) > 0 (dp < 1)
out of the condition of the uniform stability of ©. Assume r := §y and define

V : U, — R4 by the equality (5.1). It is easy to see that the function V is the one
in question, i.e. it satisfies the conditions 1. and 2. of Theorem 5.15. The theorem
is proved. O

Remark 5.7 By the conditions of Theorem 5.15 the function V, generally speak-
ing, is not continuous, unlike the case in Theorems 5.18 and 5.14.

From the theorems given in this section we can get the corresponding statements
for the equation (5.9). Let us previously bring the following definitions.
Let f(t,0) = 0 and the function f € C(R x E™, E™) be regular.

Definition 5.6 We will say that the null solution of the equation (5.9) is uniformly
stable if for every € > 0 there exists d(¢) > 0 such that g € H(f), |v| <  implies
lp(t,v,g)] < e forallt>0.
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Definition 5.7 If the null solution of the equation (5.9) is uniformly stable and
there exists v > 0 such that , liI+n lo(t,v,g)| =0 for all g € H(f) and v € B(0,7),

then the null solution of the equation (5.9) is called uniformly asymptotically stable.

Definition 5.8 The null solution of (5.9) is globally uniformly asymptotically
stable if it is uniformly stable and |¢(¢,v,9)| — 0 as t — +oo for any g € H(f) and
ve b

Note that from the results of the works [8],[291] follows the equivalence of the
standard definition of the uniform stability (global uniform asymptotic stability)
and of the one given above.

From Theorems 5.13, 5.14 and Remark 5.6 follows the theorems below.

Theorem 5.16 Let H(f) be compact and f(t,0) = 0. For the null solution of the
equation (5.9) to be globally uniformly stable it is necessary and sufficient that there
would exists a continuous function V : H(f) x E™ — R satisfying the following
conditions:

(1) V(g,v) > a(|v]) for allve E™, V(g,0) =0, g € H(f) and Ima = ImV where
a €U

(2) V(gr,(7,0,9)) < V(g,v) for all g € H(f),v € E™ and 7 > 0;

(8) whatever would be the function g € H(f), the lines of level of the function V do
not contain positive semi-trajectories of the equation (5.10) excepting the trivial
one.

Theorem 5.17  Let H(f) be compact and f(t,0) = 0. For the null solution of the
equation (5.9) to be uniformly asymptotically stable it is necessary and sufficient
that there would exist a continuous function V : H(f) x B[0,79] — Ry satisfying
the following conditions:

(1) V(g,v) > a(|v]|) and V(g,0) =0 for allg € H(f) and = € B[0,r¢], where a € A;

(2) V(ge,o(t,v,9)) < V(g,v) if o(t,v,g9) € Bl0,ro] for all T € [0,¢];

(8) whatever would be the function g € H(f), the lines of level of the function V do
not contain positive semi-trajectories of the equation (5.10) excepting the trivial
one.

From Theorems 5.16 and 5.17 we can get the sufficient conditions of asymptotic
stability suitable for the applications.

Theorem 5.18 Let H(f) be compact, f(t,0) =0 and let there be a continuously
differentiable function V € C(R x E™ R, satisfying the conditions:

(1) a(lu]) < V(t,u) <b(Ju|]) (a,b €A, Ima=Imb) for allt € R and u € E™;
(2) mf Q SDTV mm% ﬂmgraduv;
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. 0

(3) Vi(t,u) = EV(t,u) + {grad,V,f) <0 (teR, ueE");

(4) whatever would be the function g € H(f), the lines of level of the function V do
not contain positive semi-trajectories of the equation (5.10) excepting the trivial
one.

Then the null solution of the equation (5.9) is uniformly asymptotically stable in
general.

Theorem 5.19 Let r > 0, H(f) be compact, f(t,0) = 0 and let exist a con-
tinuously differentiable function V. € C(R x B[0,7],Ry) satisfying the following
conditions:

(1) a(jul) < V(t,u) <b(Ju]) (a,beA) forallt € R and x € B[O, 7];

(2) gﬁf C My N Sﬁ%_\: N Sﬁgmduv;

(3) Vi(t,u) = %V(t,u) + (grad,V(t,u), f(t,u)) <0 (tER, ue E");

(4) whatever would be the function g € H(f), the lines of level of the function V do

not contain positive semi-trajectories of the equation (5.10) excepting the trivial

one.

Then the null solution of the equation (5.9) is uniformly asymptotically stable.

Proof. The proof of Theorems 5.18 and 5.19 is constructed after the same pattern
as that in Theorem 5.9. g

Statements similar to Theorem 5.19 have been obtained in the works [4],[193].

5.4 Equations with convergence

1. Let us give the criterions of the convergence of the nonlinear equation (5.9) re-
sulting from Theorems 2.7, 2.12 and 2.13, Corollary 2.2 and Theorems 2.16 and 2.17
by applying the last theorems to the non-autonomous dynamical system generated
by the equation (5.9).

Theorem 5.20 Let f € C(Rx E™, E™) be recurrent w.r.t. t € R uniformly w.r.t.
u on compacts from E™ [300]. For the equation (5.9) to be convergent it is necessary
and sufficient that the following conditions would be satisfied:

(1) the equation (5.9) has at least one bounded on Ry solution;

(2) tEIJPoo lo(t,v1,9) — p(t,v2,9)] =0 for all g € H(f) and v1,v2 € E™;

(3) for every e > 0 and r > 0 there exists 6 = d(e,r) > 0 such that |v1 — ve| < ¢
(lv1l, |va| < &) implies |@(t,v1,9) — ©(t,v2,9)| < & for allt >0 and g € H(f).
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Note that in the case of almost periodicity of the function f Theorem 5.20
generalizes and refines the criterion of almost periodic convergence of V.I.Zubov
(336].

Theorem 5.21 Let f € C(Rx E™, E™) be recurrent w.r.t. t € R uniformly w.r.t.
u on compacts from E™. For the equation (5.9) to be convergent it is necessary and
sufficient that the following conditions would be fulfilled:

1) the equation (5.9) has at least one bounded on Ry solution;
2) whatever would be g € H(f) and v € E™, the solution ¢(-,v,g) of the equation
(5.10) is asymptotically stable.

In the case of periodicity of the function f Theorem 5.21 coincides with the
theorem of N.N.Krasovskii-V.A.Pliss [270].

Theorem 5.22 Let f € C(Rx E™, E™) be recurrent w.r.t. t € R uniformly w.r.t.
u on compacts from E™ and the equation (5.9) be dissipative. For the equation (5.9)
to be convergent it is necessary and sufficient that there would exists a continuous
function V : H(f) x E™ x E™ — R satisfying the following conditions:

1) V is positively defined, i.e. V(g,v1,v2) =0 (g € H(f) and v1,v2 € E™) if and
only if v1 = vg;

2) V(ge, p(t,v1,9),0(t,v2,9)) < V(g,v1,v2) for allt > 0, vi,v2 € E"™ and g €
H(f);

3) Vg, p(t,v1,9),0(t,ve,9)) = V(g,v1,v2) for allt > 0 if and only if v1, vy € E™.

In the case of the periodicity of the function f Theorem 5.22 coincides with
Theorems 7.2 and 7.3 from [270].

Theorem 5.23 Let f € C(R x E™ E™) be recurrent w.r.t. t € R uniformly
w.r.t. u on compacts from E™ and let the equation (5.9) be dissipative. For the
equation (5.9) to be convergent it is necessary and sufficient that there would ezist a
continuous function V : H(f) x E™ x E™ — Ry satisfying the following conditions:

(1) V is positively defined;
(2) V(ge,o(t,v,9),p(t,v2,9)) < V(g,v1,v2) for allt >0, g € H(f) and v1,v2 €
E™, vy # va;

2. Let E be a Banach space with the norm | - | and [E] be the Banach space of
all linear bounded operators acting from E to F and equipped with the operational
norm.

Consider linear non-homogeneous equation

W= A(tyu+ f(t), (5.34)
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where A € C(R,[E]) and f € C(R,E). Along with the equation (5.34) we will
consider the corresponding homogeneous equation

= A(t)u (5.35)

and denote by U (t, A) the Cauchy operator of equation (5.35).

In this paragraph we will suppose that the sets H(A) and H(f) are compact
in C(R, [E]) and C(R, E) respectively, though some of the statements given below
take place even without this condition.

Lemma 5.2  For the equation (5.84) to be convergent it is necessary and sufficient
that there would exist positive numbers N and v such that

|Ut, AU (7, A)|| < N exp vt (5.36)
forallt > 7 (t,7 € R).
Proof. The formulated statement follows from the definition of convergence and

from the fact that uniform asymptotic stability of the null solution of the equation
(5.35) is equivalent to the condition (5.36). O

Lemma 5.3 The mapping U : R x C(R,[E]) — [E] (U : (t,A) — U(t,A)) is
continuous w.r.t. A uniformly w.r.t. t € R on compacts from R, i.e. for every
¢>0 lim mi’;”U(thn) —U(t,A)|| =04 A, — A in C(R,[E]).

n—+0oo |t|

Proof. Let A, C C(R,[E]), An — A be uniform on compacts from R and ¢ > 0.
Then there exists positive number M (¢) such that

max [An ()] < M(L). (5.37)

Since U (t, A,,) is the solution of the system

Ult,A,) = A, (1)U (t, Ay)
U(0,A,) = Idg,

where Idg is a unit operator in E, then we have
t
Ut An)ll < exp(/ [An(s)llds) (> to, t,t0 € [£,]).
to

From the last inequality follows that

Tn‘z?g U, Ap)|| < exp(2¢M(€)) (n=1,2,...).
t<
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For every n € N the function V,,(¢) := U(t, A) — U(t, A,,) satisfies the system

Vi(t) = A(t) Vi (t) + [A(t) — A (DU (L, Ay)
V(0) = 0.

From this follows that

Va(t) = Ut A) /O U~ (7, A)[An(7) — AU (7, Ay )dr. (5.38)
Let K(¢) := I\ﬁi)é{”U(t’A)”’ |U=L(¢t, A)||}. From (5.37) and (5.38) follows the in-
equality -

max |V (0)] < K2(0)26exp(20M () max | 4n(6) ~ Q). (5:39

Passing to limit in (5.39) as n — 400, we obtain

lim max ||U(t, A) — U(t, A,)| = 0.

n—+oo |t|<I

The lemma is proved. O

Lemma 5.4 Let N> 0 and v > 0 be such that there holds the inequality (5.36).
Then for every B € H(A), t > 7 and T € R, the inequality

|U(t, B)U~ (7, B)|| < N exp(—v(t — 7)), (5.40)
holds where U(t, B) is the Cauchy operator of the equation
y=Bl)y (BeH(A).
Proof. Let N> 0 and v > 0 be such that there takes place the inequality (5.36)

and let B € H(A). Then there exists {7,,} C R such that A, — B in C(R,[E]).
Note that U(t + 7, A) = U(t, A;)U(r, A) for all t,7 € R and A € C(R,[E]), hence

Ut, A, YU, Ar) = Ut + 7oy, AUt + T,y A). (5.41)
From what follows that
Ut A, U1, Ar) S Nexp(—v(t—7)) (t>7,n=1,2,...).

Passing to limit in the last inequality as n — +oo and taking into account Lemma
5.3 we will obtain the inequality (5.40). The lemma is proved. |

Lemma 5.5 Let the condition (5.36) be fulfilled. Then for every B € H(A) and
p > 1 by the equality

+o0 .
lollsp = { / U(t, Byo|Pdt} (5.42)
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on FE is defined a norm that is topologically equivalent to the old and moreover
a.1
U, Byor = U(7, B)vzl, p < N()7 exp(=v7) o1 = vzl 5. (5.43)

for all 7> 0.

Proof.  From the inequality of Minkovskii follows that by the equality (5.42) is
defined some norm on E. Let us show that there exist positive number m, and M,
that does not depend on B € H(A) such that mp|v| < ||v|B,p < Mp|v|. The first
inequality follows from (5.36) and from the inequality

—+oo —+oo
H’U”%,p:/o |U(th)v|pdt§/0 [U(t, B)|[dt|v]” <
+o0 D
Np/ exp(—vpt)dtjv|P = £|v|p.
0 vp

On the other hand since U(—7, B;)U (1, B)v = v for all 7 € R and v € E, then

lv| = |U(=7, B;)U(r, B)v| < |U(=T, B-)[[|[U(7, B)v| <
exp(a|T)|U(r, B)v| (a:=sup{||A®#)]: t € R} < +o0)

and, consequently,
+o0 +oo
ol = [ 0GBl > [ (exp(—anla =
+oo 1
/ exp(—apt)dt|v|P = —|v|P
0 ap

(my = (ap)~7). So,
(ap) "7 [v] < [[ollpp < N(vp) " 7|0

Now let us establish the inequality (5.43). For that we will note that
+oo
\U(r, Byor — U(r, BYuall, = / \U(t, BA[U(r, BYor — U (r, Byva]|Pdt
0

+oo +oo
_ / \U(t, BYU (7, B) (1 — vs)[Pdt = / Ut + 7, B) (w1 — vs)[Pdt
0 0

—+oo —+oo
= / |U(s, B)(v1 — v2)[Pds < NP exp(—vps)|vy — va|Pds
P

a
= exp(—vpr)[oy — val? < =2 exp(—vpr)|vr — vl -

From the last inequality follows (5.43). The lemma is proved. O
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As it turned out, if the equation (5.34) is convergent then this property remains
valid under small nonlinear perturbations. The following theorem takes place.

Theorem 5.24 Let A, f and F be such that H(A), H(f) and H(F) are compact
in C(R,[E]), C(R,E) and C(R x E,E) respectively, and the function F satisfies
the condition of Lipschitz w.r.t. w € E wuniformly w.r.t. t € R with the small
enough constant of Lipschitz (Lip(F) < v?(Na)™'). Then if the equation (5.34) is
convergent, the perturbed equation

= A(t)u+ F(t,u) (5.44)

18 convergent too.

Proof. Denote by H(A, f,F) := {(A-, fr,F:) : 7T €R}. Let v € B, (B,g,G) €
H(A, f,F), 7 € R and ¢(-,v, B, g, G) be the solution of equation

0= B(t)v+ g(t) + G(t,v), (5.45)

passing through the point v as t = 0.

According to the conditions of the theorem the equation (5.45) has a unique
solution defined on R and passing through the point v as 7 = 0, whatever would
be (B,g,G) € H(A, f,F) and v € E. To see that is sufficient to note that having
the conditions of Theorem 5.24 fulfilled we can apply Theorem 1.2 [132] (global
theorem of existence and uniqueness) to the equation (5.45).

Assume Y := H(A, f, F) and by (Y, R, o) denote the dynamical system of shifts
onY. Let X := E xY. Define on X a dynamical system by the following rule:
7" (v; B,g,G) := (¢(1,v,B,9,G); Br,g-,G.). By the conditions of Theorem 5.24
Y is compact and the triplet ((X,R,7), (Y,R,0),h), where h := pro : X — Y
is a non-autonomous dynamical system. Let us show that we can apply Theorem
2.15 and Corollary 2.6 to the constructed dynamical system. Really, the set Y
is compact under the conditions of the theorem. It is clear that the set of the
continuous sections I'(H (A, f, F), B x H(A, f, F)) is isomorphic to the set of all the
continuous mapping z : H(A, f, F) — E (see paragraph 3.3) and, consequently, is
not empty. Define on X x X a scalar non-negative function V by the following rule:

“+o0
V((Ul;BagaG)a (UQ;BagaG)) = ||Ul - UQHB,l :/ |U(t7B)(U1 - U2)|dt
0

for every (B,g,G) € H(A, f,F) and vy,v2 € E. From Lemma 5.5 follows that
the constructed function satisfies the conditions 1.- 3. of Theorem 2.15. Let
o(,vi, B, g,G) be the solution of the equation (5.45) passing through the point
v; (i =1,2) as 7 = 0. Then the identity

¢(Ta Uivag7G) = B(T)@(Tv U1'7B7ga G) +g(T) + G(Ta(p(Ta Ui7B7g7G))'
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holds. From this follows that
P(ri. B9, G) = U(r.B)(wi+ [ U5, (5.46)
0
l9(s) + G(s, (s, vi, B, g, G))]ds).
From (5.46) and Lemmas 5.4 and 5.5 follows
||SD(T) ’UlaBag’G) - @(T7027ngvG)||Br =
+oo
/ |U(tuBT)(S0(T7U17-B?va)_@(T7027B797G))|dt
0

- /m \U(t, B/)U(r, B)(0n —v2+/T U~(s, B) x
[G(;), o(s,v1,B,9,G)) — G(s, p(s,va, OB, g, G))]ds|dt <
/+OO |U(t + 7, B)(v1 —ve)|dt +

0+oo R
/ |/ U(t+7,B)U (s, B) x
[CO?(S, W(SO, v1,B,9,G)) — G(s, (s, v2, B, g, G))]dsl|dt <

+oo T
%/exp(—VT)h)l — vg| + / / Nexp(—v(t +1 — s))Lip(G) x
0 0
|¢(valvBaga G) - (P(S,’UQ,B,Q, G)|d5dt =

M exp(—vT)|vy — v2| + M exp(—v7)Lip(G) x
v v
/ exp(VS|<p(S7’Ulvava)_410(57’027B791G)|d5S
0
N Na )
~ exp(—vT)allvy — v2|lB1 + " exp(—vT)Lip(GQ) x

/ exp(vs)[[(s, 01, B, g, G) — p(s, vz, B, g,G)| p.1ds.
0

Let us multiply the both parts of the last inequality by exp(r7) and assuming
o(1) = exp(vs)|l¢(s,v1, B, g,G) — ¢(s,v2, B, g,G)| 5,1, we will obtain

Na Na . T
o(r) < 2 o = vallma+ 5 Lin(G) [ otr)ds. (5.47
0
Applying to (5.47) the Gronwall-Bellman inequality we will obtain

o(7) < Xy 52 (X2 Lip(yr). (5.48)
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Consequently,

HQO(Tv’Ul?BagaG)790(77U273797G)”B,1 S (549)
Na Na _ .
—|v1 — vo|exp(—(v — — Lip(G))7).
v v
From the inequality (5.49) we have

V((QD(T’ vla Bag7 G)? BTngv GT))? (SD(T’ ’U2,B,g, G)7 BT’gT’ GT)) S
M exp(=AT)V((v1; B, g,G), (v2; B, g,G))

(here M = %, A= fA#Lip(G) +v>0) forall vi,v2 € E, 7 >0 and (B,g,G) €
H(A, f,F). So, all the conditions of Theorem 2.15 and of Corollary 2.6 are fulfilled.
Applying them to the constructed non-autonomous dynamical system we complete
the proof of the theorem. O

Corollary 5.8 Under the conditions of Theorem 5.24 if A, f and F are jointly
T-periodic (almost periodic, recurrent) then the equation (5.44) is convergent and
every equation (5.45) has a unique T-periodic (almost periodic, recurrent) globally
uniformly asymptotically stable solution.

Note, that the statements analogous to Lemmas 5.4 and 5.5 in the case when
the operator-function A(t) is stationary are proved in [132]. Corollary 5.8 in the
case of periodicity of A, f and F' (E = R") are established in [270, p.99].

3. Let H be a real or complex Hilbert space. Consider a differential equation

u= f(t,u), (5.50)
where f € C(Rx H, H). Along with the equation (5.50) we will consider its H-class

b =g(t,v) (g€ H()). (5.51)

There takes place

Theorem 5.25 Let f € C(R x H,H) and let the set H(f) be compact in C(R x
H,H). If there exists a self-adjoint operator-function A € C(R,[H]) satisfying the
following conditions:

1. My C MaNMy;

2. Re(A(t)(u —v), f(t,u) — (t ) < —alu—v| forallt € R and u,v € H ({-,)
is a scalar product in H, |-|* = (-,-) and a > 0 );

3. [A@®)[| < B for all t € R (5 > 0);

4. (A(t)u,u) > ylul? for allt e R u € H and —2a+ 3 := -\ < 0.
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Then the equation (5.50) is convergent, i.e.

a. whatever would be g € H(f) and v € H, there exists a unique solution ¢(-,v, g)
of the equation (5.51) passing through the point v as t = 0 and defined on R;

b. for every g € H(f) the equation (5.51) has a unique compact solution 4 (t) =
o(t,vg,9), defined on R;

c. there exist positive numbers N and v (not depending on g € H(f) and v € H)
such that

lo(t,v,9) = @(t, vg, 9)| < N exp(—vt)|v — vy (5.52)
forallge H(f),ve H andt € Ry.

Proof. Let us prove the formulated statement by several parts.
1. Since My C Ma N M, then from [300] — [302] follows the existence of the

continuous mapping ¢q : H(f) — H(A) x H(A) satisfying the condition

a(f) = (A, A) and q(g,) = (a(9)+,q(9)-)

for all g € H(f) and 7 € R.

2. Let us show that under the conditions of the theorem every function g €
H(f) satisfies the conditions analogous to 1.—4. Really, let g € H(f) and ¢(g) =
(By, By) € H(A) x H(A). Then there exists {7,,} C R such that g = nllﬂloo fr, and

(By, By) = ( lirf A, liril A.). From the condition 2. of the theorem follows
that

Re(A(t + 1) (u — ), f(t + Ty u) f(t 4 Ty v)) < —aju —v]? (5.53)

forallt e R, u v € H (n=1,2,...). Passing to limit in (5.53) as n — 400 we will
obtain

Re(By(t)(u —v), g(t,u) — g(t,v)) < —alu—v|*.

In the same way we can show that the operator-function B, € H(A) (g € H(f))
satisfies the conditions 3. and 4. with the same constants § and ~ that has the
operator-function A € C(R, [H]).

3. A slight modification of the reasoning in the work [267] (see also [329]) allows
to prove that if the conditions of the theorem are fulfilled then, whatever would
be u € H, the equation (5.50) has a unique solution ¢(-,u, f) defined on R and
satisfying the condition ¢(0,u, f) = u. Taking into account that along with the
function f every other function g € H(f) satisfies the conditions of the theorem,
we make the conclusion that for every v € H and g € H(f) the equation (5.51) has
a unique solution ¢(-, v, g) defined on R and satisfying the condition ¢(0,v,g) = v.

4. Assume Y := H(f) and by (Y,R, o) denote a dynamical system of shifts on
Y. Let X := H x H(f). Define on X a dynamical system by the following rule:
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m((v,9),7) := (p(7r,v,9),9-). Note that under the conditions of the theorem the
set Y is compact. The triplet ((X,R,7), (Y,R,0),h), where h := pry : X — Y,
is a non-autonomous dynamical system. Let us show that we can apply to the
constructed dynamical system Theorem 2.15 and Corollary 2.6. Really, the set Y
is compact under the conditions of the theorem. The set of continuous sections
(Y, X) is not empty. Define on X xX a non-negative scalar function V by the
following rule:

V((v1,9), (v2,9)) == (Bg(0)(v1 — v2),v1 — v2)

for every g € H(f) and v1,v2 € H (Bg = ¢(9)).
It is clear that the function V satisfies the conditions 2. and 3. of Theorem 2.15.
Really, according to the condition 4.

o1 — ’U2|2 < (A(t)(v1 — v2),v1 — va) < blug — 1}2|2 (5.54)

for all v1,v9 € H and ¢t € R, where ¢ := sup{||A(¥)|| | t € R} (6 < 400, a8 My C My
and H(f) is compact). For g € H(f) there exists {7,} C R such that A,, — B,.
From (5.54) and the last correspondence follows that

Y1 —wva|? < (By(t)(v1 = v2),v1 — v2) < Slor — va|?
for all g € H(f), t € R and v1,v2 € H. In particular, we have
Y1 = va|* <V ((v1,9), (v2,9)) < 8lor — va? (5.55)

for all g € H(f) and v1,ve € H.
At last, let us show that the condition 4. of Lemma 2.13 is fulfilled too. Really,

V((QD(T, vl?.g)agT)7 (@(Tv 0279)797')) =
BQT (0)(90(7-5 Ul,g) - (p(Tv 71279))7 @(7—7 U17g) - (p(Tv U2’9)> =
BQ(T)(SD(Tﬂ 1}179) - 90(7—7 0279))7 90(7-7 v17g) - 90(7—7 U279)>'

o~ o~

By direct calculation we can verify that

V.((SD(T, v1,9),9r), (9(T,v2,9),97)) =

<BQ(T)(()0(T’ Ulvg) - ¢(7—7 ’0279))) @(7—’ Ulvg) - 4,0(7'7 U27g)> +
2R6<B9(T)(§D(Ta U17g) - 90(7—7 UQ?Q))ag(Tv 90(7—7 Ulvg)) - g(Tv 90(7—7 0279)»'

From the last equality and (5.53) and also from the condition 3. of Theorem 5.25
follows the inequality

V((‘)O(Tv U17g)ag7')7(90(7-7 U2>g)ag7')) < (556)

6|QD(T, U1,g) - 90(7-3 'Ug,g)|2 - —2CK|§D(T, 'Ul,g) - 90(7—7 0279)|2 =

—Ap(r,v1,9) — (7, v2, 9)|>.
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On the other hand, from the inequality (5.55) we obtain

V((@(T5 111,9),97), (90(7-7 ’0279)797)) < 5|50(Ta Ul,g) - 90(7-7 ’0279)|2' (557)

From the inequality (5.56) and (5.57) we have

V((‘P(Tv Ulvg)vg‘l')v (90(7—7 ’02,9),97)) < 7>‘5V((90(Tv Ulvg)vg‘r)v (30(7.7 v2’g)7g7'))'

Integrating the last inequality, we get the following inequality

V((e(7,v1,9),9-), (p(T,02,9), gr)) < exp(=AdT)V ((v1,9), (v2, 9))

for all g € H(f), v1,v2 € H and 7 € Ry. So, all the conditions of Theorem 2.15 are
fulfilled and applying it and Corollary 2.6 to the constructed dynamical system we
complete the proof of Theorem 5.25. O

Corollary 5.9 Under the conditions of Theorem 5.25 if the right hand side f
of the equation (5.50) is T-periodic (almost periodic, recurrent), then the equation
(5.50) is convergent and every equation (5.51) has a unique T-periodic (almost pe-
riodic, recurrent) solution complying with the estimation (5.52).

Remark 5.8 1. In the case when f is T-periodic, Corollary 5.9 reinforces the
main result of the work [192] (in [192] under the same conditions on basis of the
principle of Lere-Showder there was proved only the existence of a unique T-periodic
solution in the case when H = E™).

2. If the right hand side f is almost periodic and the operator-function A(t)
does not depend on time (A(t) = 0), then the statement of Corollary 5.9 coincides
with the main result of the work [267]. Also note, that the results of the work [267]
are achieved on basis of the series of delicate estimations. Our method is of purely
topological character.

3. Note, at last, that in the work [187] there are studied so-called a-contracting
non-autonomous dynamical systems (i.e. such systems that satisfy the condition:

plxit, xot) < ap(z1, x2)

for everyt € Ry, z1,29 € X and h(z1) = h(x2), where 0 < o < 1) in the relation
with the problem of stability and asymptotic stability in the sense of Poisson of the
solutions of differential equations with monotone right hand side.

In the case of finite-dimensional Hilbert space (H = E™), when the function f
is recurrent and A(t) (A(t) = 0) is stationary, Theorem 5.25 admits the following
amplification.

Theorem 5.26 Let f € C(R x H, H) satisfy the condition of Lipschitz and be
recurrent w.r.t. t € R uniformly w.r.t. u on compacts from H. If there exists a
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self-adjoint operator A € [H| and a positively defined function ¢ : Ry — Ry such
that

Re(A(u —v), f(t,u) — f(t,v)) < —c(lu—v|) (Y u,veH) (5.58)

and c(r)r=t — +o00 as r — +oo (for example, c(r) = r'*® « > 0), then Equation
(5.50) is convergent.

Proof. In the same way that in Theorem 5.25 we establish that whatever would
be v € H and g € H(f), the equation (5.51) has a unique solution ¢(-, v, g) defined
on R and satisfying the condition ¢(0,v,g9) = v. Let us define a function V :
H(f) x H— R4 by the following rule

V(g,v) := (Av,v). (5.59)

From the equality (5.59) follows that

V(gr, (T, 0,9)) = 2Re{Ap(7,v, 9), ¢(T, v, 9))- (5.60)
Since ¢(r)r=! — +o00 as 7 — 400, there exists ro > 0 such that
c(r)r=t > |foll| Al (5.61)

for all » > ro, where |fo| := sup{|f(¢,0)] : t e R}. Let t > 0,v € H and g € H(f)
be such that |¢(7, v, g)| > 1o for all 7 € [0,¢]. From (5.58), (5.60) and (5.61) follows
that V(g-, p(7,v,9)) < V(g,v), and according to Theorem 5.7 the equation (5.50)
is dissipative.

Let us denote by V' : H(f) x H x H — R a function defined by the equation

Vig,u,v)) = (A(u — v), (u — v)). (5.62)

By direct calculation we obtain

V(gTv <p(7’,u,g), QO(T’ U’g)) = 2R€<A(@(T7u79) - 410(7-7'079))7

g(Tv(p(Tvuag)) _9(7—790(7—71]79)»' (563)

from (5.58) and (5.63) follows that V (g, p(t,u,9),p(t,v,9)) < V(g,u,v) for all
t>0,g€ H(f) and u,v € H (u # v). According to Theorem 2.17 the equation
(5.50) is convergent. O
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5.5 Dissipativity and convergence of some equations of 2nd and
3rd order

1. Let us consider the system of two differential equation of the following kind
i:y—F(CB)-ﬁ-Q(Q?,y,t) (5 64)

where F' and g are continuous functions defined on R and Q(x,y,t) is continuous
w.r.t. the set of variables, is bounded and uniformly continuous w.r.t. ¢t € R
uniformly w.r.t. (z,y) on compacts from R2. As we know, we can reduce the

equation
&+ h(z)d + g(z) = p(t) (5.65)
to the system (5.64) if we introduce a new variable y = & + F(z) — g(t) where
= [ h(r)dr, g(t fo s)ds. Along with the system (5.64) consider its
H-class
p =y F t
Yy= —g(CC)7

(GeHQ) ={Q,: TeR}).

Theorem 5.27  Let the following conditions be satisfied:

(1) :cg( ) >0f0r lz| > 1;

(2) [ g(a)de = — [° _ g(x)dz = +oo;

(8) there emsts constant N > 0 such that |Q(z,y,t)| < N for |z| < 1.

(4) [F(x)—Q(z,y,t)|sgnx > 0 for |x| > 1; besides for every G € H(Q) there exists
0 > 0 such that F(z) — G(z,y,0c) #0 for |x| > 1 and y € R.

(5) when |x| > 1 the inequality |F(z) — Q(z,y,t)] > aly) > 0 is valid, where
a(y) on every interval is a measurable in the sense of Lebesgque function and
72 aly)dy > 0.

Then the system (5.64) is dissipative.

Proof. In the same way that in the work [160] we show that there exists 7 > 0
such that under certain 7 every solution of the equation (5.66) gets in the rectangle
{(z,y) : |z| < 1,]y| < n} (7 depends on the system (5.66) and the according
solution). Now to complete the proof of the theorem it is sufficient to refer to
Theorem 5.8. g

Let us consider a more general equation

&+ h(z)t + g(x) = R(x,z,t).
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Assume y = i + F(z) where F(x) = [; h()dr. Then we obtain the following

system

z=y— F(x)
{y — —g(a) + R(@.5.) (67

Along with the system (5.67) consider its H-class

t=y— F(z)
{ y=—g(x) + G(,y,t) (5.68)

where G € H(R).

Theorem 5.28 Let the functions h, g and R be continuous and R be bounded
and uniformly continuous w.r.t. t € R uniformly w.r.t. (z,y) on compacts from R?.
Suppose that in addition there exist constants L > N >0 and K > 0 such that

(1) |R(z,y,t)| <N for all z, y, t € R;
(2) glx)sgna > L for |z] > 1;
(3) f@) > K for |z] > 1.

Then the system (5.67) is dissipative.
Proof. As well as in the work [270] let us consider the following function V(z,y) =

y? —yF(x) + 1F(x) + 2 [ g(7)dr. The derivative of this function taken in virtue
of the system (5.68) equals to

V(z,y,t) = —[y — F(@)*f(2) — g(x) F(z) + [2y — F(2)G(x,y,1).

According to [270] there exists a > 0 such that for z2 + 32 > a? Vg(z,y,t) < 0 and
V(x,y) — +oo for 22 + y? — +o0o. According to Theorem 5.7 the system (5.67) is
dissipative. O

Consider the differential equation of the 3rd order
T 4 ai 4+ bi + f(x) =p(z, &, 4,1)

where a,b € R. Assume y = ax + &, z = bx + a@ + Z. Then this equation is
equivalent to the system

T =y—ax
y=z-—bx (5.69)
Z= —f((E) —&—p(:my,z,t)
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Along with the system (5.69) consider its H-class

T =y —ar
y=z—bx (5.70)

where g € H(p).

Theorem 5.29 Let the function f and p(x,y,z,t) be continuous and let the
following conditions be satisfied:

1. a,b>0;

2. 0<@<abfor|x|21;

5. lim_|f(a)| = +o0;
x|——+o0

4. | Ilim |f(x) — abx| = 400;
x|—-+o0

5

. p is bounded and uniformly continuous w.r.t. t € R uniformly w.r.t. (z,y,t) on
compacts from R3;
6. there exists A > 0 such that |p(x,y, z,t)| < A for all x, y, z and t € R.

Then the system (5.69) is dissipative.

Proof. To prove the formulated statement, following [270] we will consider the
function

1 1 b v
V(z,y,2) = 5( 2x—ay+z)2—|—§(z—b:c)2—|—§y2—|—a/ [f(T) — abT]dT.

Under the conditions of Theorem 5.29 V(z,y,2) — +oo for 22 +y% + 2% — +o0
and the derivative of this function taken by virtue of the system (5.70) being to

Vg(x, y,2,t) = —a(a®z — ay + 2)?
+abx — f(x)][2(a*x — ay + 2) — bx][(a® — b)x — ay + 22]g(x, y, 2, 1).

In the same way that in [270] we can show that there exists a > 0 such that out
of the ball of radius a the function V decreases along the trajectories of (5.70) and,
according to Theorem 5.7, the system (5.69) is dissipative. |

2. Let us give two criterions of convergence of the equation (5.65) that is equiv-
alent to the system

=y
y=—x—h(x)y +p(t),

or, respectively, to the system

t=—-F(z)+v
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where v = & + F(z) and F(z) := [ h(t)dt. As usual, along with the system (5.72)
we consider its H-class

t=—-F(z)+v
{@ — —o+glt) (g€ HQ)). (>7)

Theorem 5.30 If h(xz) > 0 (excepting maybe the discrete set of points), p(t) is
recurrent and F(400) = +o0o (or F(—o00) = —o0), then the equation (5.65) has a
unique bounded on R uniformly compatible and uniformly globally asymptotically
stable solution, i.e. (5.65) is convergent.

Proof. Reasoning in the same way that in [272] show that under the conditions of
the theorem there exists a closed contour that intersects all the solutions of every
system (5.73). According to Theorem 5.6 the system (5.72) is dissipative.

Let us show that the system (5.72) in fact is convergent. Let {z;(t),v;(¢)}
(i =1,2) be two different solutions of the system (5.73). Construct the function

o(t) = |z (t) — 22 () + |vi(t) — va(t)]?

and calculate its derivative. We will obtain:

P(t) = —(21(t) — 22())[F(21(t) — F(22(t))]- (5.74)
Note that if $(¢) = 0 then z1(t) = x2(t) and, consequently, v1(t) = va(t). To finish
the proof of the theorem is sufficient to refer to Theorem 5.23. O

Theorem 5.31  If¢1(x) = h(z) —2D (0 < D < 1) and 2(x) = g(x) — = satisfy
the conditions:

(1) |1(2)| < e for all x € R;
(2) |¥1(T) — Ya(x)| < e2|T) — x| for all T,z € R, where ¢1 +c2 = ¢ < mD =

vI—DD,

then the system (5.72) has a unique bounded on R uniformly compatible, uniformly
globally asymptotically stable solution.

Proof. Let

{<)O(ta m“ylvg)} = {(901 (tvxiayhg); @2(15,%1,%‘,9))

(1=1,2, g € H(f)) are two solutions of the system (5.73) and

U(t) = 801(t7$1»y1»9) - @1(t7$279279)
U(t) = @2(t75€17yl»9) - 802(t7x2792»g)'
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The functions v and v satisfy the following system of equations
U=
V= —u—2Dv— WQ(‘PI(t» x1, y1>g)) - ¢2<Sﬁ’1 (t’ X2, y2>9))]_
[w1<301 (taxlaylag))@?(taxlayhg)_
1/]1 (Sol (tv Z2,Y2, g))SDQ(tv T2,Y2, g)]

In the same way that in [272] we show that

()] < (1 + S)alexp(—(D — £)t) + exp(—Dt)]
()] < (L+e)(1+ Dafexp(~(D — £)1) (5.75)
+exp(—Dt)]

where

o= /(O] + D)0 + WO)P < VI T Dy/ul0)F + (O]
From (5.75) follows that
[u(®)[? + |v(®)]* < N exp(=(D - %)t) [u(0)[? + |0 (0)[2,

where N’ > 0 is some constant depending only on ¢1, c2 and D. Now to complete
the proof of the theorem is sufficient to refer to Theorem 2.15 and Corollary 2.6.0J

Remark 5.9 All the statements given in this chapter in the periodical case coin-
cide with previously established results (see [160], [270], [272]).

5.6 Construction of Lyapunov function for homogeneous systems

Let (X,h,Y) be a locally trivial Banach fibering, |- | : X — R4 is a norm on
(X, h,Y) coordinated with the metric p on X.

Definition 5.9 The autonomous dynamical system (X, Ry, 7) is said to be ho-
mogeneous of order m € Ry, if for any x € X,t € Ry and A > 0 the equality
7(t, A\x) = Ar(A™~1t, z) takes place.

Definition 5.10 ((X,T,n), ((Y,T,0),h) is called homogeneous of order m = 1 if
the autonomous dynamical system (X, T, 7) is homogeneous of order m = 1.

Theorem 5.32  For an autonomous homogeneous (of order m > 1 ) dynamical
system (X, Ry, 7) the following assertions are equivalent:

1. there exist positive numbers a; and b; (i = 1,2) such that
(ar]z|"™ + bit) =7 < |m(t, )| < (ag|z|*™™ + bot) T (5.76)

forallt>0 and x € X;
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2. for all k > m — 1 there exists a continuous function V : X — R, with the
following properties:

2.1. V(Ax) = \=m+1V (2) for all A\ >0 and z € X;

2.2. alz|F=mH <V (z) < Bla/F~mFL for all x € X, where o and 3 are certain
positive numbers;

2.3. Vl(z) = —|z|* for all z € X, where V() = LV (n(t,z)) |s=0 for T =R,
and V) (z) =V(r(l,z)) — V(x) for T =7Z.

Proof. We will show that from 1. follows 2. Let a and b are positive numbers,
such that the inequality (5.76) takes place, then for each k > m — 1 we define the
function V : X — R, by equality

+oo
V(z) = /O i (t, )| dt. (5.77)

First of all we note that by equality (5.77) it is defined correctly the function
V : X — R, because the integral, which figures in the second number of equation
(5.77) is convergent, moreover it is uniformly convergent w.r.t. = on every bounded
set from X. Indeed, since

(=™ 4 byt) T < (@) |F < (agla]' ™™ + byt) T, (5.78)
oo k 1t k
/ (alz]t=™ + bt) 7 dt = _/ LT (5.79)
0 alz|t—-™

and ﬁ < —1, then the integral (5.79) is convergent; moreover, the convergence
is uniform on every bounded set from X.

We will show that the function V', defined by equality (5.77), is our unknown
function. The continuity of V' results from the continuity of mapping 7 : Tx X — X
and uniform convergence of integral (5.79) w.r.t. = on every bounded set from X.
We now note that

+0o0 +oo
V() = / I(t Aa) |t = / A (A1, 2)[Fdt
0 0

—+oo
= Ak*m“/ |7(r, ) |Fdt = Ne=m LV (1)
0

for all A > 0 and = € X. It is not difficult to show that the function V is positive
definite. In virtue of (5.78) and (5.79) we have

oz|:r;|k_m+1 <V(x) < ﬂ|a:|k_mJrl (5.80)
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for every z € X, where

( ) k—m+1 ( ) k—m+1
m—1)a, ™™ m—1)a,'" ™™
Iz and 8=

Y e DAy Wy ———

From (5.79)-(5.80) results that the function V satisfies and the condition 2.2.
Finally, we note that

d
%V(Tf(t,l’)) = —|7T(1f,91:)|]C (5.81)

and, consequently, V/(z) = —|z|* for all x € X.
We will prove now that from condition 2. follows 1. In fact, we denote by
P(t) = V(w(t,x)), then in virtue of condition 2.3 we will have

W'(t) = ~|n(t, )" (5.82)

for all ¢ > 0.
From the condition 2.2 we have |r(t, z)|*~™*! > %w(t) and, consequently,

1

- K 1/)(f)’“*7§1“
gr=rt

P(t) <

for all t > 0. If x # 0, then ¥(t) = V(7 (t,x)) > 0 for all ¢ > 0, therefore

m—1 1 1

< - T7;11 T—m .
Vi) < (V7 ER @) + g o) (5.83)

forallz € X and ¢ > 0.
From the condition 2.2 and the inequality (5.83) results that |m(¢,2)] <
(ag|z[t—™ +b2t)ﬁ for all x € X and ¢ > 0, where

m—1 m—1 k m—1
- Fom T d by = T ()P —
az = (af3) and by = (a) (B3) ——
Analogously can be proved the second inequality. The theorem is completely
proved. O

Corollary 5.10 Let (X,Ry,7m) be an autonomous homogeneous (of order m >
1 ) dynamical system (X,Ry,m) and the trivial motion of the dynamical system
(X, R4, m) is uniform asymptotic stable, then for every number k > m — 1 there
exists a continuous function V : X — Ry which possesses properties 2.1-2.3 from
the theorem 5.32.

Proof. This assertion directly follows from Theorems 5.32 and 2.35. g

Theorem 5.33 Let a non-autonomous system (X, T,x), (Y, T,o),h) be homo-
geneous of order m = 1. Then the conditions 1. and 2. are equivalent:
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1. there exist positive numbers N; and v; (i = 1,2) such that Nie "1tz|<
|7 (t, 2)| <Nae "2t z| for all x € X and t > 0;

2. for each k > 0 there exists a continuous function V : X — R, satisfying the
following conditions :

2.1. V(\z) = NV (2) for all z € X and X > 0;

2.2. there exist positive numbers a > 1 and 3 so that
alz|® <V(z) < gzt (5.84)

for every x € X;
2.3. VI(x) = —|z|* for allz € X.

Proof.  Let us show that under the conditions of theorem from assumption 1.
follows 2. First of all let us show that the function V, defined by equality (5.77) is
the unknown, in the case when T = R. We note that by equality (5.77) is correctly
defined the function V : X — R, such that

Nfe "ol < [n(t,2)|* < Nfe s [o|F (5.85)

for all t > 0, x € X and, consequently, the integral in second member of equality
(5.77) is convergent uniformly w.r.t. x on every bounded set from X. In particularly,
the function V' is continuous w.r.t. x € X.

From (5.77) and (5.85) follows that

alz|® < V(z) < plal* (5.86)

for every x € X, where a = NF(r1k)~! and 8 = N§(1ok)~!. From equality (5.79)
we have that V(\z) = \FV (z) for every z € X and X > 0, and from (5.81) follows
the equality V/(z) = —|z|*.

Let us show that the inverse implication holds too . We now suppose that
the conditions 2.1-2.3 of Theorem hold. One denote by v (t) = V(7 (t, x)), then the
equality (5.82) holds for all ¢ > 0. From condition 2.2 follows that |7 (¢, z)|* > %w(t)
and, consequently,

P'(t) < —Bl/}(t) (5.87)
for all ¢ > 0. From (5.87) we have
V(r(t,z)) < V(z)e 7' (5.88)

for any ¢t > 0 and x € X. According to (5.86) and (5.88) we have
|7(t, 2)| < Noe 72|z

for any t > and © € X, where Ny = (2)% and vy = 35+ Analogously can be

established the second inequality.
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If T=Z4, then we will define the function V : X — R by equality

“+oo
V(z)=>_|r(n,z)*. (5.89)

The series in second member of equality (5.89) is convergent uniformly w.r.t. 2 on
every bounded subset from X, because under the conditions of Theorem we have

|7(n, z)|F < NEe vk |z |k (5.90)

for all n € Z4 and ¢ € X and, consequently, the series (5.89) is majored by
geometric series with the denominator ¢ = e % < 1. Thus the function V defined
by equality (5.89) is continuous.

From the homogeneity of (X, T, n) of order m = 1 and equality (5.89) follows
that V(\z) = A*V(x) for all A > 0 and € X. According to (5.89) and (5.90) we
have

a|x|k <V(z) < ﬁ|:1c|’!C (5.91)

for any x € X, where a = 1 and 3 = N*(1 — e~¥¥)~L, Finally, from equality (5.89)
follows that V! (z) = V(n(1,2)) — V(z) = —|z|* for all z € X.

We now will show that from the conditions 2.1-2.3 of Theorem (in the case, when
T = Z,) follows the estimation (5.84). In fact, we denote by ¥(n) = V(w(n,x)),
then from the conditions 2.2-2.3 we have

Av(n) = 6ln+ 1) = () = ~fr(n,2)|* < -5

We may assume without loss of generality that 8 > 1, then from (5.92) we have

w(n). (5.92)

Vr(n,z)) <"V (x) (5.93)

for all x € X and n € Z,, where v = 1 — 7L, From (5.91) and (5.93) follows
the inequality (5.84), if we suppose that N = (g)% and v = —¢In(1 — 371). The
theorem is proved. O

Definition 5.11 The trivial section of fiber bundle (X, h,Y) is called globally
uniformly asymptotically stable, if

(1) for arbitrary € > 0 there is d(¢) > 0 such that |7(t,z)| < € for all ¢ > 0 and
|| < 6

(2) tEI-Foo |7 (¢, )| = 0 for all z € X, moreover this equality holds uniformly in = on
the bounded subsets from X.

Corollary 5.11 Let (X, T,n),((Y,T,0), h) be homogeneous of order m = 1.
Then the following conditions are equivalent:
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(1) the zero section of fibering (X, h,Y) is uniformly asymptotically stable, i.e.

(a) for all € > 0 there exists 6(¢) > 0 such that |7(t,z)| < e for all t > 0 and
|z < 6;
(b) , ligl |7 (t,z)| = 0 for all x € X, moreover this equality holds uniformly

w.r.t. x on every bounded set from X ;

(2) there exist positive numbers N and v such that |w(t,z)| < Ne “t|x| for allt >0
and x € X;

(3) for every k > 0 there exists a continuous function V : X — R satisfying the
conditions 2.1-2.8 of Theorem 5.33.

Proof. This assertion follows from the Theorems 5.33 and 2.34. O

Remark 5.10 In the case, when the space X is finite dimensional Theorem 5.32
and Corollary 5.10 (for autonomous system with T = Ry ) generalize and refine
some results of V.I.Zubov (see, for ezample [337], Theorems 36 and 37).

5.7 Differentiable homogeneous systems

Let H be a Hilbert space with scalar product (-, -) and the norm |-| = 1/(:,-). We de-
note by C(E, B)(C!(E, B)) the space of all continuous ( differentiable continuous )
functions defined on the space E wit values in some Banach space B.

The function f : E x @ — F' is called homogeneous of order k w.r.t. variable
u € E if the equality f(\z,w) = A\¥f(x,w) holds for all A > 0,z € E and w € (.

Lemma 5.6 The following assertions hold.

(1) Let  be a compact, f € C(E x Q, F), f(0,w) = 0 for all w € Q, f(Au,w) =
A" f(u,w) (for every X > 0and (u,w) € E xQ)). Then there exists M > 0 such
that | f(u,w)| < Mu|™ for all (u,w) € E x Q.

(2) If the function f € CY(E x Q,F) is homogeneous (of order m > 1), then
the function D, f(-,w): E — L(E,F) (w € Q) will be homogeneous (of order
m—1), where L(E, F) is the space of all linear continuous operators A: E — F;

(3) The function f € C*(E, F) is homogeneous (of order m) if and only if f satisfies
the equation Df(x)x = mf(x) for all x € E, where Df(x) is the derivative of
Frechet of function f € C*(E) in the point x;

Proof. First of all we note that in conditions of Lemma 5.6 there exists do > 0
such that |f(u,w)| < 1 for all |u] < ¢ and w € Q. If we suppose that it is not so,
then there exist d,, — 0, |u,| < 0, and w,, € Q such that |f(un,w,)| > 1. Since Q is
compact we may assume that the sequence {w,} is convergent. Let w,, — wp, then
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according to continuity of f we have | f(0,wo)| > 1. On the other hand f(0,wq) = 0.
The obtained contradiction proves the required assertion.

Thus there exists 6 > 0 such that |f(u,w)| < 1 for all |u|] < § and w € Q and,
consequently, we have

luf s ul™

]
P )] < GG el = Sl G

1
< —|ul|™.
e < gl

Let f € C1(E, F) and f be homogeneous (of order m), then
flx+h)— flx)=Df(x)h+r(z,h) (5.94)

and |r(z,h)] — 0 as |h] — 0. We now will replace = by Az in equality (5.94), then
we obtain

fQx+h)— f(x) = Df(A\x) + r(Ax, h)
and, consequently,
flx4u) = f(x) = X" Df\x)h + X" r(Ax, Au) (5.95)

for all A > 0, where u = A~h. From (5.95) follows, that A= 1D f(\z) = Df(z),
ie. Df(Ax) = A~ 1Df(x) for any A > 0.

Finally, let us prove the third assertion of Lemma. Let f € C'(E,F) be a
homogeneous function (of order m). Having differentiated the identity f(Az) =
A" f(x) w.r.t. A and taking A = 1 one obtain the identity Df(z)x = ma. Let now
the identity Df(z)x = ma take place. We denote by ¢(A) = A= f(Az)(A > 0).
Thus D f(Ax) \z = mf(A\x), then

@' (\) = —mA"" T f(\x) + AT Df M)z =

—mAT" T Ox) AT imf (M) = 0

for all A > 0 and, consequently, ¢(X) = const for all A > 0. Thus ¢(1) = f(z), when
w(A) = f(x) for any A > 0, i.e. f(Az) = A" f(x) for every A > 0 and for all z € E.
The lemma is proved. O

The function f € C(E) is said to be regular, if for the differential equation
2 = f(x) (5.96)

the conditions of existence, uniqueness on R and continuous dependence on initial
data are fulfilled, i.e. by equation (5.96) it is generated a semigroup dynamical
system (E, R, ), where 7(t,z) is the solution of equation (5.96) with initial con-
dition 7(0,z) = .
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Theorem 5.34 Let f € C'(E, F) be regular and homogeneous (of order m > 1),
then the following conditions are equivalent:

1. the zero solution of equation (5.96) is uniform asymptotic stable;
2. for all sufficiently large k there exists a continuously differentiable function
V : E — Ry satisfying the following conditions:
2.1. V(Az) = Nk=m+1V (2) for all A >0 and x € E;
2.2. there erist positive numbers o and 3 such that a|z|F~™+ < V(z) <
Blz|F=m*L for all x € E;
2.3. V!(x) = DV (z)f(x) = —|z|* for any x € E, where DV (x) is a derivative
of Frechet of function V in the point x.

Proof. We suppose that the zero solution of equation (5.96) is uniformly asymp-
totically stable. Denote by (E,R;,7) a semigroup dynamical system, generated
by equation (5.96). Thus, f € C1(E, F) is homogeneous (of order m > 1), then
according to Theorem 3.4 [337] the equality (¢, \x) = Ar(A™"1¢, ) holds for all
x € E,X>0andt € Ry, ie adynamical system (F,R;, ) is homogeneous ( of
order m > 1 ). According to Theorem 5.32 and Corollary 5.10 by equality (5.95) it
is defined a continuous function V : E — R, satisfying the condition 2.1-2.3. of
Theorem 5.34. Let us show that under conditions of Theorem 5.34 function V' will
be continuously differentiable and that the equality V! (xz) = DV (x)z holds. To this
aim we will formally differentiate the equality (5.77) w.r.t. x, then we will have

“+o0
DV (z)u = /0 k|m(t, 2)|* 2 Re(Dym(t, x)u, w(t, x))dt. (5.97)

Now we will show that the integral figuring in the second hand of formula (5.97),
is uniformly convergent w.r.t. x and u on the every ball from E and, consequently,
the equality (5.97) really defines a derivative of function V. We note that operator-
function U(t,x) = D, (t,x) satisfies the operational equation

X' = A(t,z)X,

where A(t,z) = D, f(x(t,z)), and initial condition U(0,z) = I  (I—is identity
operator in E). According to Lemma 5.6 the function A(t,z) = D, f(w(t,z)) is
homogeneous w.r.t. 7(¢,z) of order m — 1 and there exists a number M > 0 such
that

At @)l < Mlr(t, )" (5.98)

for all x € E and ¢t > 0. Since the zero solution of equation (5.96) is uniformly
asymptotically stable, in virtue of Corollary 5.10 there exist positive numbers a and
b such that

|7(t,2)| < (als' ™™ + bt) = (5.99)
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for any « € E and t > 0 and, consequently, from (5.98)— (5.99) we have
| A(t, z)|| < M(alz|*~™ + bt) L. (5.100)
Since
Ut 2)]| < elo IATaldr (5.101)

from (5.100) and (5.101) we have

Ut @)l < (ale/™ +b8) % (a~ o™ ) ¥ (5.102)
for every t > 0 and x € E. By virtue of Inequality (5.102) we obtain
im(t, @)/ 2| Re(Dyn(t, 2, w(t, )| < [n(t, ) | Dot )llul  (5.108)

k—1

< (ale' " 4 bt) " A

B0 Jul

for all ¢t > 0 and z,u € E. From estimation (5.103) follows that the integral in

second member of equality (5.97) is uniformly convergent w.r.t. z and u on the each

ball from E for sufficiently large k and, consequently, the function V', defined by

equality (5.77), under the conditions of Theorem 5.34 is continuously differentiable.
‘We now note, that

d
V(@) = SV (n(t,2))|_ = DV(r(t,2)f(n(t,2))],_ = DV (@) (@)
for all z € E. On the other hand, according to Theorem 5.32 V/(z) = —|z|*. For

finishing the proof of the theorem it is sufficient to notice that in conformity with
Theorem 5.32 the inverse statement holds, i.e. conditions 2.1-2.3 of Theorem 5.34
imply 1. The theorem is completely proved. [l

Now let f € CY(E x F,E) and ® € C*(F, F). Consider the differential system

v = f(u,w)
(we ), (5.104)
W= ®(w)
where 2 is a certain differentiable compact sub-manifold in F, f and ® are regular
functions, i.e. for the differential system (5.104) and equation

W' = ®(w) (5.105)

are fulfilled the conditions of existence, uniqueness and continuous dependence on
initial data on the R4 for (5.104) and on the R for (5.105). We denote by (2, R, o)
a group dynamical system, generated by equation (5.105), then the system (5.104)
may be written in the form of non-autonomous equation

v = flu,wt), (weN) (5.106)
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where wt = o(t,w). Let ¢(t,u,w) be a solution of equation (5.106) satisfying
the initial condition ¢(0,u,w) = wu, then it is not difficult to see that the triple
(E, 0, (2,R,0)) is a cocycle over (2, R, o) with the fiber E. It is easy to check that
if a function f is homogeneous of order m = 1 w.r.t. v € E, then the equality
o(t, Au,w) = Ap(t,u,w), holds for all t >0, A >0, u € F and w € Q.

Theorem 5.35 Let the function f € CY(E x F,F) and ® € C*(F, F) be regular,
Q is compact and the function f is homogeneous (of order m = 1) w.r.t. variable
u € E, then the following conditions are equivalent:

1. the trivial solution of equation (5.106) is uniform exponential stable, i.e. there
exist positive numbers N and v such that

lo(t, u,w)| < Ne "*|ul (5.107)

forallue E;t>0 and w € Q;
2. for all number k > 1 there exists a continuously differentiable function V :
E x Q — Ry satisfying the following conditions:

2.1. VQwu,w) = XV (u,w) for allu € Q and X > 0;

2.2. there exist positive numbers a and 3 such that  alulF < V(u,w) < Blul¥
forallue E and w € Q;

2.3.

d
VI (u,w) := EV((p(t,u,w),wt) o D,V (u,w)f(u,w)+

D,V (u,w)®(w) = —|ul*

for all u € E and w € Q, where D,V (respectivelyD,V) is a partial
Frechet’s derivative of function V w.r.t. variable u € E (respectively w €

Q).

Proof. Let ((X,Ry,m),(Q,R,0),h) be a non-autonomous dynamical system gen-
erated by differential system (5.104), where X = F x Q,h = pro and 7 = (p,0).
The triple (X, h, ) is the trivial fiber bundle with the fiber F, moreover the norm
of element z = (u,w) € E x  is defined by equality |z| = |u|, where |u| is a norm of
element u in the space . Then under the conditions of Theorem the zero section of
non-autonomous dynamical system, constructed above, will satisfy the conditions
of Theorem 5.35. Thus to finish the proof of Theorem 5.35 it is sufficient to show
that the function V : E x Q — R from the theorem 5.33 under the conditions of
Theorem 5.35 will be continuously differentiable and satisfies the condition

V! (u,w) = D,V (u,w)f(u) + D,V (u,w)®(w)

for all (u,w) € E x Q.
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Let us show that a function V : E x  — Ry, defined by equality (5.77), i.e.

V(u,w) = /0 ot w) (5.108)

for all (u,w) € E x Q (such that |7(t, z)| = |(p(t, u,w),wt)| = |p(t, u,w)|) is contin-
uously differentiable. To this aim we will formally differentiate the equality (5.108)
w.r.t. variable u € F, thus we obtain

D,V (u,w)v = (5.109)
“+oo
/ klo(t, u, w)|k72Re<Du<p(t, u, w)v, p(t, u,w))dt.
0

Let us show that integral in (5.109) is uniformly convergent w.r.t. w € Q and
u,v on every bounded set from F and since by formula (5.109) is really defined a
derivative of Frechet of function V' w.r.t. variable u € E. First of all we note that
operator-function U (t,u,w) := Dyp(t, u,w) satisfies the operational equation

X' = B(t,u,w)X, (5.110)

where B(t,u,w) := D, f(¢(t,u,w),wt), and initial condition U(0,u,w) = I (I
is the identity operator in E). According to Lemma 3.1 function B(t,u,w) =
D, f(p(t, u,w),wt) is homogeneous w.r.t. ¢(t,u,w) of order m = 1 and there exists
a number M > 0 such that

1B(t, u,w)|| < M (5.111)
for all (u,w) € E x Q and ¢ > 0. From the inequality (5.111) follows that
U (¢, 1w, w)|| < el 1B ww)llar < oMt
for all ¢ > 0 and (u,w) € E x Q and, consequently,
lo(t, u, w)|* 2| Re(Dyo(t, u,w)v, o(t, u, w))| (5.112)
o (t usw)|* | Dugp(t,u,w)[Jo] < Mo] N*~tem Dyl

for any t > 0,u,v € F and w € €. From the inequality (5.112) follows that for k£ > 1
the integral in the second hand of (5.108) is convergent, moreover uniformly w.r.t.
w € Q and u,v on the every bounded subset from E. Thus, the function V' (u,w),
defined by formula (5.108) is continuously differentiable w.r.t. variable v € E and
by equality (5.109) it is defined its derivative of Fréchet w.r.t. variable u € E.

Having formally differentiated the equality (5.108) w.r.t. variable w € F' we will
obtain

D,V (u,w)w = (5.113)

—+oo
/ k;|g0(t,u,w)|k72Re<Dw<p(t,u,w)w,ga(t,u,w))dt
0
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for all (u,w) € E x Q. Let us show that integral in the second member of (5.113)
is uniformly convergent w.r.t. w € Q and (u,w) € E x F on every bounded subset
from E x F. First of all we note that from (5.107) we have

t
pltuw) =ut [ flp(ruw),onir
0
for all ¢ > 0 and (u,w) € E x F and, consequently,
t
Dw(p(tauvw) = / Duf((IO(T,U,W),WT)DWQO(T,U,LU)
0
+D, f(p(r,u,w),wr) D®(wT)drT. (5.114)

We denote by V(¢, u,w) the operator-function D, ¢(t, u,w), then from (5.114) follows
that V(t, u,w) satisfies the operational equation

Y’ = B(t,u,w)Y + F(t,u,w), (5.115)
where F(t,u,w) = Dy, f(¢(t, u,w), wt) DP(wt), and initial condition
Y(0)=0 (5.116)

(O is a null operator, acting from F into F'). From the equality (5.115) and the
condition (5.116) follows that

t
V(t,u,w):/ U(t, 7, u,w)F(r,u,w)dr (5.117)
0

for all ¢ > 0 and (u,w) € E x Q, where U(t,7,u,w) is a solution of operational
equation (5.110), satisfying the initial condition U(7, 7, u,w) = U(7, u,w), therefore
the estimate

||U(t77—7u’w)|| S ef: 1B(T,w,w)|ldr g eM(th) (5118)

holds for any ¢t > 7(¢t,7 € R;) and (u,w) € E x Q.
Thus, a function f(u,w) is homogeneous w.r.t. w ( of order m = 1), then

D, f(u,w) will be the same and, in virtue of Lemma 5.6 there exists a number
M > 0 such that

[ Do f (u, w)|| < Mi|ul
for all w € E and w € . Thus,

[F (w0l = [ Do f((t, u, w), wt) DR(wt)| < Llg(t, u, w)| (5.119)
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for any t > 0 and (u,w) € E x Q, where L = M; max{||D®(w)|| : w € Q}. From
(5.106),(5.117), (5.118) and (5.119) we have

lo(t, u, )| 72| Re(Duip(t, u, w)w)| < loo(t, u, )|~ Duip(t, u, )]

t
< Lot ) ol / Ut 7, 0, )| F (0, )

t
< lpttww)*ul [ MO Llplr, uw)ldr < NE e 6 o
0

71/t)

¢ (eMt —e
/ eMET L Ne " |u|dr = N*Le v (k=11 || ¥ |w]
0

M+v
for every t > 0,u € E and w € . From this follows, that for sufficiently large
k the integral (5.113) is uniformly convergent w.r.t. w € € and (u,w) € E x F
on the every bounded subset from E x F. Therefore the function V(u,w) defined
by formula (5.108) is continuously differentiable w.r.t. variable w € Q and by
formula (5.113) it is defined its Frechet derivative w.r.t. variable w € €. So, the
function V' : E x Q@ — Ry is continuously differentiable w.r.t. variable v € E and
variable w € Q) both and, consequently, it is continuously differentiable in the sense
of Frechet.
Let us note that

LV ((plt,w,0), w1) = DV (plt, 0,0), D) Dusplt, ) +

DWV(@(t,u,w),wt)%wt = D,V (p(t,u,w),wt) f(p(t, u,w),wt) +
D,V (p(t,u,w), wt)P(wt)

for any t > and (u,w) € E x Q and, consequently,

d
V! (u,w) = EV((,D(t, u,w),wt)| = Dy, V(u,w)f(u,w)+ D,V (u,w)®(u).
t=0
Thus, under the conditions of Theorem from 1. follows 2.

For finishing the proof of the theorem it is sufficient to remark that according
to Theorem 5.33 from the conditions 2.1-2.3 of Theorem follows 1. The theorem is
completely proved. O

Remark 5.11 For finite dimensional systems the theorem 5.34 generalizes and
refines the theorem 38 from [337].

5.8 Global attractors of quasi-homogeneous systems

Let F and F be finite-dimensional Banach spaces. Consider the differential equation

' = f(x), (5.120)
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where f € C(E,E) is regular and homogeneous of order m > 1. Along with
equation (5.120) consider also perturbed equation

¥ = f(z)+ F(t,x) (5.121)

with the regular perturbation. Let us remember (see, for example [337], [224] and
[227]), that equation (5.121) is called quasi-homogeneous if

F
lim sup =c, (5.122)

where c is a certain nonnegative sufficiently small constant. Moreover, the limiting
relation (5.122) holds uniformly w.r.t. ¢ € R.
Along with equation (5.121) consider the family of equations

2 = f(x)+ G(t,z), (5.123)

where G € H(f) := {F; : 7 € R} and the bar denotes closure in C(Rx E, E), C(R x
E, FE) is equipped by topology of convergence on every compact from R x E. Let us
denote by (Y, R, o) a dynamical system of translations on Y := H(F'), by ¢(t,u, f +
G) the solution of equation (5.123), satisfying the condition ¢(0,u, f + G) = u
and ((X,Ry,7),(Y,R,0),h) (ie. h := pry and m := (p,0)) a non-autonomous
dynamical system generated by equation (5.123).

Theorem 5.36 Let f € CY(E, E) be regular, homogeneous of order m > 1 and
the zero solution of equation (5.120) be uniformly asymptotically stable. If f + F €
C(R x E, E) is regular, equation (5.121) is quasi-homogeneous, then the following
assertions take place:

(1) a set I = {u € E|sup{|e(t,u, f+G)| : t € R} < 400} is not empty, compact
and connected for each G € H(F);

(2) ot Ig, f+G) = Iru frc) for alt € Ry and G € H(F);

(3) a set I =\J{Ig|G € H(F)} is compact and connected;

(4) the equalities

Jlim Blo(t M, f +G ), Ig) =0
and

Jim Ble(t, M, f+G),1) =0

take place for all G € H(F) and bounded subset M C E.

Proof. Let ((X,R4,7),(Y,R,0),h) be a non-autonomous dynamical system, gen-
erated by equation (5.121). Thus, f € C1(E, E) and the zero solution of equation
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(5.120) is uniformly asymptotically stable, then according to Theorem 5.34 by equal-
ity (5.77) it is defined a continuously differentiable function V : E — R, satisfying
the conditions 2.1-2.3 of Theorem 5.34. Let us define a function ¥V : X — Ry in
the following way: V(x) = V(u) for all z = (u,G) € E x H(F'). We note that

Vi (z) = %V(w(t, u f+ G| _, (5.124)
= DV(plt,u, £+ G)) b, f+ )| _ = DV()(f(u) +G(0,0)

= DV (u)f(u) + DV (u)G(0,u) = —|ul* + DV (u)G(0,u).

In virtue of condition 2.1 of Theorem 5.34 the function V' is homogeneous of order
k —m + 1, then according to Lemma 5.6 its Frechet derivative DV (u) will be
homogeneous of order k¥ — m and, consequently, there exists a number L > 0 such
that

IDV ()| < Llul*~™ (5.125)

for all u € E. From equality (5.122) follows that for all £ > 0 there exists r = r(g) >
0 such that

|G(t,u)| < (c+¢e)|ul™ (5.126)
for all ju| > r,t € R and G € H(F'). From (5.125)—(5.126) we have
|DV (u)G(0,u)| < L(c+ ¢€)|ul* (5.127)
and, consequently, from (5.124),(5.127) we will obtain
Ve(@) < Jul*(=1+ L(c+¢€)) = —z|*

for each z € X, where v = 1 —I(c+¢) > 0 since ¢ and ¢ are a sufficiently small
positive numbers. To finish the proof of Theorem it is sufficient to refer to Theorems
2.24- 2.25. O

Theorem 5.37 Let f € CY(E,E),® € CY(F,F) and f + F € C1(E x F,E) be
reqular,  C F be a compact invariant set of dynamical system (5.105), the function
f be homogeneous (of order m > 1) and the zero solution of equation (5.105) be
uniformly asymptotically stable. If

|F(u, )| < clul™

for all |u| > r and w € Q, where rand ¢ are certain positive numbers, and moreover
c 1s sufficiently small, then the following assertions take place:
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(1) a set I, = {u € E|sup{|p(t,u,w)| : t € R} < 400} is not empty, compact and
connected for each w € Q, where p(t,u,w) is a solution of equation

u' = f(u) + F(u,wt)

satisfying the initial condition p(0,u,w) = u;
(2) o(t,I,,w) = Iyuw) for allt € Ry and w € ;
(3) aset I =\J{L, | weQ} is compact and connected;
(4) the equalities

. HIJP Blpt, M,w_¢),1,) =0 (5.128)
and
i Blp(t, M,w),1) =0 (5.129)

take place for all w € Q0 and bounded subset M C E.

Proof. The proof of formulated assertion is carried out using the same scheme as
in Theorem 5.36, therefore its proof may be omitted. O

Theorem 5.38 Let f € CL(E x F,E),® € CY(F,F) and f + F € CY(E x F,E)
be reqular, Q C F be a compact invariant set of dynamical system (5.105), function
f be homogeneous (of order m = 1) w.r.t. variable uw € E and the zero solution of
equation (5.106) be uniformly asymptotically stable.

If
| (u, w)| < clul (5.130)

for all |u| > r and w € Q, where r and ¢ are certain positive numbers, and moreover
c 1s sufficiently small. Then the following assertions take place:

(1) the set I, = {u € E|sup{|p(t,u,w)| : t € R} < 400} is not empty, compact
and connected for each w € Q, where p(t,u,w) is a solution of equation

u = f(u,wt) + F(u,wt) (5.131)

satisfying the initial condition p(0,u,w) = u;

(2) o(t, 1, w) = Isrw) for allt € Ry and w € §;

(3) the set I = |J{I,|w € Q} is compact and connected;

(4) the equalities (5.128) and (5.129) take place for every bounded subset M C E
and w € Q.

Proof. Let ((X,R4,7),(Y,R,0),h) be a non-autonomous dynamical system, gen-
erated by equation (5.131). Since f € C1(E x F, E) and the zero solution of equa-
tion (5.106) is uniformly asymptotically stable, then according to Theorem 5.35 by
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equality

—+o0
Viww) = [ lpttuw)t
0

it is defined a continuously differentiable function V : X = F x Q — R, satisfying
the conditions 2.1-2.3 of Theorem 5.33. Let us remark that

VI (u,w) = iV(((,o(t,u,cu),cut)’ = {DuV(gp(t,u,w),wt)%go(t,u,w)

dt
+D,V(p(t,u,w), wt)%wt}‘tzoz D,V (u,w)[f(u,w) + F(u,w)]

+D,V (u,w)®(w) = —|u|® + D,V (u, w) F(u,w). (5.132)

Since the function V(u,w) is homogeneous of order k& > 1 w.r.t. variable u € E,
then in virtue of Lemma 5.6 there exists a number L > 0 such that

1DV (0, 0)] < Ljul*? (5.133)
for all u € E and w € Q. From (5.130) and (5.133) follows, that
|DyV (1, w)F (u,w)| < cLlul* (5.134)
for each |u| > r and w € Q and, consequently, according to (5.132), (5.134) we have
Vi(u,w) < —[ul* + cLlul* = —y|ul®

for all w € © and |u| > r, where v = 1 — ¢L > 0 since a number c is sufficiently
small. For finishing the proof of the theorem it is sufficiently to refer to Theorem
2.24, 2.25 and 5.3. The theorem is proved. O

Remark 5.12 The dissipativity of equation (5.121) is established in [337)
(theorem 39 and corollary 1).



Chapter 6

Dissipativity of some classes of equations

6.1 Difference equations

All the results about differential equations, which are presented in previous chap-
ters, for difference equations hold too, because they were formulated and proved
for general non-autonomous dynamical systems, both for dynamical systems with
continuous time and those with discrete time. Below we will give some of them that
we need to study periodical systems with impulse.

Consider a difference equation

u(k +1) = d(k,u(k)) (@€ C(Z x E", E™)). (6.1)

Denote by (-, u, ®) a solution of the equation (6.1) passing through the point
u for k = 0. Suppose that ® is p—periodic in k € Z, where p € Z. We set H(®) :=
{®,, =(®,m) : 0<m < p—1}, and denote by (Y,Z, o) a dynamical system of
translations on Y := H(®) induced by (C(Z x E"™,E™),Z,0). Let X := E" xY and
define a mapping 7 : X x Z; — X by the equality ((u, ®),k) := (o(k,u, ®), p).
From general properties of solutions of the difference equation (6.1) follows that
(X,Z4,m) is a semigroup dynamical system and <(X7 Zy,m), (Y7Z7U),h> (h =
pro : X — Y) is a non-autonomous p—periodic dynamical system. Applying to the
above constructed non-autonomous dynamical system the results of section 4.6, we
get some assertions for the equation (6.1). Before formulating some statements of
this type we will define the notion of dissipativity for the equation (6.1).

Definition 6.1 By analogy with the case of differential equations, the difference
equation (6.1) is said to be dissipative, if there is a positive number r such that

limsup |@(k, v, ®| < r
k—+4o00

for all v € E® and ® € H(®).

We define a mapping P : E™ — E™ in the following way: P(v) := ¢(p, v, ®) and
denote by (E™, P) the cascade generated by positive powers of P.

225
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Theorem 6.1  The equation (6.1) is dissipative if and only if the cascade (E™,P)

1s dissipative.

Theorem 6.2  If the equation (6.1) is dissipative, then:

1. there exists h > 0 such that for all a > 0 there is k(a) € Z4 for which
P*B[0,a] C B[0,h] for all k > k(a);

2. the mapping P has at least one fized point ug € E™ through which there passes
a p-periodic solution of (6.1).

Theorem 6.3  If the equation (6.1) is dissipative, then:

1. there is a nonempty compact set I € E™ which possesses the following proper-
ties:
la P(I)=1;
1.b. for all e > 0 there is 6(g) > 0 such that p(u,I) < § implies p(P*u,I) < ¢
forallk € Zy;

2. the set J .= U{Jy := p(k,I,®) : k € Z1} is nonempty, compact and possesses
the following properties:
2.a. the set J s invariant with respect to (6.1), ie. v € Jp, implies
ok, v, @) € J forallk € Zy;
2.b. Jpqip=Ji forallk € Z;
2.c. for all e > 0 there exists 6(g) > 0 such that p(o(m,u, @), J,) < 0 implies
plpk,u, @), Ji) < e for all k > m.

Theorem 6.4  Let the equation (6.1) be dissipative and the function ® : Zx C" —
C™ be holomorphic in second variable, then the Levinson’s center of this equation
consists from a single p—periodic trajectory, i.e., the equation (6.1) is convergent.

Theorems 6.1 — 6.4 directly follow from the results of section 4.6. Concern-
ing Theorem 6.4 it is necessary to add that when the right hand side of (6.1) is
holomorphic, then the solution ¢(-, z, ®) (z € C™) is holomorphic too.

Consider the quasi-linear equation

u(k +1) = A(k)u(k) + F(k, u(k)), (6.2)

where A(k) is a non-stationary n x n—matrix and the function F' € C(Z x E™, E™)
satisfies some condition of ”smallness”.
Denote by U(k, A) the Cauchy’s matrix for linear equation

u(k +1) = A(k)u(k).

Theorem 6.5 Let A(k) and F(k,u) be p-periodic in k € Z,. Suppose that the
following conditions hold:
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(1) there are positive numbers M and q < 1 such that

Uk, AU (m, A)l| < Mg*™™ (k= m); (6.3)

(2) |F(k,u] <C+Dlu] (C>0,0<D<(1—q)M™1) for allu € E™.

Then the equation (6.2) is dissipative.

Proof. Let ¢(-,u,®) (®(k,u) = A(k)u + F(k,u)) be a solution of the equation
(6.2) passing through the point © € E™ for k = 0. According to the formula of
variation of constants (see, for example, [170]) we have

k—1
ok, u, ®) = Uk, A) (u + 3 U m+ 1, A)F(m, p(m,u, @))),

m=0
and, consequently,

(s, ®)] < M (Jul

k—1

+ 3 aHHC + Dlgplm, u, @) (6.4)

m=0

We set u(k) := ¢~ *|¢(k,u, ®)| and, taking into account (6.4), we obtain

k—1 k—1
u(k) < Mlu|+CMq Y  ¢~™+DM > u(m). (6.5)
m=0 m=0

Denote the right hand side of the equality (6.5) by v(k). Note, that

CM DM DM cM
v(k+1) —v(k) = ¢ F— + —u(k) < —v(k) + —q %,
q q q q
and,hence,
DM cM
ok +1) < (14 == )o(k) + S

From this inequality we obtain

DM\ k-1 CM1—gk?

Therefore,

_ CM , ,_
ok, u, ®)| < (¢ + DM)*'qM|u| + q_—l(q’“ b, (6.6)
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because v(1) = M|ul|. From (6.6) follows that

The theorem is proved. O

Corollary 6.1 Under the conditions of Theorem 6.5 the equation (6.2) has at
least one p-periodic solution.

Proof. This statement follows from Theorems 6.2 and 6.5. |

6.2 Equations with impulse

Consider the following differential equation:
= f(t,u) (feCRx E™, E™)). (6.7)

Suppose that f(t + 7,u) = f(t,u) (t € R, u € E™) and f is regular, i.e. for the
equation

0 =g(t,v) (6.8)

the conditions of existence, uniqueness and continuability on Ry are fulfilled for
all g € H(f) := {f- : 7 € [0,7[}. Denote by ¢(-,v,g) a solution of (6.8) passing
through the point v for t = 0. Note, that

ot +7,v,9) = o(t,o(1,v,9),9r)

forall¢t, 7 € Ry, ve E™ and g € H(f).
Let {tx} C R (top = 0) and {sx} C E™ be such that for certain p > 0 (p €
Z) tiyp —t = 7 and Spyp = s for all k € Z. It is well known [170] that

these conditions are necessary and sufficient for 7—periodicity of the distribution
“+oo

Z Sk(stk.

k=—oc
Consider a nonlinear 7—periodic equation with impulse

—+oo

W= f(t,u)+ Y sk, =3 (6.9)

k=—oc0

It is known (see, for example, [170]) that, under the conditions above, the equa-
tion (6.9) has a unique generalized solution (which is piecewise continuous) passing
through the point u when t = 0 for every u € E™. This solution we denote by
o(,u,F). Thus, ltilr(r)l o(t,u,§) = u. In addition, on every segment |t,tr+1[ the
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equation (6.9) coincides with (6.7). Therefore, the equality

@(t’uag) = (,D(t - tkacka ftk) (610)

holds, where the sequence {c,} C E™ satisfies the difference equation

Ch1 = P(thr1 — thy Chy fro) + Sk (6.11)

The equation with impulse (6.9) is said to be dissipative if there exists r > 0
such that

limsup |o(t, v, §)| <7 (6.12)

t——+oo
for allv € E" and § € H(F) := {§. : s € [0, 7[}, where F, is an s-translation of the
distribution §.

Remark 6.1 For periodic equations the condition of dissipativity (6.12) can be
simplified because (6.12) is equivalent to the following relation:

limsup |p(t, u, )| < 7. (6.13)

t——+o0

Proof. In fact, (6.12) implies (6.13). Conversely. From the equality p(t+ s, u,§) =
o(t, o(s,u,§),Fs) (if in the point s € R the function ¢(t, u, §) is discontinuous, then
o(s,u,8) = (s +0,u,F)) for all ¢, 7 € R;. Therefore, we have

QD(t,’U,%) = QO(t - T + S, QO(T - 87®7Sk)73)
for all t > 7 — s, where s € [0, 7] and@:%k. O

Lemma 6.1 The equation with impulse (6.9) is dissipative if and only if the
difference equation (6.11) is dissipative.

Proof. Let (6.9) be dissipative. Then there exists r > 0 such that the condition
(6.13) is fulfilled. If v € E™, then

(p(kv U, (I)) = @(tkv u;@)
and, hence,

lim sup |p(k, u, ®)| < r. (6.14)
k—+o00

Conversely. Let the equation (6.11) be dissipative. Then there is » > 0 such that
the condition (6.14) holds. Thus, for all u € E™ there exists ko(u) € Z4 such that
lo(k,u, @) < r for all k > ko(u). Let ¢ > ti, and t € [tg, tg+1] k > ko). By (6.10),
o(t,u,§) = ot —ty, ck, ft,), where e, = @(tk, u, §). We set

Ry := max{|p(s,u,g)| : s€[0,7],|u| <r, g€ H(f)}
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and note that |¢(t, u, §)| = |@(t —tk, ¢k, fr, )| < Ro for all t > tr, and, consequently,

limsup |p(t, u, §)| < Ro. (6.16)

t——+o0
Moreover, the number Ry does not depend on u € E™ in the inequality (6.16). The

lemma is proved. 0

Define a mapping P : E™ — E™ by the equality

P(U) = 90(7-7’“3%) = @(tihuvg) = @(pvua (I)) (617)

From the equality (6.17) and general properties of solutions of difference equations
follows the continuity of the mapping P.

Theorem 6.6 The equation with impulse (6.9) is dissipative if and only if the
cascade (E™, P), where P is defined by the equality (6.17), is dissipative.

Proof. This affirmation directly follows from Lemma 6.1 and Theorem 6.1. |

Corollary 6.2 If the equation (6.9) is dissipative, then there exists a nonempty
compact connected set I C E™ possessing the following properties:

(1) P(I) =1, where P is a mapping of E™ onto itself, defined by the formula (6.17);

(2) for an arbitrary € > 0 there is d(¢) > 0 such that p(u,I) < & implies
p(P*(u),I) < e for all k € Zy ;

(8) the equality kEI—lr-loo p(P*(u), I) =0 holds for all u € E™.

Proof. Corollary 6.2 follows from Theorems 6.6 and 4.9. ]

Corollary 6.3  If the equation (6.9) is dissipative, then:

(1) thereis T > 0 and for all a > 0 there is k(a) € Z4 such that P*B[0,a] C B|0, ]
for all k > k(a);

(2) there is ug € I such that P(ug) = wuo and, consequently, p(t,uo,§) is a T-
periodic solution of (6.9).

Consider a quasi-linear equation with impulse

+oo
W= At)u+ F(t,u)+ Y sply,. (6.18)

k=—o0

The following statement holds.

Theorem 6.7 Let A and F be T-periodic in t € R. The equation (6.18) is
dissipative, if the following conditions are fulfilled:
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(1) there are positive numbers N and v such that
U, AU (s, A)|| < N9,
where U(t, A) is a Cauchy matrixz for the equation
= A(t)u.

(2) there exists a sufficiently small positive number ¢ such that |F(t,u)] < C +
Dlu| (we E™, C >0 and 0 < D <¢g).

Proof. Let f(t,u) := A(t)u + F(t,u). According to Lemma 6.1, to prove Theorem
6.7 it is sufficient to show that the difference equation (6.11) is dissipative. Let us
rewrite the equation (6.11) as follows:

Chi1 = A(K)er + F(k, cx), (6.19)
where A(k) := U(tpy1 — tk, A,) and
F(k,u) := @(tppr — tr,u, fr,) + sk — A(k)u.

Note, that under the conditions of Theorem 6.7 A(k) and F(k,u) are p-periodic in
keZ.
We will show that the trivial solution of the homogeneous equation

Ck+1 = A(k)ck (6.20)
is uniformly asymptotically stable. In virtue of the periodicity of /T(k) it is sufficient
to show that it is asymptotically stable. Note, that

k—1
Uk, A) = T[] Ultmir = tms As,) = Ulte —tp-1, As, ),
m=0
therefore, ||U(k, A)|| < Ne (t~tr-1)_ From this fact follows the asymptotic sta-
bility of the trivial solution of (6.20).
We will show now that |F(k,u)| < C + D(D)|u| for all u € E™, where C' and
D(D) are some positive constants, moreover, D(D) — 0 as D — 0. Indeed, since
o(t, u, fi) is a solution of the equation

= fi(t,u) = Ai(t)u+ Fi(t,u),

then @(t,u, fi) = U(t, Ar) (u+ fot U~t(s, A)Fi(, (s, u, f1))ds) and, consequently,

. te+1—tk
F(k,u)z/ Ultisr — to, A U5, Ay, VF (5, (5, s fu))ds + sg. (6.21)
0
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Using the same arguments as in Theorem 3.21, we can show that

CN

[p(t, u, )] < Nlule! NP 4 =

(6.22)

forallt>0,l€Randu e E" (0< D <vN~!). From (6.21) and (6.22) we have

te+1—tk

Pkl < [ NerOe b Dlg(e,u fi)hs <

thr1—tk

Ne_u(twl—tk)/ (Ce”S—I—De”S{ CN

—V+ND)S:|
7V*DN+N|U|6 )ds

(=)

CN qev(ten—t) _ 1
] +

= Nt (|C 4 D
€ YT DN

14

eNDtepi=te) _ 1 NC
— _ 71/(tk+17tk)>
N |ulD ~5 ) — (1 e +

N|u|(e(ND—V)(tk+l—tk) _ e—u(tk+1—tk)) < C + D(D)ul,
where C := NC(v — ND)~* and

D(D):=N sup |eNP=2)(ki1—tr) _ e_"(t"‘“_t"‘)] (6.23)

0<k<p—1
From (6.23) follows that D(D) — 0 as D — 0. Therefore, there is £y > 0, such
that D(go) < M~(1 — q) (see Theorem 6.5). According to Theorem 6.5, the
difference equation (6.19) is dissipative and, hence, the equation with impulse (6.18)
is dissipative too. The theorem is proved. (I

6.3 Convergent periodic equations with impulse

Definition 6.2 Following [137], [270], the equation with impulse (6.9) we will
call convergent, if (6.9) has a unique 7—periodic solution (¢, u,§) which is globally
uniformly asymptotically stable.

By analogy, it is possible to define the notion of convergence for the difference
equation (6.1). From this definition follows that convergent equations form that
part of dissipative equations which has the Levinson’s center consisting from a
single periodic trajectory (solution) of (6.9).
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Lemma 6.2  The T-periodic equation with impulse (6.9) is convergent if and only
if (6.11) is convergent.

Proof.  Let (6.9) be convergent. Then there is a unique 7-periodic solution
o(t, up,F) of (6.9) which is globally uniformly asymptotically stable. Directly
from the corresponding definitions follows that (¢, ug, ®) (P(k,u) = ©(tgr1 —
ti, U, ft,) + Sk) is a unique p-periodic solution of (6.11) and is globally uniformly
asymptotically stable.

Conversely. Let (6.11) be convergent and ¢(k, ug, ®) be its unique p-periodic
globally uniformly asymptotically stable solution. Obviously, ¢(¢, ug, §) is a unique
7-periodic solution of (6.9). Let k € Z and ¢ € [ty, tk41[. According to (6.10),

|S0(t7 U,S") - W(t7u073)| = |S0(t - tk?a Ck, ka) - Qﬂ(t - tka 027 ftk)|a (624)

where cj, := ¢(tx, u,§) and ¢ := ¢(tx, uo, T). The mapping ¢ : [0, 7] x K x H(f) —
E"™ (¢: (s,u,g9) — ¢(s,u,g)) is uniformly continuous for every compact K C E"
and, hence, for all £ > 0 there is §(¢) > 0 such that

lo(s,u1,9) — @(s,u2,9)| <&, (6.25)

for all s € [0, 7], |ur —uz| < 0, ur,uz € K and g € H(f).
From (6.24) and (6.25) and the global uniform asymptotic stability of
o(k,uo, ®) = ¢ follows an analogous property for ¢(t, uo, §). The lemma is proved

Theorem 6.8 Let A(k) and F(k,u) be p—periodic in k € Z and the following
conditions be fulfilled:

(1) there exist positive numbers M and g < 1 such that the inequality (6.3) holds;
(2) |F(k,u1) — F(k,uz2)| < Llu; —us| (0 < L < M~ Y(1-gq)) for all k € Z and
uy,uy € E™.

Then the equation (6.2) is convergent.

Proof.  Let p(k,u,®) (®(k,u) := A(k)u + F(k,u)) be a solution of (6.2) passing
through the point u for £ = 0. In virtue of the formula of variation of constants we
have

k—1
o(k,u, ®) = Uk, A) (u + 3 U m+ 1, A)F(m, p(m,u, @))).

m=0
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Consequently,
ok, u1, ®) — p(k,uz, ®) = U(k, A) (ul — us+
k—1
> U+ 1, A)F(m, (m,u, @) = F(m, plm,uz, )] ).
m=1
Thus,

(ks 1, @) = ok, uz, @)] < Mg* (Juy = s
k—1

FLa Y g ek, u, @) = (b, w2, @)]). (6.26)
m=0

Let u(k) := |p(k,u1, ®) — p(k, ug, ®)|¢g~*. From (6.26) follows that

k—1
u(k) < M<|u1 —up| +Lg Y u(m)). (6.27)

m=0

Denote by v(k) the right hand side of (6.27). The following inequality
v(k +1) —v(k) = LMq 'u(k) < LMq 'v(k). (6.28)
holds. From (6.28) we obtain
v(k) < (1+ LMqg 1) 1u(1)
and, hence,
u(k) < (1+ LMq )M|uy — usl, (6.29)
since v(1) = M|u1 — ug|. From (6.29) we have
lo(k,ur, @) — ®(k, uz, ®)| < (g + LM)* M |uy — us) (6.30)

for all uy,us € E™ and k € Z.

Let us note that under the conditions of Theorem 6.8 we can apply Theorem
6.5 and, consequently, the equation (6.2) admits at least one p-periodic solution
w(k,ug, ®) (see also Corollary 6.1). From (6.30) follows the global asymptotic sta-
bility of the solution @(k,uo, ®) and, according to the periodicity of (6.2), the
solution ¢(k,ug, ®) will be globally uniformly asymptotically stable. The theorem
is proved. O

Theorem 6.9 Let A(t) and F(t,u) be T-periodic in t € R. The equation (6.18)
is convergent, if the following conditions are fulfilled:
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(1) there are positive numbers N and v such that
1U(t, AU~ (s, A)|| < N7 (t > 5);
(2) there is a sufficiently small positive number ¢ such that
|F(t,u1) — F(t,uz)| < Llug — ua|

(ur,us € E™, t € R and 0 < L < gyp).

Proof. According to Lemma 6.2 to prove the convergence of (6.18) it is sufficient
to establish that under the conditions of Theorem 6.9 the difference equation (6.11)
possesses the same property. As well as in the proof of Theorem 6.7, we will present
the equation (6.11) in the form (6.19). Under the conditions of Theorem 6.9 the
trivial solution of (6.20) is uniformly asymptotically stable. Further, (6.21) implies
that

tht1—tk
|k, wr) — Bk, up)| = | / Ultesn — tos Ay U= (s, Ay, ) x
0
[Fi, (5, 0(8,u1, ft,) — Fy,. (s, 0(s,u2, fr,))]ds < (6.31)

tet1—1lk
Ne_”(t’““_t"‘_s)L|<p(5,u1,ftk — (s, uz, fi,)|ds.
0

Reasoning in the same way that in Theorem 5.23 we obtain
lo(t,ur, fi, — @(t, uz, fr,)] < Nlug — ugle” =N (6.32)

for all uy,us € E™ and t € Ry, where fy, (t,u) := Ay, (H)u + Fy, (t,u). From (6.31)
and (6.32) we have

|ﬁ(/€,ul) - ﬁ(k,u2)| < Ne V(tetr—te) [ o
tk‘+1*tk

eLN25N|u1 — ug|ds < E(L)|u1 — us|,

where

L(L):= sup {e(*”+LN2)(t’“+1*t’“) — e Vtkmte) | (6.33)
0<k<p—1

From (6.33) follows that L(L) — 0 for L — 0. Therefore, there exists e9 > 0 such

that L(L) < M~(1 —q) for 0 < L < g9. By Theorem 6.8, the equation (6.20) is

convergent and to finish the proof of Theorem 6.9 it is sufficient to refer to Lemma

6.2. 0
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Remark 6.2 a. A statement similar to Theorem 6.9 has also been proved in the
work [256].
b. The problem of the convergence and dissipativity of equations with impulse

are studied in the works [256], [115], [116], [256].

6.4 Asymptotic stability of linear functional differential equations

Using some ideas and methods developed while studying dissipative dynamical
systems we may receive a series of conditions which are equivalent to the asymp-
totic stability of linear non-autonomous dynamical systems with infinite dimensional
phase space. As an application of these result we may receive the corresponding
results for linear functional differential equations.

Let (X,h,Y) be a vectorial fibering with the fiber F (E is a Banach space)
and |- | : X — R be a norm on X, compatible with the distance of X, i.e. | -] is
continuous and |z| = p(z, 0y), where x € X, 6, is the null element of the space X,
and p is a distance on X.

Recall that a dynamical system (X,Sy,7) is called locally compact (locally
completely continuous) if for any z € X there are §, > 0 and [, > 0 such that
7t B(z,6,) (t > 1) is relatively compact.

Theorem 6.10 Let (X,Sy,7) be locally compact and Y be compact. Then the
following conditions are equivalent:

1. tlil_gl |xt] =0 for all x € X;
— T 00

2. all the motions in (X,Sy,m) are relatively compact and (X,Sy,7) does not
admit nontrivial compact motions defined on S;

3. there are positive numbers N and v such that |xt| < Ne Vx| for all z € X
and t € S;.

Proof. From the equality tLieroo |xt| = 0 follows that ¥} is relatively compact

and wy, € © := {6, : y € Jy, where 6, is the null element of X,}. Thus, the
dynamical system (X,S;,n) is pointwise dissipative and, according to Theorem
1.10, it is compactly dissipative. Denote by Jx the Levinson’s center of the
dynamical system (X,S;, 7). We will show that Jx = ©. Obviously, the set ©
is compact and invariant (7@ = © for all ¢ € S;) and, consequently, © C Jx.
From the last inclusion follows that A(Jx) = Jy. Now let us show that Jx = ©. If
we suppose that it is not true, then Jx \© # () and, hence, there is z¢g € Jx\©. Since
in the set Jx all motions are continuable on S (see Theorem 1.6), then there exists
a continuous mapping ¢ : S — Jx such that: ©(0) = zg and 7wlp(s) = @(t + s)
for all s € S and ¢t € S;. On the other hand, by the linearity of the system
((X,S4,m), (Y,S4,0), h) along with the point g all the points Azg (A € R) be-
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long to the set Jx, because Jx is a maximal compact invariant set in X. But
the inclusion Azg € J holds for all A € R if and only if xyp € ©. The obtained
contradiction shows that Jx = ©.

We will show that in (XS4, 7) there is no nontrivial compact motions defined
on S. In fact, let x € X be such point that there exists ¢ : S — X possessing the
following properties: (S) is relatively compact, mlp(s) = ¢(t +s) (t € Sy, s €S)
and ¢(0) = xo. Since Jx is a maximal compact invariant set, then ¢(S) C Jx and,
in particular, g € Jx C 0. Therefore, |xg| = 0. Thus, we proved that 1. implies
2. The converse implication is evident.

We will show that 1. implies 3. Indeed, since under the conditions of Theorem
6.10 from 1. follows that (X,S;,w) is pointwise dissipative, then, according to
Theorem 1.10, it is locally dissipative. As Y is compact and (X,S,, ) is locally
dissipative, then there is 4 > 0 such that

. ligl sup{|zt| : |z] < 6} = 0. (6.34)

Taking into consideration (6.34), by standard reasoning (see, for example, [208],
[275],and also Theorem 2.38) we may prove that there are N, v > 0 such that
|zt| < Ne |z| for all x € X and t > 0. Finally, 3. evidently implies 1. The
theorem is proved. O

Remark 6.3 a. The condition of local compactness in Theorem 6.10 is essential.
To confirm this statement it is sufficient to consider the example 1.8. In this example
all motions tend to zero as t — 400, but this system is not exponentially stable. It
is not difficult to see that the dynamical system from the example 1.8 is not locally
compact.

b. Theorem 6.10 is also true if the space Y is just pseudo-metric.

A very important class of linear non-autonomous dynamical systems with infinite
dimensional phase space satisfying the condition of local compactness is the class
of linear non-autonomous functional differential equations [175]. Let us recall some
notions and denotations from [175]. Let r > 0, C([a, b], R™) be a Banach space of all
continuous functions ¢ : [a,b] — R™ equipped with the norm sup. If [a,b] = [—7, 0],
then we set C := C([-r,0],R™). Let 0 € R, A>0and u € C([oc—r,0+ A],R™). We
will define u; € C for all ¢ € [0, 0 + A] by the equality u.(0) := u(t+0), —r <0 <0.
Denote by D = D(C,R™) a Banach space of all linear continuous operators acting
from C into R™ and endowed with operational norm. Consider a linear equation

i = A(t,up), (6.35)

where A : R x C — R" is continuous and linear with respect to the second variable,
ie. A(t,-) € D for all t € R. Let us set H(A) := {A4; : s € R}, where A4(t,:) =
A(t+s,-) and by bar we denote a closure in the compact-open topology on R x C.
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Along with the equation (6.35) let us consider the family of equations
0 = B(t, vt), (6.36)

where B € H(A). Let ¢(-, ¢, B) be a solution of (6.36) passing through the point
¢ € C for t = 0 defined for all £ > 0.

Let Y := H(A) and denote by (Y,R, o) a dynamical system of translations on
H(A). Let X :=CxY, (X,R;,m) be a dynamical system on X defined in the
following way: w((¢, B),7) := (¢(7,¢, B), B;). It is easy to see that the system
<(X, Ry, 0), (Y, R,o)7h> is linear. We remark a very important property of this
system.

The following statement holds.

Lemma 6.3 Let H(A) be compact. Then for any point x € X := C x H(A) there
exist a neighborhood U, of the point x and a positive number I, > 0 such that 7tU,
is relatively compact for all t > 1, i.e. the dynamical system (X, Ry, m) is locally
compact.

Proof. This assertion follows from Lemmas 2.2.3 and 3.6.1 from [175] and from the
compactness of Y. O

Applying to the constructed non-autonomous dynamical system Theorem 6.10
(see also Remark 6.3) and taking into consideration Lemma 6.3, we will obtain the
following statement.

Theorem 6.11 Let H(A) be compact. Then the following statements are equiv-
alent:

(1) the trivial solution of (6.35) is uniformly exponentially stable, i.e. there are
positive numbers N and v such that |p(t, ¢, B)| < Ne "*|§| for all B € H(A)
and t > 0;

(2) the trivial solution of (6.36) is uniformly exponentially stable for all B € H(A).

6.5 Convergence of monotone evolutionary equations

Let H be a Hilbert space. Denote by L?

loc

(R, H) the space of all functions ¢ : R — H
that are locally integrable with the power p, that is

/ lp(t)|Pdt < 400 (p>1, k=0,1,2...).
t[<k
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Let us define a topology on LY (R, H) by the family of semi-norms | - [x:
1
b= ([ leopar)? k=02
[t|<k
and by (L} (R,H), R,0) we denote the dynamical system of translations on
LP (R,H) (see [103]).

Definition 6.3 Recall [30] that an operator A : D(A) — H (D(A) C H) is called:

a. monotone, if Re{Au; — Aug,u1 —ug) > 0 for all uy,us € D(A);

b. semi-continuous, if the function ¢ : R — R defined by the equality ¢()\) :=
(A(u + Av), w) is continuous;

c¢. uniformly monotone, if there exists a > 0 such that

Re(Au — Av,u —v) > alu —v|? (6.37)

for all u,v € D(A).

Note, that the family of all monotone operators can be partially ordered with
respect to the inclusion of its graphs.

Definition 6.4 A monotone operator is called maximal, if it is maximal among
monotone operators.

Consider a differential equation
¥+ Az = f(¢), (6.38)

where f € L} (R,H) and A is a maximal monotone operator with the domain

D(A). It is known [30] that for all zy € D(A) there exists a unique weak solution
©(t, o, f) of the equation (6.38) satisfying the condition ¢(0, 2, f) = 2o and defined
onRy. Let Y := HT(f) and (Y,R4,0) be a dynamical system of translations on Y.
We denote by X := D(A) x Y and by (X,R,,7) a dynamical system on X, where
w(t, (v,g)) = (p(t,v,9),9:). Then the triple (X,Ri,7),(Y,R4,0),h)(h = prq :
X —Y) is the non-autonomous dynamical system [187] generated by the equation
(6.38). Applying the results obtained in Chapters 1-5 to the constructed in such
way non-autonomous dynamical system, we will obtain the following results for the
equation (6.38).

Theorem 6.12 Let f € L}, (R,H) and H(f) be compact. If A is a mazimal
monotone operator which is semi-continuous and uniformly monotone, then the
equation (6.38) is convergent, i.e. the equation (6.38) admits a unique compact on
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R uniformly compatible solution which is globally asymptotically stable. In addition,
there exist positive numbers N and v such that the equation

' + Az = g(t) (6.39)

holds for all g € H(f) and admits a unique compact on R uniformly compatible
solution ¢(t,vg,9) (g € H(f)) such that

|(,O(t,1),g) *(P(t,vg,g” S Nel/t|v7vg| (640)

for allv € D(A) and t > 0.

Proof. Modifying the results from [187], we obtain that under the conditions of
Theorem 6.12 all the solutions of the equation (6.38) are compact on R;. On the
other hand, by the condition (6.37) we have

lo(t, 21, f) = p(t, 22, f)| < e |1 — 22 (6.41)

for all t > 0 and x1,22 € H. And, moreover, if g € H(f), then for solutions of the
equation (6.39) the following estimation

|¢(t7ylvg) - w(ta y279)| < e_at|y1 - y2| (642)

takes place for all ¢ > 0 and y1,y2 € H. The relation (6.42) implies the condi-
tion 4. of Theorem 2.15, if we take as V : X x X — R, the following function

V((v1,9), (ve,q)) :=|v1 —v2| (g € H(f), vi,v2 € D(A)). The theorem is proved]

Corollary 6.4 Let f € L} (R, H) be stationary (T—periodic, almost periodic,
recurrent). Then the equation (6.38) admits a unique stationary (T—periodic, almost

periodic, recurrent) solution wich is globally asymptotically stable.
Finally, we will give an example of equations of the type (6.38).

Example 6.1 Counsider the equation

0%y ou

= Au— o)+ 1(1) (6.43)

in the open set D C R™ with the boundary condition u|sp = 0 on the boundary
0D of D. Suppose that the function ¢ : R — R satisfies the conditions : ¢(0) =0
and 0 < ¢1 < ¢'(§) < c2 (£ € R). Then the equation (6.43) may be rewritten in the
following way:

Qu —y
{ % — Au— (o) + 1) (644
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We denote by H := W, *(2) x L*(Q) and define on H a scalar product

((u,v), (u*,v*)) = /[vv* + AuAu® + duv™ + A vlde,
Q
where ) is a certain positive constant depending only on ¢; and cy. It is possible

to verify (see, for example, [131]) that Theorem 6.12 can be applied to the system
(6.44), if the set H(f) C L}, (R, H) is compact.

Let I CR , H be a Hilbert space with scalar product {,), D(I,R) be a space of
all infinitely differentiable functions ¢ : I — H with compact support and [H]| be
an algebra of all linear bounded operators on H.

Consider the equation

/[(W)a @' (1)) + (At)u(t), () + (f(1), p(t))ldt =0, (6.45)

where A € C(R, [H]) and f € C(R, H). A function u € C(I, H) is called a solution
of the equation (6.45), if the equality (6.45) takes place for all ¢ € D(I, H).

Let x € H, ¢(t,z, A, f) be a solution of the equation (6.45) defined on R4 and
satisfying the condition ¢(0,x, A, f) = = and

/KU(t), @' (1)) + (B(t)u(t), o(t)) + (9(1), p(t)]dt =0 (6.46)

be a family of equations, where (B,g) € H(A4, f) := {(4-, f-) | 7 € R}. We will
suppose that the operator-function A € C(R,[H]) is self-adjoint and negatively
defined, i.e. A(t) = —A;(t) +iAz(¢t) for all ¢ € R, where A;(t) and As(t) are
self-adjoint and

(A1 (H)u,u) > aful? (6.47)
for all t € R and u € H, where a > 0.
Lemma 6.4 [5] We have

%%"p(tv Z, A7 f)|2 = _<A1(t)(p(t7 Z, A7 f)ﬂ (,D(t7.%'7 A, f)>
+Re(f(t),o(t,x, A, f)) (6.48)
for allt > 0.

Lemma 6.5 The following inequality

lo(t, 2, A, )| < o] + / 1 ()\dr (6.49)

holds for all t > 0.
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Proof. In virtue of the equality (6.48) we have

1d

5 gl et a A NP < F(0)]lo(t 2, A ).

Let v(t) := |o(t, 2, A, f)|2. Then 22 < 2|f(¢)|y/v(t) and, consequently,

Vo) - Vol < / F(s)lds.
From this follows the inequality (6.49). O

Lemma 6.6 Letl,r and § > 0,20 € H A € C(R,[H]) and f € C(R,[H]). Then
there exists M = M(f,l,r,3,x9) > such that

|50(tvvavg) - w(taz(JvAvf” < |$7‘TO|+

MAHMﬂ |m+/m ldr (6.50)

for all t € [0,1] and x € Blxo,r] :={x | x € H,|x — xo| < 7}, if |g(t) — f(¥)| < B
and Re(B(t)x,xz) <0 for any t € [0,1] and z € H.

Proof. We denote by v(t

~—

= SO(t7$7B,g) - (,D(t7.’II(),A,f)' Then

(B(t) = A(6)v(t), o(t)) + (g(t) — f(t), p(t))]dt = 0
for any ¢ € D(R, H). By virtue of Lemma 6.4

1d
S o) = Re(A(t)o(t), o(0)

+Re[((B(t) — A(t))e(t, z, B, f),v(t)) + (g(t) — f(£),v(t))]

and, according to Lemma 6.5, we have

()] < [v(0)] +/0 [(B() = A(7))e(7, 2, B, g) + g(7) — f(7)|dT

<W|+/HB HW@mem+/m FPldr. (6.51)

On the other hand, according to Lemma 6.5 for ¢(¢, x, B, g) we have

t
ot 2, B, g)| < || + / lg(n)ldr < |zo| + 1+ B
0



Dissipativity of some classes of equations 243

1 uax | (1) = M(f. L. B, 0). (6.52)

Taking into account the inequalities (6.51) and (6.52), we obtain (6.50). The lemma
is proved. O

Let X = H x H*(A, f) and denote by X the set of all (u, (B, g)) € X such that
through the point u € H there passes a solution (¢, u, B, g) of the equation (6.46)
defined on R;.

Lemma 6.7 The set X C H x H(A, f) is closed in H x H(A, f).

Proof. Let {x,(B,g)) € X. Then there exists a sequence (z, (B, gr)) € X such
that xp — z in the space H, By, — B in C(R,[H]) and g — ¢ in C(R, H). Let [
and € > 0 be such that

[ =2l <& lgu®) —gm®)] < and |Bu() - Bu@®llle  (6.53)

for all ¢ € [0,1] and k,l > kg. Denote by r := sup{|zr| : k € N}. Then according
to Lemma 6.6

t
|<P(ta$k7Bk79k) - Sp(t7xmaBm7gm)| < |$k: - xm| + M/ ||Bk(T) - Bm(T)HdT
0

t
+/ |95 (T) — gm(7)|dT < e+ Mel + €l (6.54)
0

for all ¢ € [0,1] and k,m > ko, where M is a positive constant which is not
dependent on r, [ and g. Taking into account that the space C(Ry, H) is com-
plete and the inequality (6.54), we conclude that the sequence {¢(t,zk, Bk, gk)}
is convergent in C'(Ry, H) and, according to the inequality (6.54), ¢(t,z, B,g) =
kElfm o(t, r, By, g ). The lemma is proved. O

Lemma 6.8 The mapping ¢ : Ry x X — H(yp : (t,(u, B,g)) — ¢(t,u, B,g)) is
continuous.

Proof. Let t, — t,xx — x, By — B and gy — g. Then

lo(t, x, B, gr) — @(t,x, B, g)| < |¢(t, x, By, gx) — o(tx, z, B, g)|

+(tr, , B, g) — ¢(t,z, B, g)| < Iax, lo(t, vk, Br, gx) — (t, z, B, g)|

+o(tr, z, B, g) — ¢(t, z, B, g)|. (6.55)

By virtue of the inequality (6.55) and Lemma 6.6 we obtain the necessary assertion.
The lemma is proved. g
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Lemma 6.9 For all (B,g) € HT (A, f) and x1,22 € H we have
|<)0(t5$17B7g> - Sﬁ(tJZ,B»g” S eiat|x1 - 172|

for any t € R,

Proof. If the operator-function A(t) is negatively defined, then every operator-
function B € H7T(A) is negatively defined too and Re(B(t)u,u) > alul® (t €
R,u € H), where a > 0 is the same constant as the one figuring in (6.47) for the
operator-function A(t). Let w(t) := ¢(t,x1, B, g) — ¢(t, x2, B,g). Then, according
to Lemma 6.4, we have

1d
L0 = Be(BOw(B).0) < ~aluwlt)]
and, consequently, |w(t)] < |w(0)|e™*t for all t € R. O

Let us define on X a dynamical system in the following way: w(t,z) :=
7({u, (b,9)),t) = {(p(t,u,B,g), (B, g)) for all (u,(B,g)) € X and Ry. Let
Y = H(A, f) and (Y,R,0) be a dynamical system of translations on Y and
h =pre: X — Y. Then the triple (X,R4,7), (Y,R,0),h) is the non-autonomous
dynamical system generated by equation (6.45).

Definition 6.5 We will call the equation (6.45) convergent, if it admits a compact
solution on R that is globally asymptotically stable.

According to the results of Chapter 2 (see section 2.5), the equation (6.45) will
be convergent if and only if the non-autonomous dynamical system ((X,Ry, ), (Y,
R, 0),h) generated by the equation (6.45) is convergent.

Theorem 6.13 Let A € C(R,[H]), f € C(R,H) and H(A, f) be compact. Then
the equation (6.45) is convergent.

Proof. According to the results from [59], [187], all the solutions of the equation
(6.45) are compact on R and by virtue of Lemma 6.9 every solution of the equation
(6.45) is globally asymptotically stable. O

6.6 Global attractors of non-autonomous Lorenz systems

This section is devoted to the study of non-autonomous Lorenz systems. The
problems are formulated and solved in the context of non-autonomous dynamical
systems. First, we prove that such systems admit a compact global attractor and
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characterize its structure. Then, we obtain conditions of convergence of the non-
autonomous Lorenz systems, under which all solutions approach a point attrac-
tor. Third, we derive a criterion for existence of almost periodic (periodic, quasi-
periodic) and recurrent solutions of the systems. Finally, we prove a global averaging
principle for non-autonomous Lorenz systems.

The following n-dimensional systems of differential equations are called systems
of hydrodynamic type or autonomous Lorenz systems([306]):

u; = Ej7kbijkujuk + Ejaijuj + fi, 1=1,2,....n, (656)

where Xb;;pu;u uy is identically equal to zero, Ya;;u;u; is negative definite, and
fi are constants. The well known three-dimensional Lorenz system for geophysical
flows or climate modelling [242] is a special case of this type of systems.

It is known that solutions of (6.56) imbed in some ellipsoid and do not leave it
later, i.e. the autonomous system (6.56) is dissipative, and hence admits a compact
global attractor. In the vector-matrix form the system (6.56) may be written as:

v = Au+ B(u,u) + f, (6.57)

where A is a positive definite matrix and B : H x H — H (H is a n-dimensional
real or complex Euclidean space) is a bilinear form satisfying the identity

Re(B(u,v), w) = —Re(B(u,w), v)

for every u,v,w € H.

When f is not a constant vector but a bounded function of time ¢, it is known
that the equation (6.57) also admits a compact global attractor [218].

Our aim is to study the non-autonomous version of the equation (6.57). Namely,
in this case, the matrix A, the bilinear form B, and the function f all depend on
time ¢t. We will consider issues like compact global attractors, convergence, almost
periodic (including periodic and quasi-periodic) solutions and recurrent solutions,
and averaging principles.

6.6.1 Non-autonomous Lorenz systems

Let 2 be a compact metric space, R = (—00, +00), (£2, R, o) be a dynamical system
on  and H be a real or complex Hilbert space. We denote by L(H) (L2(H))
the space of all linear (bilinear) operators on H. When W is some metric space,
C (2, W) denotes the space of all continuous functions f :  — W , endowed with
the topology of uniform convergence.

Let us consider the non-autonomous Lorenz system

v = A(wt)u + B(wt)(u,u) + f(wt), w e Q, (6.58)
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where wt := o(t,w), A € C(Q,L(H)),B € C(Q,L*(H)) and f € C(Q, H). Note
that when the autonomous Lorenz system (6.57) is perturbed by periodic, quasi-
periodic, almost periodic or recurrent forces, it can then be written as (6.58). More-
over, we assume that the following conditions are fulfilled:

(1) There exists a > 0 such that

Re(A(w)u,u) < —alul? (6.59)
for all w € Q and u € H, where |- | is a norm in H ;
(2)
Re(B(w)(u,v), w) = — Re(B(w)(u, w), v) (6.60)

for every u,v,w € H and w € Q) .

Remark 6.4 a. It follows from (6.60) that
Re(B(w)(u,v),v)) =0 (6.61)

for every u,v € H and w € Q.
b. From bilinearity and continuity, we obtain

|B(w)(u,v)| < Cplul|v] (6.62)

forallu,v € H andw € Q, where Cp := sup{|B(w)(u,v)| : w € Q, u,v € H, |u| <1
and |v| < 1}.

Definition 6.6 We will call the system (6.58) with conditions (6.59) and (6.60)
a non-autonomous Lorenz system or a non-autonomous system of hydrodynamic

type.
We note that from the conditions (6.60) -(6.62) it follows that
|B(w)(z1, 1) = B(w)(22, 72)| < Cp(|z1] + |22]) |21 — 22 (6.63)

for all z1,22 € H and w € €.

Since the coefficients of (6.58) are locally Lipschitzian with respect to u € H,
through every point x € H passes a unique solution (¢, z,w) of equation (6.58) at
the initial moment ¢ = 0. And this solution is defined on some interval [0, ).
Let us note that

w'(t) = 2Re(¢' (t, x,w), p(t, z,w)) = 2Re(A(wt)p(t, z,w), p(t, z,w))
+2Re(B(wt)(p(t, z,w), p(t, z,w)), p(t, z,y)) + 2Re(f (wt), o(t, z,w))

= 2Re(A(wt)p(t, z,w), p(t, z,w)) + 2Re(f(wt), p(t, z,w))

< —2alp(t,z,0)* + 2/l flle(t, z, w)l, (6.64)



Dissipativity of some classes of equations 247

where || || := max{|f(w)|: w € Q} and w(t) := |¢(t,7,w)|?. Then
w' < —20mw + 2| f|w? .
Thus
w(t) < v(t)

for all ¢t € [0,%(,,.), where v(t) is a solution of the equation

'~

v = —2av + 2||f\|v%,
satisfying condition v(0) = w(0) = |z|?. Hence

o(t) = [(jz] ~ Lygmor o Wlpe
and consequently
et w)| < (fef = Haﬂ)e_at - ”aﬂ (6.65)

for all t € [0, (4,4,)). It follows from the inequality (6.65) that the solution ¢(t,z,w)
is bounded and therefore it may be extended to a global solution on Ry = [0, +00).
Thus we have proved the following theorem.

Theorem 6.14  Let the conditions (6.59) and (6.60) are fulfilled. Then the follow-
ing statements hold:

()
lo(t, @, w)| < C(|),

forall t >0, we Qandx € H, where C(r) =7 ifr > ro = ”(’;—H and C(r) =rg
ifTST’O;
(it)
Il

limsup sup{|¢(t,z,w)| :|z| <rweQ} < —
t——4o00 (67

for every r > 0.
The item (i) in this Theorem means that the non-autonomous Lorenz flow is

bounded on bounded sets, while the item (ii) implies that the non-autonomous
Lorenz system is dissipative, i.e., it admits a bounded absorbing set.
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6.6.2 Non-autonomous dissipative dynamical systems and their
attractors

Let Q and W be two metric spaces and (Q,R,0) be an autonomous dynamical
system on 2. Let us consider a continuous mapping ¢ : RT x W x Q — W satisfying
the following conditions:

50(07 ',U}) = ’LdW @(t + T, wi) = So(ta @(Ta xz, w)? LUT)

for all t,7 € RT, w € Q and z € W. Here wr is the short notation for o, (w) :=
o(r,w). Such a mapping ¢ ( or more explicitly (W, ¢, (2, R,0))) is called a cocycle
over (£, R, o) with fiber W (see [6,292]).

Example 6.2 Let E be a Banach space and C(R x E, E) be a space of all con-
tinuous functions F' : R x F — E equipped by the compact—-open topology. Let us
consider a parameterized differential equation

dx
i F(ow,x), we

on a Banach space E with 2 := C(R x E, E), where oyw := o(t,w). We will define
op:Q— Qby ow(,-) =w(t+-,-) for each t € R and interpret ¢ (¢, z, w) as solution
of the initial value problem
4,
dt
Under appropriate assumptions on F': Q X E — F (or even F : R XE — E with

(t) = F(ow,x(t)), x(0)=x. (6.66)

w(t) instead of oyw in (6.66)) to ensure forward existence and uniqueness, then ¢
is a cocycle on (C(R x E, E),R,0) with fiber E. Note that (C(R x E, E),R,0) is
a Bebutov’s dynamical system (see for example [32],1102],[292],[300].

Let ¢ be a cocycle on (2, R, o) with the fiber E. Then the mapping 7 : RT x Ex ()
— FE x Q defined by

w(t,z,w) = (e(t, z,w), orw)

for allt € RY and (z,w)€ E x Q forms a semi-group {r(#,,-)};er+ of mappings of
X :=Q x FE into itself, thus a semi-dynamical system on the state space X, which
is called a skew-product flow [292]. The triplet ((X,Ry, ), (2, R, o), h) (where
h :=pro : X — Q) is a non-autonomous dynamical system (see [33, 102]).

Definition 6.7 Recall that a cocycle ¢ over (Q, R, ) with the fiber W is called a
compact (bounded) dissipative cocycle, if there is a nonempty compact set K C W
such that

limsup{B(U(t,w)M,K)lw e Q} =0

t——+o0
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for any M € C(W) (respectively M € B(W)), where C(W)( B(W)) denotes the
family of all compact (bounded) subsets of W, 3 is the semi-distance of Hausdorff
and U (t,w) := ¢(t, -,w). We can similarly define a compact or bounded dissipative
skew-product system.

Lemma 6.10 Let Q be a compact metric space and (W, ¢, (Q,R,0)) be a cocy-
cle over (Q,R,0) with the fiber W. In order for (W,p,(Q,R,0)) to be compact
(bounded) dissipative, it is necessary and sufficient that the skew-product dynamical
system (X, Ry, 7) is compact (bounded) dissipative.

Proof. This assertion follows from the corresponding definitions. |

Definition 6.8 The cocycle (W, p, (Y,R, o) is called compact (asymptotically
compact) if the associated skew-product dynamical system (X,R;,w) with X =
W xY and m = (¢, 0) is compact (respectively asymptotically compact).

Let (X,R4,m) be compact dissipative and K be a compact set, which attracts
all compact subsets of X. Let

J = Q(K), (6.67)

where Q(K) = (),50U,>; 7K. The set J defined by the equality (6.67) does not
depend on selection of the attracting set K, and is characterized only by the prop-
erties of the dynamical system (X,R,7) itself. The set J is called the Levinson’s
centre of the compact dissipative system (X, R, 7).

Remark 6.5 Let (W, ¢, (Q,R,0) be a compact dissipative cocycle over (1, R, o)
with the fiber W and {I,, | w € Q} is its compact global attarctor. Then the skew-
product dynamical system (X,R,m), generated by cocycle ¢, is compact dissipative
too and the set J := U{J, | w € Q}, where J,, := I, x {w}, is the Levinson center
of (X,Ry,m).

Applying the general theorems about non-autonomous dissipative systems to
non-autonomous system constructed in the example 6.2, we will obtain series of
facts concerning the non-autonomous Lorenz system (6.58). In particular we have
the following results.

Theorem 6.15  Let Q2 be a compact metric space, (2, R, o) be a dynamical system
on Q and the conditions (6.59) and (6.60) are fulfilled. If the cocycle ¢ generated
by non-autonomous Lorenz system (6.58) is asymptotically compact, then for every
w € €, there exists a non-empty compact connected set I, C H such that the
following conditions hold:
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(1) The set I =U{l, : w € Q} is compact and connected in H, if the space §) is
connected;

(2)
lim sup B(U(t,w “YM,I) =0

t——+o0 weN

for any bounded set M C H, where U(t,w) := ¢(t,-,w) and B is the semi-
distance of Hausdorff;

(8) U(t,w)l, = I, for allt € Ry and w € Q;

(4) 1, consists of those and only those points x € H through which passes the
bounded solutions (on R) of the non-autonomous Lorenz system (6.58).

Proof. This assertion follows from Theorems 6.14, 2.24 and 2.25. |

This theorem states that U{I, : w € Q} is the compact global attractor of the
non-autonomous Lorenz system (6.58) and also characterizes the structure of the
sections I, of the attractor.

Theorem 6.16  Under conditions of Theorem 6.15

24l
oty z,w) < == (6.68)

foralt e R, we Q and x € 1, where ¢ is the cocycle generated by Lorenz
non-autonomous system (6.58).

Proof.  According to Remark 6.5 the set J := [J{I, X {w} : w € Q} is a Levin-
son’s centre of dynamical system (X,Ry,7) and according to (6.67) for any point
(up, yo) = z € J there exists t,, — +00,u, € H and w, € Q such that the sequence
{uy} is bounded, up = ngrfoo O(tn, Un,wp) and wy = nl{r—{-loo wpty,. From the inequal-
ity (6.65), it follows that |ug| < I i o(t,2,w) € I; for all w € Q and ¢ € R,
hence |p(t, x,w)| < @ for any t € R, x € I, and w € Q. The theorem is proved.[]

Theorem 6.17 Let ¢ be the cocycle generated by the Lorenz non-autonomous
system (6.58).  Under conditions of Theorem 6.15 and further assume that
a2Cg|fll < 1. Then this cocycle ¢ is convergent, i.e. for any w € Q the set
1, contains a single point u,,.

Proof. Let w € Q and uq,us € I,. We define (t) := (¢, u1,w) — @(t, uz,w) and

w(t) := |t ur,w) — @(t, ug, w)|>.

According to Theorem 6.16, the function w(t) is bounded on R. On the other hand,
in view of (6.64) and (6.59), we have

w'(t) < —2aw(t) + 2Re(B(wt) (¢ (t), p(t, uz, w)), ¥ (t)). (6.69)
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From the inequalities (6.63), (6.69) and Theorem 6.16, it follows that

w'(t) < —2aw(t) + 2Cp ”aﬂw(t).

Hence, w(t) < w(O)e_Q(O‘_CBHaﬂ)t, ie.

|(p(1f, ulaw) —p(t, ug,w)| < |U1 — U2|€_(O‘_@03)t

forallt >0, w € Q and uy,us € I,,. In particular,

lur —u2| < [p(t, p(—t,ur, 0(—t,w)),w) — (6.70)
(el

(p(t,(,D(—t,ug,d(—t,w)),w)|€ ( o OBt

for allt >0, w e Q and uy,uz € J,. Note that |¢o(t, ur,w) — @(t, ug,w)| is bounded

on R. Thus from (6.70) it follows that u; = ua, where ¢(—t,7,w) 1= Uy(—t ) for

allx € I,, t > 0 and w € Q. The theorem is proved. O

6.6.3 Almost periodic and recurrent solutions of non-autonomous
Lorenz systems

In this subsection, we discuss the problem of existence of almost periodic and recur-
rent solutions of non-autonomous Lorenz systems. Let T = R or Ry and (X, T, )
be a dynamical system.

Definition 6.9 The solution ¢(¢, z,w) of non-autonomous Lorenz system (6.58)
is called recurrent (almost periodic, quasi-periodic, periodic), if the point (z,w) €
H x () is arecurrent (almost periodic, quasi-periodic, periodic) point of skew-product
dynamical system (X,R;,7) (X := H x Q and 7 := (p,0)).

We note (see, for example, [238]),[300] and [302]) that if w € Q is a stationary
(r-periodic, almost periodic, quasi periodic, recurrent) point of dynamical system
(Q,R,0) and h : Q@ — X is a homomorphism of dynamical system (Q,R, o) onto
(X, R4, ), then the point © = h(w) is a stationary (r-periodic, almost periodic,
quasi periodic, recurrent) point of the system (X, R, 7).

Let X := H x Q and 7 := (p, o), then mapping h : @ — X is a homomorphism
of dynamical system (Q,R,o) onto (X,R4,7) if and only if h(w) = (u(w),w) for
all w € Q, where u : @ — H is a continuous mapping with the condition that
u(wt) = p(t, u(w),w) for all w € Q and ¢t € R,

Theorem 6.18 Let € be a compact metric space, the cocycle p, generated by the
non-autonomous Lorenz system (6.58), is asymptotic compact and the conditions
(6.59), (6.61)-(6.62) are fulfilled with “f(‘l# < 1. Then the set I, contains a unique
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point x,, (I, = {zy,}) for every w € Q, the mapping u : Q — H defined by u(w) :=
X, is continuous and u(wt) = p(t, u(w),w) for allw € Q and t € Ry

Proof. According to Theorem 6.17, it is sufficient to show that the mapping u : Q —
H defined above is continuous. Let w € Q,{w,} C Q and w,, — w. Consider the
sequence {xy,} = {x,, } C I :=J{l, | w € Q}. Since the set I is compact, then the
sequence {z,} is relatively compact. Let 2’ be a limit point of this sequence, then
there is a subsequence {xy, } such that x;, — z’. Let J be a Levinson center of the
skew-product dynamical system (X, R, 7), generated by the cocycle . Note that
the point (2, ,wk,) € Ju,, = Lo, X {w,} € J and taking in the consideration
that J is compact we obtain that (z',w) € J. Thus (2/,w) € J, = I, X {w} and,
consequently, 2’ € I, = {z,}, i.e. the relatively compact sequence {z,} has a
unique limit point z,. This means that the sequence {z,} converges to z, as
n — 400. The theorem is proved. O

Corollary 6.5 Let Q be a compact minimal (almost periodic minimal, quasi-
periodic minimal or periodic minimal) set of dynamical system (,R,0). Then
under the conditions of Theorem 6.18, the non-autonomous Lorenz system (6.58)
admits a compact global attractor I, and for allw € Q, the section I, of the attractor
contains a unique point x,, through which passes a recurrent (almost periodic, quasi-
periodic, or periodic) solution of the equation (6.58).

Let H be a d-dimensional complex Euclidean space, i.e. H = C?. Denote by
HC(C%x Q,C%) the space of all continuous functions f : C% x Q — C? holomorphic
in z € C? and equipped with compact-open topology. Consider the differential
equation

d

= =ow), WeQ) (6.71)
where f € HC(C? x Q,C%). Let ¢(t,w, z) be the solution of equation (6.71) passing
through the point z at t = 0 and defined on R*. The mapping ¢ : RT xQxC? — C¢
has the following properties (see, for example, [47] and [186]):

a) ¢(0,2z,w) =z for all z € C%.

b) p(t+7,2,w) = @(t, o(1,2,w),0,w) for all t,7 € RY,w € Q and z € C%.

¢) Mapping ¢ is continuous.

d) Mapping U(t,w) := o(t,-,w) : C¢ — C? is holomorphic for any t € R and
w € Q.

Definition 6.10 The cocycle (C¢, ¢, (Q,T,#)) is said to be C-analytic if the
mapping U (t,w) : C* — C? is holomorphic for all t € R, and w € Q.
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Example 6.3 Let (HC(R x C?,C%),R,0) be a dynamical system of translations
on HC(RxC?, C%) (Bebutov’s dynamical system (see, for example, [102] and [300])).
Denote by F the mapping from C? x HC(R x C?¢,CY%) to C? defined by equality
F(z,f) == f(0,2) for all z € C? and f € HCO(R x C¢,C%). Let Q be the hull
H(f) of given function f € HC(R x C% C%), that is Q = H(f) := {f.|7 € R},
where f,(t,z) := f(t+7,2) for all t,7 € R and z € C%. Denote the restriction of
(HO(R x C%,C%),R,0) on Q by (2,R,c). Then, under appropriate restriction on
the given function f € HC(R x C%,C%), the differential equation % = f(z,t) =
F(z,0+f) generates a C—analytic cocycle.

Theorem 6.19 Let H := C% Q be a compact minimal set and the conditions
(6.59), (6.61)-(6.62) are fulfilled. Then the non-autonomous Lorenz system admits
a compact global attractor {I, | w € Q} and the set I, contains a unique point
2y (I, = {zu}) for every w € Q, the mapping u : Q@ — H defined by equality
u(w) =z, is continuous and u(wt) = p(t, u(w),w) for allw € Q and t € Ry, where
 is a cocycle generated by the non-autonomous Lorenz system.

Proof. 'We note that under the conditions of Theorem 6.19 the right-hand side
f(w,2) := A(w)z + B(w)(z, z) + f(w) is C-analytic because D, f(w, z)h = A(w)h +
B(w)(h, z) + B(w)(2,h) for all w € Q and z € C¢, where D, f(w, z) is a derivative of
function f(w,z) w.r.t. z € C% Now our statement directly results from Theorems
6.15 and 3.2. The proof is complete. O

Corollary 6.6 Let Q2 be a compact minimal (almost periodic minimal, quasi-
periodic minimal or periodic minimal) set of dynamical system (,R,0). Then
under the conditions of Theorem 6.19, the non-autonomous Lorenz system (6.58)
admits a compact global attractor I and for all w € Q, the set I, contains a unique
point x,, through which passes a recurrent (almost periodic, quasi-periodic or peri-
odic) solution of equation (6.58).

6.6.4 Uniform averaging principle

Now we consider a uniform averaging principle for a general class of differential
equations. In the next subsection, we apply this averaging principle to the non-
autonomous Lorenz system (6.58).

Let C(R x H,H) be the space of all continuous functions f : Rx H — H
equipped with compact open topology and let 7 C C(R x H, H). In Hilbert space
H (with the norm |- | induced by the scalar product) we will consider the family of
equations

¥ =cf(t,x), feF, (6.72)
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containing a small parameter € € [0, o] (g, > 0).

We assume that on the set Ry x B[0,r], where B[0,7] := {z € H | |z| < r}is
a ball of radius r > 0 in H, the functions f € F are uniformly bounded, i.e. there
exists a positive constant M such that

lf(t,z)| < M (6.73)
for every f € F, t € Ry and z € B[0,r|, and satisfies the condition of Lipschitz
|f(t,£171) - f(t,$2)| < L|$1 - I2| (x17x2 € B[OvT]) (674)

with a constant L > 0 does not depending neither on t € Ry nor on f € F.
Furthermore, we assume that the mean value of f is uniform with respect to

(wrt.) f€F and z € B[O, 7]

fo(z) := lim / flt,x) (6.75)

T—+oco T

i.e. for every € > 0 there exists a I = I(¢) > 0 such that

T
|%/0 flt,z)dt — fo(z)| <e

for all T > I(e), « € B[0,r] and f € F, and the function f, does not depend on
ferF.

Lemma 6.11  The condition (6.75) holds if and only if there exists a decreasing
continuous function m : Ry — Ry, satisfying the condition m(t) — 0 as t — 400,
such that

T
F [ o= o) < m(r) (6.76)

for all T > 0, x € B|0,r] and f € F. The function m does not depend neither on
x € B[0,r] nor on f € F.

Proof. Denote by

1 T

MT) = swp [ [ ke o)
feF,xzeB0,r] 0

The mapping k possesses the following properties:

(1) 0 < K(T) < 2M, where M :=sup{|f(t,z)| : feF, |z|<r}

(2) k(T) —0as T — +oo.

Let

¢n = sup k(T),
T>n
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then ¢, > ¢ > ... > ¢, > ... and ¢, — 0 as n — +00. Define now the function
m : Ry — Ry by the equality

mt) :=cp_1+({E—n)(ch —cn—1) M<t<n+1,n=0,1,..),
where c_1 := ¢g + 1. The lemma is proved. O

Lemma 6.12 Let F C C(R x E, E) be a family of functions satisfying the con-
dition (6.75), then for every L > 0

l(e) :—sup{|/0Tf(§,:1:)dtf0(:1:)| :0<7<L, feF, |zg|<r}—0

as € — 0.

Proof.  According to Lemma 6.11 there exists a decreasing continuous function
m : Ry — Ry with the condition m(t) — 0 as t — +o00 and such that the inequality
(6.76) holds. Let v € (0,1), then

Tt
o) <supl| [ fC.adel s 0<T<e FeF ol <rb
0
Tt
su| [ (G| & <7< L feF jal <r) =
0
Sup{T|£/Ef(t,:v)dt| 0 r<e", feF, Jz|<r}+
T Jo

Sup{T|£/E fx)dt| : e <7<L, feF, |g|<r}<
T Jo
m(0)e” + Lm(s"™1) — 0
as € — 0. The lemma is proved. O

Under the assumptions above, it is expedient to consider along with equation
(6.72) the averaged equation

¥ = ef,(x).

From (6.75) we see that the function fo also satisfies the conditions (6.73) and
(6.74). Let o(t,z) (0 <t <Tp) be a solution of equation

y' = foly). (6.77)

taking values in BJ[0,r] and passing through the point z at the initial moment
t = 0. Then, as can easily be seen, the function ¢(t,x,¢) := ¢(et, x) is the solution
of equation (6.77) on the interval 0 <t < % We will establish below a connection
between ¢(t,x,¢) and the solution (¢, x, f,€) of equation (6.72) with the initial
condition ¢(0,z, f,e) = .

More precisely, we will prove the following assertion.
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Theorem 6.20 Suppose that on Ry x B[0,r], the functions f € F satisfy the
conditions (6.73)-(6.75). Then for any n > 0 there exists an ¢ > 0 (0 < ¢ < &p)
such that the estimate

o(t z, fe) — (t:z:{—:)\<17(0<t<T?)

holds uniformly w.r.t. f € F and x € B[0,r].

Denote by K the family of all solutions x : [0,Tg] — B[0,r] of the equation
(6.77). Let us prove an auxiliary assertion.

Lemma 6.13 Let F C C(R x H, H) be a family of functions satisfying the con-
ditions (6.73)-(6.75). Then the equality

lim/f—x ds-/ folz(s))ds (0 <7 <Tp)

e—0

holds uniformly w.r.t. v € K, 7 € [0,To] and f € F.

Proof. Observe that

lim/ (L 2)dr = 7fo(x) (6.78)
e—0 0 e
or, equivalently,
lim — / ft,x)dt = fo(x) (6.79)
e—0 T

uniformly w.r.t. 2 € K, 7 € [0,7p] and f € F. In fact, according to Lemma 6.12

|§/O: Ft2)dt — fo(z)] — 0

as ¢ — 0 uniformly w.r.t. z € B[0,r], f € F and 7 € [0,7p]. Let us note that
the equality (6.79) is equivalent to (6.75). From (6.78) it follows that for any
71,72 € [0, Tp] we have

hn%) f—ﬂch—/ Jo(

uniformly w.r.t. z € B[0,7] and f € F. Hence for any 0 < 71 < 7o < ...Tp1 < Tp =
To, zx € B[0,7] (k=1,2,...,n), we conclude that

1i1%2/ flr zp,e)dr = Z/ fo(zg)dr (6.80)
1 Tk—1 1 Tk—1

uniformly w.r.t. x1, 2, ...,x, € B[0,7] and f € F.
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If we introduce the step functions Z,,(7) := x(7x) (Th—1 <7 < T; T — Th—1 =
%; k=1,2,..,nand z € K), then from the equality (6.80), we have the following

relation
tim / £ als))ds = / folEn(s))ds. (6.81)

Under our assumption the family of functions K is equicontinuous on [0, 7p] and,
consequently,

sup sup ||Zn(7) —z(7)]| — 0 (6.82)
ek 0<7<Ty

as n — +o00. Using the condition of Lipschitz (6.74) for the family of functions F
we obtain the estimate

| / 7 (s))ds — / fol(s))ds] < / £ () — FC st (659)
| / (2, 5(5)) — foltra(s)))ds] + / Fola(s)) — folan(s))lds <

2LTysup sup |Tn(T) — 2( |+|/ — fo(@n(s))lds|.

zek 0<7<T)

From (6.80) - (6.83) immediately we obtain the results in the lemma. O

Proof. Now we will prove Theorem 6.20. Denote by (7, z, f,€) (respectively
(7, 2)) a unique solution of equation

o = f(Z.7)

(respectively (6.77)) passing through the point x € BJ0,r] at the moment 7 = 0
and defined on [0, %] The functions (7, , f,e) and (7, ) satisfy the integral
equations

vira o) =o+ [ fC vl fe)ds
and
P(r,z) =2 +/() fo(¥(s,x))ds,

respectively. Using the condition of Lipschitz (6.74), we obtain the estimate

(. fre) — §(r2)| = | / (5.2, 1)) — fo($(s,2))]ds| <

J(s,2)) = fo(¥(s, x))lds| <

ml%

[ G vt g0 - 1 s alas +| [
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L / (s, 2, fre) — B(s, @)lds + (),
0
where

d@i=_sw | [ 12 a9) - olals)lds.

0<7<Tp,xe

According to the Gronwall-Bellman inequality (see, for example,[137] or [186]), we
can now conclude that

[¥(7, 2, f,e) = (7, 2)| < exp(2L7)c(e)

and it remains only to note that by virtue of Lemma 6.13, ¢(¢) — 0 as ¢ — 0 and

lz(t,€) —y(et)| = [(7,, f,€) = (7, 7)| < exp(2L7)c(e) = exp(2Let))c(e)
for all ¢ € [0, %] The theorem is thus proved. 0
In the next subsection, we will also need the following lemma.
Lemma 6.14 Let F be a transitive subset of C(R x H, H), i.e. there exists a

function g € F such that F = H(g), where H(f) if the hull of g. Then the following
two assertions are equivalent:

1. There exists fo € C(H,H) such that

T
lim % /0 f(t,z)dt = fo(z)

T—4oc0

uniformly w.r.t. f € F and x € B|0,r];
2. There exists fo € C(H, H) such that

T
lim i/t g(m,x)dtT = fo(x)

T—+o00 T

uniformly w.r.t. t € R and x € B[0,r].
Proof. It is evident that 1. implies 2. because g; € F for all t € R and, consequently,

1T 1 /7
T/ g(T,z)dr = T/ gt + 7, 2)dr — fo(x)
¢ 0

as T — +oo uniformly w.r.t. ¢ € R and = € B|0, r].
Let now ¢ > 0 and f € F = H(g), then there exists a sequence {t,} C R and
L(e) > 0 such that g;, — f and

T
|%/0 o7+ b, 2)dr — folz)] < (6.84)
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for all T'> L(e). Passing to limit as n — +oc0 in the inequality (6.84) we obtain

T
|%/0 f(r,x)dr — fo(x)| < e

for all T > L(e). From the latter inequality, the required statement immediately
follows. This proves the lemma. O

Remark 6.6 All the results of this subsection are true for arbitrary Banach space

too, not only for Hilbert space.

6.6.5 Global averaging principle for the non-autonomous Lorenz
systems

Now we consider a global averaging principle for the non-autonomous Lorenz
systems. Let  be a compact metric space and (2, R, o) be a dynamical system on
Q. We consider the ”perturbed” non-autonomous Lorenz equation

d
d—”t“" = eA(wt)z + eB(wt)(z, 2) + £ f (wi), (6.85)
where e € [0, 9] (g0 > 0) is a small parameter. Suppose that the conditions (6.59)—

(6.62) are fulfilled and the following averaging values exist uniformly w.r.t. w €

T

A= dm oo / Awt)dt, (6.86)
7
-
B= T1—1>r£oo T B(wt)dt, (6.87)
7
and
-
J= lm o / F(wt)dt. (6.88)
7

Remark 6.7 The conditions (6.86) — (6.88) are fulfilled if a dynamical system
(Q, R, 0) is strictly ergodic, i.e. there exists on Q a unique invariant w.r.t. (2, R, o)
measure (.

Along with equation (6.85), we will also consider the averaged equation

Ccli—f =cAr +eB(z,x) +ef. (6.89)
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If we introduce the ”slow time” 7 := et (¢ > 0), then the equations (6.85) and (6.89)
can be written as

2 = 4w+ Bl + fwD) (6.90)
and
dr _ Az + B(z,z) + f. (6.91)
dr

Remark 6.8 a. From the conditions (6.61) and (6.87) it follows that
Re(B(u,v),v) =0 (6.92)

for all u,v € H;
b. From the inequality (6.59) it follows that

Re(Ax,2)) < —alz|? (6.93)

forallz € H.

Theorem 6.21  Assume the conditions enumerated above are all satisfied. Then
for all T >0 and p > rg := ”aﬂ > 0, the solution for the non-autonomous Lorenz
equation (6.85) approaches the solution of the averaged Lorenz equation (6.89) in
the following sense:

max{|o(t,z,w,e) —P(t,x,e)|: 0<t<T/e, |z|<p, andw €N} -0 (6.94)

as e — 0, where o(t,z,w,e) ( respectively p(t,z, <)) is a solution of equation (6.85)
(respectively (6.89)), passing through the point x at the initial moment t = 0.

Proof. According to Theorem 6.14, we have |p(t,x,w,e)| < p and |p(t, z,€)| < p
for all t > 0, |z| < p,w € 2 and € € (0,g0]. If we take F := {f, | w € Q} C
C(R x H,H), where f,(t,z) := A(wt)z + B(wt)(z,z) + f(wt) for all ¢ € R and
x € H, then the relation (6.94) follows from Theorem 6.20. This completes the
proof. O

Theorem 6.22  (Global averaging principle for non-autonomous Lorenz systems)
Let . be a cocycle generated by the equation (6.85). Assume the conditions enumer-
ated above are all satisfied. If the cocycle p.( € € [0,e0]) is asymptotically compact,
then the following assertions hold:

(1) The averaged equation (6.91) admits a compact global attractor I C H;

(2) For everye € (0,eq] the equation (6.85) has a compact global attractor {IS | w €
Q};
(3) The set I .= U{I¢ | e €[0,e0]} is bounded, where I° := T and I¢ := U{I¢ | w €

Q};
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(4)

lim sup B(I5, 1) =0

e—=0,e0

and, in particular,

lim 3(I¢,1) = 0.
e—0

Proof. The first three statements of the theorem follow from Theorems 6.14, 6.15
and Remark 6.5. Now we will prove the fourth statement of the theorem. To this
end, we will use the same arguments as in [70,199]. Let A > 0 and B(I,)\) = {x €
H | p(x, 1) < A\}. According to orbital stability of the set I (see, for example, [179,
Ch.I] or Theorem 1.6), for given A there exists § = §(\) > 0 (we may consider
d(A) < A/2) such that

B(t, B(I1,68)) C B(I,\/2)

for all ¢ > 0. By virtue of boundedness of the set I = U{I° | 0 < ¢ < g9} we may
choose p < rg such that I C B(0,p) = {z € H | || < p}. Since I is a compact global
attractor of the system (6.91), then for the closed ball B[0,p] := {z € H||z| < p}
and the number ¢ > 0 there exists T'= T'(p,d) > 0 such that

@(t, B[0,p]) € B(I,6/2), t>T. (6.95)

Let z € B[0,p]. Then by virtue of Theorem 6.21 for the numbers p > ry and
T(p,d) > 0 there exists u = p(p,d) > 0 such that 0 < & < u, m(e) < A/2 (see
(6.94)), i.e.

lp(t, z,w,e) —P(t, )] < /2 (6.96)

for all z € B[0,p], w € 2, t € [0,T/e] and 0 < ¢ < u. According to (6.95)
we have B(T /e, x,w,e) € B(I,§/2). Thus, taking into account (6.96), we obtain
o(T/e,z,w,e) € B(I,5). Let us take the initial point z1 := (T /e, r,w,e) and we
will repeat for this point the same reasoning as above. Taking into consideration
the equality (¢, z1,0(T/e,w),e) = o(t +T/e,xz,w, ), we will have

ot +T/e,x,w,e) —B(t,x1)] < /2 (6.97)

for all t € [0,T/¢], z € B0, p] and w € Q, where x1 = o(T/¢e, T,w, ).
By the inequality (6.97) we obtain again x5 := p(27T/¢e,z,w,c) € B(I,§) and,
consequently,

ot +T/e,z,w,e) € B(I,\/2+6/2) C B(I,\).
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If we continue this process and later (by virtue of uniformity w.r.t. |z| < p and
w € 2 of the estimation (6.96) it is possible), we will obtain
o(t,r,w,e) € B(I,\) (6.98)
forall t > T/e, x € B[0,p], w € Q and 0 < ¢ < p and, consequently,
o(t,z,0(—t,w),e) € B(I,\)

for all t > T'/e and |z| < p. Since I = U{I® | 0 <e < e} C B(0, p), then according
to Theorem 2.24

IS = ﬂ U (7, B[O, p],0(—T,w), €).

t>0T2>t

Therefore, from (6.98) we have IS C B(I,\) for all w € Q and 0 < € < u. Note
that A is arbitrarily chosen. Hence from the last inclusion we obtain the equality
(6.95). The theorem is proved. O



Chapter 7

Upper semi-continuity of attractors

7.1 Introduction

The problem of upper semi-continuity of global attractors for small perturbations
is well studied (see, for example, [179] and references therein) for autonomous and
periodical dynamical systems. In the works [40] and [41] this problem was studied
for non-autonomous and random dynamical systems.

This chapter is devoted to a systematic study of the problem of upper semi-
continuity of compact global attractors and compact pullback attractors of abstract
non-autonomous dynamical systems for small perturbations. Several applications
of our results are given for different classes of evolutionary equations.

The chapter is organized as follows. In section 2 we study some general prop-
erties of maximal compact invariant sets of dynamical systems. In particular, we
prove that the compact global attractor and pullback attractor are maximal com-
pact invariant sets (Theorem 7.2).

Section 3 contains the main results about upper semi-continuity of compact
global attractors of abstract non-autonomous dynamical systems for small pertur-
bations (Lemmas 7.3, 7.4 and Theorems 7.3, 7.4, 7.5 and 7.6).

In section 4 we give conditions for connectedness and component connectedness
of global and pullback attractors (Theorem 7.7).

Section 5 is devoted to an application of our general results obtained in sections
2-4, to the study of different classes of non-autonomous differential equations (quasi-
homogeneous systems, monotone systems, non-autonomously perturbed systems,
non-autonomous 2D Navier-Stokes equations and quasi-linear functional-differential
equations).

7.2 Maximal compact invariant sets

Let W be a complete metric space, T = R or Z,{2 be a compact metric space,
(Q, T, o) be a group dynamical system on 2 and (W, ¢, (2, T, o)) be a cocycle with

263
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fiber W, i.e. the mapping ¢ : T4 x W x 0 — W is continuous and possesses the
following properties: ¢(0,z,w) = x and ¢(t + 7, z,w) = (¢, o(7, z,w),wt), where
wt =o(t,w).

We denote by X = W xQ,g=pr1 : X — W, (X, T4, 7) a semi-group dynamical
system on X defined by the equality m = (¢, 0), i.e. 7wl = (¢(t,u,w),o(t,w)) for
every t € Ty and ¢ = (u,w) € X = W x Q. Let (X, T4,7), (R, T,0),h) be a

non-autonomous dynamical system, where h = pry : X — Q.

Definition 7.1 A family {I, | w € Q}(I, C W) of nonempty compact subsets of

W is called a maximal compact invariant set of cocycle ¢, if the following conditions
are fulfilled:

(1) {L, | w € Q} is invariant, i.e. ¢(t,1,,w) = I, for every w € Q and ¢t € T;

(2) I =U{L, | w e Q} is relatively compact;

(3) {I, | w € Q} is maximal, i.e. if the family {I_, | w € Q} is relatively compact
and invariant, then IL; C I, for every w € Q.

Lemma 7.1  The family {I, | w € Q} is invariant w.r.t. cocycle ¢ if and only
if the set J = U{Jo | w € Q}(J, = L, x {w}) is invariant with respect to the
skew-product dynamical system (X, Ty, ).

Proof. Let the family {I, | w € Q} be invariant, J = (J{Ju|w € Q} and J, =
I, x {w}. Then

7' J = Jr'de | w e @ = J{(o(t, L, w),0t) | w € Q} (7.1)
:U{thX{wt}|weQ}:U{Jwt|w€Q}:J

for all t € T4. From the equality (7.1) follows that the family {I, | w € Q} is
invariant w.r.t. cocycle ¢ if and only if a set J is invariant w.r.t. dynamical system
(X, Ty, m). |

Theorem 7.1 Let the family of sets {I, | w € Q} be mazimal, compact and
invariant. Then it is closed.

Proof. We note that the set J = (J{Jo, | w € Q}(J, = L, x {w}) is relatively
compact and according to Lemma 7.1 it is invariant. Let K = J, then K is compact.
We will show that K is invariant. If € K, then there exists {z,} C J such that
T = nll}-{-loo Zn. Thus x, € J = wtJ for all t € Ty, then for ¢ € T, there exists
T, € Jsuchthat x, = n'Z,. Since J is relatively compact, then we can suppose that
the sequence {T,} is convergent. We denote by T = nll)IEOO Znthen T € J, o = n'T

and, consequently, z € wtJ for all t € T4, i.e. J = ntJ. Let I’ = pri K, then we
have I' = J{I, | w € Q}, where I/, = {uv € W | (u,w) € K} and K, := I/, x {w}.
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Since the set K is invariant, then according to Lemma 7.1 the set I’ is also invariant
w.r.t. cocycle p. The set I’ is compact, because K is compact and pry; : X — W
is continuous. According to the maximality of the family {I, | w € Q} we have
I C I, for every w € Q and, consequently, I’ C I. On the other hand I = pryJ = I’
and, consequently, I’ = I. Thus the set I is compact. The theorem is proved. [

Denote by C(W) the family of all compact subsets of W.

Definition 7.2  Recall that a family {1, | w € Q} (I, C W) of nonempty compact
subsets of W' is called

— a compact pullback attractor of the cocycle ¢, if the following conditions are
fulfilled:

a. I = J{L, | we Q} is relatively compact ;

b. I is invariant w.r.t. cocycle p, i.e. o(t,1,,w) = I,¢4) for all t € T, and
w € Q;

c. for every w € Q and K € C(W)

i Blo(t, K,w™"),1,) =0, (7.2)
where §(4, B) = sup{p(a, B) : a € A} is a semi-distance of Hausdorff and

wti=o(—t,w).

— a compact global attractor, if the following conditions are fulfilled:
d. a family {I, | w € Q} is compact and invariant;

f. for every K € C(W)

lim sup B(¢(t, K,w),I) =0, (7.3)

t—=+00 e

where I = |J{L, | w € Q}.

Theorem 7.2 A family {I, | w € Q} of nonempty compact subsets of W will
be mazimal compact invariant set w.r.t. cocycle p, if one of the following two
conditions is fulfilled :

a. {1, | w € Q} is a compact pullback attractor w.r.t. cocycle o;
b. {I, | w € Q} is a compact global attractor w.r.t. cocycle ¢.

Proof. a. Let the family {I, | w € Q} be a compact pullback attractor. If the
family {I/, | w € Q} is a compact and invariant set of cocycle ¢, then we have

B, L) = Ble(t, I,-.,w "), L,) < Ble(t, K,w™ "), L,) — 0

ast — 4oo, where K = | J{I, | w € 2}, and, consequently, I/, C I, for every w € §2,

ie. {I, | w € 2} is maximal.
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b. Let the family {I, | w € Q} be a compact global attractor w.r.t. cocycle
, then according to Theorem 2.24 it is a uniform compact pullback attractor and,
consequently, the family {I, | w € Q} is maximal compact invariant set of the
cocycle ¢. g

Remark 7.1 The family {1, | w € Q} (I, C W) is a maximal compact invariant
w.r.t. cocycle ¢ if and only if the set J = |J{J, | w € }, where J, = I, x {w}, is
a maximal compact invariant in the dynamical system (X, T, 7).

7.3 Upper semi-continuity

Lemma 7.2 Let {I, | w € Q} be a maximal compact invariant set of cocycle
@, then the function F : Q — C(W), defined by equality F(w) := I, is upper
semi-continuous, i.e. for all wy € Q2

B(F (wk), Fwo)) = 0,

if p(wg,wo) — 0.

Proof. Let wy € ), wr — wp and suppose there exists g > 0 such that

B(F(wk), F(wo)) > 0.

Then there exists x;, € I, such that
p(xg, Luy) > €o. (7.4)

As the set I is compact, without loss of generality we can suppose that the sequence
{1} is convergent. Denote by z = . lim =z, then by virtue of Theorem 7.1 the set
— 400

I =J{1, | w € Q} is compact and hence there exists wy € 2 such that z € I, C I.
On the other hand, according to the inequality (7.4) x ¢ I,,,. This contradiction
shows that the function F' is upper semi-continuous. O

Lemma 7.3 Let A be a compact metric space and ¢ : T4 X W x A x Q +— W
verify the following conditions:

1. ¢ is continuous;

2. for every X € A the function oy = o(, -, A, ) : T X W x Q+— W is a cocycle
on Q with the fiber W ;

3. the cocycle @y admits a pullback attractor {I) | w € Q} for every A € A;

4. the set J{I* | X € A} is relatively compact, where I* = |J{I.) | w € Q},

then the equality
lim  B(I), 1)) =0 (7.5)

wrtw
A— Ao, w—wo 0
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holds for every Ag € A and wg € Q and
li I, I1,,) = .
L B(Ix,Ix,) =0 (7.6)

for every Ag € A.

Proof. LetY :=AxQand g : T XY — Y be the mapping defined by the
equality p(t, (\,w)) = (A, 0(t,w)) for every t € T, A € A and w € Q. Tt is clear that
the triplet (Y, T, ) is the group dynamical system on Y and ¢ : Ty x W xY —
W (p(t,z, (A\,w)) := o(t,z,\,w)) is the continuous cocycle on (Y, T, u) with fiber
W. Under the conditions of Lemma 7.3 the cocycle ¢ admits a maximal compact
invariant set {I, | y € Y} (where I, = I(, .,y = I)) because

Ut lyeyy = {1 xeAwe = J{IM [ A e AL

According to Lemma 7.2, the function F' : Y — C(W), defined by the equality
F(\w) := I, is upper semi-continuous and in particular the equality (7.6) holds.

We suppose that the equality (7.6) is not true, then there exist eg > 0,Ag €
A — Ao, wi € Q and zy, € I;}; such that

p(xg, Ing) > €o. (7.7)

Without loss of generality we can suppose that wy — wg, zx — xg because the sets
Q and J{Ix|\ € A} are compact. According to the inequality (7.7) we have

p(zo,1x,) > €o.
On the other hand x4, € I)* and from the equality (7.6) we have
zo € I)0 C I,
and, consequently,
g0 < plxo,In,) < B0, In,) = 0.

This contradiction shows that the equality (7.6) holds. O
Corollary 7.1  Under the conditions of Lemma 7.3 the equality
; A Thoy
Jlim B(12, 1) =0
holds for each w € €.

Remark 7.2 The article [41] contains a statement close to Corollary 7.1 in the

case when the non-perturbed cocycle @), is autonomous, i.e. the mapping @y, :
Ty x W x Q2 — W does not depend of w € Q.
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Lemma 7.4 Let the conditions of Lemma 7.3 and the following condition be ful-
filled:

5. for certain \g € A the application F : Q — C(W), defined by equality F(w) :=
I s continuous, i.e. a(F(w),F(wp)) — 0 if w — wq for every wo € €2, where

a is the full metric of Hausdorff, i.e. a(A, B) := max{8(A, B),3(B,A)}.
Then
lim sup B(I), 1) = 0. (7.8)

Ao wen O

Proof. Suppose that the equality (7.8) is not correct, then there exist e > 0, A\, —
Ao, wi € € such that

BN TM) > . (7.9)

wi o twg ) =
On the other hand we have

g0 < BN, I20) < BUNE, 1N + B2, 1Y)

WE ) T We WE ? Two wo ! T Wk
< BUSE I29) + eIy, 15))- (7.10)

According to Lemma 7.3 (see the equality (7.5))
lim GBI, 1) =0. (7.11)

Wi tw
k—+o00 k 0

Under the condition 5. of Lemma 7.4 we have

lim (I, I20) = 0. (7.12)

We? Tw
k——+o00 k 0

From (7.10)-(7.12) passing to the limit as k — 400, we obtain 9 < 0. This
contradiction shows that the equality (7.8) holds. O

Definition 7.3 The family of cocycle {)}rca is called collectively compact dis-
sipative (uniformly collectively compact dissipative), if there exists a nonempty
compact set K C W such that

. liin sup{B(U (t,w)M,K)weQ} =0 VAIcA (7.13)

(respectivelyt ligrn sup{B(Ux(t,w)M,K) |w e Q, A€ A} =0)
for all M € C(W), where Uy(t,w) := pr(t, -, w).

Lemma 7.5 The following conditions are equivalent:

1. the family of cocycles {pa}ren is collectively compact dissipative;
22.a. every cocycle px (A € A) is compact dissipative;
2.b. the set J{I* | A € A} is compact.
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Proof.  According to the equality (7.13) every cocycle px (A € A) is compact
dissipative and J{I* | A € A} C K.

Suppose that the conditions 2.a. and 2.b. hold. Let K := J{I* | A € A}, then
the equality (7.13) holds. O

Let {©x }aea be a family of cocycles on (Q, T, o) with fiber W and Q := QxA. On
Q, we define a dynamical system (Q, T, &) by equality &(t, (w, A)) := (o(t,w), \) for
allt € T,w € Q and A € A. By family of cocycles {¢x}area is generated a cocycle @
on (Q, T,&) with fiber W, defined in the following way: @(t,w, (w, \)) := a(t, w,w)
forallt e T4, we W,we Q and A € A.

Lemma 7.6 The following conditions are equivalent:

(1) the family of cocycles {px}rea is uniformly collectively compact dissipative;
(2) the cocycle @ is compact dissipative.

Proof. This assertion follows from the fact that

sup{ﬁ((j(ﬁ,dj)M7 K)|loe Q}
=sup{B(Ur(t,w)M,K) |w e Q, A€ A},

where U(t, ) := @(t,-,&), and from the corresponding definitions. O

Theorem 7.3 Let A be a compact metric space and {px}rea be a family of uni-
formly collectively compact dissipative cocycles on (2, T, o) with fiber W, then the
following statements are true:

(1) every cocycle vy (A € A) is compact dissipative;

(2) the family of compacts {I) | w € Q} = I* is a compact global attractor of
cocycle ¢y, where I = Iy and I := {I,n | (W, A) € Q} is a Levinson
center of cocycle @;

(3) the set J{I* | A € A} is compact.

Proof. Consider the cocycle ¢ generated by the family of cocycles {¥x}aea. Ac-
cording to Lemma 7.6 ¢ is compact dissipative and in virtue of the Theorem 2.24
the following assertions take place:

1. Iz = Qz(K) # 0, is compact, Iy C K and

Jim BU(t, oYM, I3) =0 (7.14)
for every @ € §, where
Qx(K) = JU(re K, (7.15)
t>0712>t

-7

@™ T :=&(—7,w) and K is a nonempty compact appearing in the equality (7.13);
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2. U(t,&)Iy = Iy for all 0 € Q and t € T, ;

3. the set I = J{I; | © € Q} is compact.

To finish the proof we note that from the collective compact dissipativity of
the family of cocycles {¢x}aea it follows that every cocycle ¢ will be compact
dissipative. Let {I} | w € Q} = I* be a Levinson center of the cocycle @y, then
according to Theorem 2.24

D=NUure K. (7.16)

w
t>072>t

From (7.15) and (7.16) it follows that I} = Q;(K) = I; and, consequently, I =
U weQtCU{) |we, XeAy=Tforall A€ A. Thus U{I* [N e A} C T
and, consequently, it is compact. U

Definition 7.4 The family {(X, T, 7)) }aea of autonomous dynamical systems is
called collectively ( uniformly collectively) asymptotic compact if for every bounded
positive invariant set M C X (i.e. ma(t, M) C M for all ¢t € T4 and A € A) there
exists a nonempty compact K such that

thgl B(riM,K)=0 VAeA (7.17)

( lim sup B(7iM, K) =0).
t—=+00 \eA

Definition 7.5 The bounded set K C X is called absorbing (uniformly absorb-
ing) for the family {(X, T4, m\)}aea of autonomous dynamical systems if for any
bounded subset B C X there exists a number L = L(A,B) >0 (L = L(B) > 0)
such that 7{B C K for all t > L()\, B) (t > L(B)) and X € A.

Theorem 7.4 Let A be a complete metric space. If the family {(X, T4, 7x)}aea
of autonomous dynamical systems admits an absorbing bounded set K C X and
is collectively asymptotic compact, then {(X, Ty, 7))} rca admits a global compact
attractor, i.e. there erists a nonempty compact set K C X such that

tlig_n B(riB,K) =0 (7.18)

for all X € A and bounded B C X.

Proof.  Let the family {(X,T+,m)}aea of autonomous dynamical systems be
collectively asymptotic compact and a bounded M be its absorbing set. According
to Theorem 1.5 the nonempty set K = Q(M) is compact and the equality (7.18)
holds. The theorem is proved. O
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Theorem 7.5 Let A be a complete compact metric space. If the family
{(X, Ty, m\)}rer of autonomous dynamical systems admits a uniformly absorb-
ing bounded set K C X and it is uniformly collectively asymptotic compact, then
{(X, Ty, m\)}ren admits a uniform compact global attractor, i.e. there exists a
nonempty compact set K C X such that

lim sup B(7{B,K) =0 (7.19)
t—+400 \cA

for all bounded B C X.

Proof. Consider the autonomous dynamical system (X ,T4,7) on X =X xA
defined by equality 7(¢, (z,A)) := (ma(t,x), A) for all t € T4,z € X and A € A. We
note that under the conditions of Theorem 7.5 the bounded set K x A is absorbing
for dynamical system (X , Ty, 7) if the set K is uniformly absorbing for the family
{(X, T4, m\)}ren and (X, T, 7) is asymptotically compact. According to Theorem
1.24 the dynamical system (X , T4, 7) admits a compact global attractor KcX:=
X x A. To finish the proof it is sufficient to note that the set K := priK C X is
compact and

sup (3 B, K) < 3(73 B, Ko) — 0
AeA

as t — +o0, where K := K x A D K, for all bounded subset B C X. O

Let ¢ be a cocycle on (2, T, o) with fiber W and (X, T, 7) be a skew-product
dynamical system, where X := W x Q and n(¢, (w,w)) := (p(t, w,w),wt) for all
teTy,weW and w e Q.

Definition 7.6 The cocycle ¢ is called asymptotically compact (a family
of cocycles {pa}rca is called collectively asymptotically compact) if a skew-
product dynamical system (X, T, 7) (a family of skew-product dynamical systems
(X, T4, mx)aren) is asymptotically compact.

Theorem 7.6 Let Q2 and A be compact metric spaces, W be a Banach space and
{©x}ren be a family of cocycles on (Q, T, o) with fiber W. If there exist r > 0 and
the function Vy : W x Q — Ry for all A € A, with the following properties:

(1) the family of cocycles {pa}aen is collectively asymptotically compact;

(2) the family of functions {Vi}aen is collectively bounded on bounded sets and for
every ¢ € Ry the sets {x € X, | Va(z) < ¢} uniformly bounded;

(3) Vi(w,w) < —c(|w]) for al w € W, = {w € W| |w > r},w € Q
and X € A, where ¢ : Ry — Ry is positive on [r,+00), Vi(w,w) =

limsupt Vi (pr(t, w,w),wt) — Va(w,w)] if T = Ry and V{(w,w) :=
t—0+4

W(pa(lw,w),0(l,w)) — Vy(w,w) if T =Z,.
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Then every cocycle px (A € A) admits a uniform compact global attractor I (X € A)
and the set | J{I* | A € A} is compact.

Proof. Let X := W x Q and (X, T, 7)) be a skew-product dynamical system,
generated by the cocycle @y , then (X, h, Q) , where h :=pro : X — Q, is a trivial
fiber bundle with fiber W. Under the conditions of Theorem 7.6 and according
to Theorem 5.2 the non-autonomous dynamical system (X, T4, my), (Q,T,0),h)
admits a compact global attractor J* and according to Theorem 2.24 the cocycle
¢ admits a compact global attractor I* = {I} | w € Q}, where I} := pryJ)) and
I =pry Hw) NI

Let Q := Q x A, (Q,']I‘,&) be a dynamical system on € defined by the
equality &(t, (w,\)) = (o(t,w),\) (for all t € T,w € Q and A € A), X :=
W x Q and (X,T,4,7) be an autonomous dynamical system defined by equality
7(t, (w,0)) = (mA(t,w), (wt,\)) for all & := (w,\) € Q := Q x A. Note that the
triplet (X, h,Q), where h := pry : X — Q, is a trivial fiber bundle with fiber
W, ((X Ty, 7),(Q,T,5),h) is a non-autonomous dynamical system. The function
V : X, = W, x Q — Ry, defined by the equality V(z) := Vj(w,w) for all
i = (w,(w,)\)) € X, under the conditions of Theorem 7.6, all the conditions
of Theorem 5.3 hold and, consequently, the dynamical system (X, T.,7#) admits
a compact global attractor. To finish the proof of the theorem it is sufficiently to
note that if the dynamical system (X,Ty,7) admits a compact global attractor
J, then the family of cocycles {¢x}aea is uniformly collectively compact dissipa-
tive and according to Theorem 7.3 the set I = |[J{I* | A € A} is compact, where
I* = {I) | w € Q} is the compact global attractor of cocycle ¢y. The theorem is
proved. (|

7.4 Connectedness

Recall that the space W possesses the property (S) if for every compact K € C(W)
there exists a compact connected set V' € C(W) such that K C V.
If M C W, for each w € £, we write

ﬂU (r,M,w~

t>0T1>t

Lemma 7.7 Suppose that the cocycle ¢ admits a compact pullback attractor
{L, |w € Q} , then the following assertions hold:

a. 0+#Qu,(M) C 1, for every M € C(W) and w € Q;
b. the family {Qu (M) | w € Q} is compact and invariant w.r.t. cocycle ¢ for every
M e C(W);
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c. if I ={l,|weQ}C M, then the following inclusion I, C Q. (M) holds for
every w € €.

Proof. The first and second assertions follow from the definition of pullback at-
tractor and from the equalities (2.83)-(2.84).
Let I be a subset of M, then

I, = ot I,—+,w ) Cot, [,w") C o, M,w™™) (7.20)
and according to the equality (2.83) we have I, C Q. (M). O

Theorem 7.7 Let W possess the property (S) and let the cocycle ¢ admit a
compact pullback attractor {1, | w € Q}, then:

(1) the set I, is connected for every w € Q);
(2) if the space 2 is connected, then the set I = |J{I,|w € Q} also is connected.

Proof. 1. Since the equality (7.2) holds and the space W possesses the property
(S), then there exists a connected compact V' € C(W) such that I CV and

lim B(p(t,V,w™),1,) =0, (7.21)

t——+o0

for every w € . We shall show that the set I, is connected. If we suppose
that it is not true, then there are Aj, Ay # (), closes and A;| |4y = I,. Let
0 <ep <d(A1,As) and L = L(gg) > 0 be such that

Blet,V,w™), L) < — (7.22)

for all t > L(gg). We note that the set (t,V,w™") is connected and according to
the inclusion (7.20) and the inequality (7.22) the following condition

@(ta va_t)ﬂ( Al; |_|B AQ, 7é @

is fulfilled for every t > L(egg) and w € Q, where B(A,¢) := {u e W | p(u, A) < €}.
Then there exists t, — +oo and u,, € W such that

€

wn € ot Vo™ YW\ [B(Ar, ) || B(42, D)) (7.23)

According to the equality (7.21) it is possible to suppose that the sequence {u,,} is
convergent. We denote by u := hm Up, then from Lemma 2.15 follows that u €

0, (V). Since I CV, then accordlng to Lemma 2.15 we have v € Q,(V) C I, C I.
On the other hand according to (7.23) we have u ¢ B(A1, %) [ | B(A2, %). This
contradiction shows that the set I, is connected.

2. Let the space 2 be connected. According to Lemma 7.3 the function F' :
Q +— C(W), defined by equality F(w) = I, is upper semi-continuous and from the
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corollary 1.8.13 [83] (see also Lemma 3.1 [148]) follows that the set I = (J{I, | w €
0} = F(Q) is connected. O

Corollary 7.2 Let W be a metric space with the property (S) and let the cocycle
@ admit a compact global attractor {1, | w € Q}, then:

(1) the set I, is connected for every w € Q);
(2) if the space Q is connected, then the set I = |J{I, | w € Q} also is connected.

Proof. This assertion follows from Theorems 7.2, 7.7 and Lemma 7.2. O

7.5 Applications

7.5.1 Quasi-homogeneous systems

Let E and G be two finite dimensional spaces.

Definition 7.7 The function f € C(E x G, E) is called [94, 102] homogeneous of
order m with respect to variable u € E if the equality f(Au,w) = A" f(u,w) holds
forall A\ >0,u € F and w € G.

Theorem 7.8 Let f € CHE),® € CHG),Q C G be a compact invariant set of
dynamical system

W= d(w), (7.24)

u' = f(u) (7.25)
be uniformly asymptotically stable. If F € CY(E x G, E) and
|F(u,w)| < clul™

for all |u| > r and w € Q, where r and ¢ are certain positive numbers, then there
exists a positive number \g such that for all X € A = [—Xg, o] the following holds:

(1) a set I} := {u € E | sup{|oa(t,u,w)| : t € R} < +oo} is not empty, compact
and connected for each w € Q, where v (t,u,w) is a unique solution of equation
u = f(u) + AF(u, wt) satisfying the initial condition (0, u,w) = u;

(2) pa(t, I, w) = Ii‘(t,w) forallt e Ry and w € Q;

(3) the set IN = J{I} | w € Q} is compact and connected;
(4) the equalities

Jim Blox(t, M,w_;),I)) =0 (7.26)
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and
Jim Blox(t, M,w), ") =0

take place for all A € A,w € Q and bounded subset M C E.
(5) the set J{I* | A € A} is compact;
(6) the equality
li 1),0) =
si%i‘;af’( 2,0)=0

holds.

Proof. Under the condition of Theorem 7.8 according to Theorem 5.34 by the
equality

+oo
ww=A (¢, ),

where 7(t, u) is a solution of equation (7.25) with condition 7(0, u) = w, is defined a
continuously differentiable function V' : E — R, verifying the following conditions:

a. V(pu) = p*F=m+1V (u) for all 4 > 0 and u € E;

b. there exist positive numbers @ and 3 such that a|u[F="*! < V(u) < Blu|f—m+1
for all u € F;

c. V/(u) = DV (u)f(u) = —|u|* for all u € E, where DV (u) is a derivative of
Frechet of function V' in the point wu.

Let us define a function U : X — Ry (X := E x Q) in the following way:
U (u,w) := V(u) for all (u,w) € X. Note that

d
W () = 2V (ot w,0)) o = —lul + DV (@)AF (u,)
and there exists A\g > 0 such that the inequality
' (u,w) < —vul*

holds for all w € Q and |u| > 7, where v =1 — AgcL > 0 ( see the proof of Theorem

4.3 [102)]).
For finishing the proof of the theorem it is sufficient to refer to Theorem 7.6 and
Lemma 7.4. g

Theorem 7.9 Let f € CY(E x G,E),® € CY(F),Q C G be a compact invariant
set of dynamical system (7.24), the function f be homogeneous (of order m = 1)
w.r.t. variable w € E and a zero solution of equation

v = flu,wt) (weN) (7.27)
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be uniformly asymptotically stable. If |F(u,w)| < clu| for all |u] > r and w € §,
where v and ¢ are certain positive numbers, then there exists a positive number Ag
such that for all X € A = [—Xo, \o] the following assertions take place:

(1) a set I} := {u € E | sup{|oa(t,u,w)| : t € R} < +oo} is not empty, compact
and connected for each w € §, where @ (t,u,w) is a unique solution of equation

u = f(u,wt) + \F (u,wt)

verifying the initial condition @y (0,u,w) = u;
(2) ox(t, I),w) = Ig‘(t,w) for allt e Ry and w € Q;
(3) a set I := {1} | w € Q} is compact and connected;
(4) the equalities

Jim B(a(t, M, w-), 12) =0
and
t llg_n 6(@A(t7 M?"‘})?I)\) =0 (728)

take place for all X € A,w € Q and bounded subset M C E.
(5) the set J{I* | A € A} is compact;
(6) the following equality holds:

lim sup B(I3,0) = 0.

A—=04eq

Proof. The proof of this assertion is similar to the proof of the theorem 7.8. ]

7.5.2 Monotone systems
Let f € C(E x Q, E) be a function satisfying
Re<f(u17w) - f(UQ,W),'Uzl - U2> S _k|ul — U2 . (729)

for all w € Q and u1,us € E (k> 0 and a > 2).

Theorem 7.10 [316,92] If the function f verifies the condition (7.29), then the
following statements are true:

(1) the set I, = {u € E | sup|p(t,u,w)| < +oo} contains a single point {p(w)}
teR

for all w € Q, where p(t,u,w) is a solution of equation (7.26) with condition
v(0,u,w) = u;
(2) the inequalities

ot u,w) = p(wt)] < e Mu—p(u)]  (fa=2),
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lo(t, u,w) — p(wt)] < (Ju— pW)>~ + (a - 2)t) =5 (if a > 2)

hold for allt > 0,u € E and w € §);
(8) the function v : Q — E, defined by equality v(w) = I, is continuous and
Y(wt) := o(t,y(w),w) for allt > 0,u € E and w € Q.

Theorem 7.11 Let f € C(E x Q, E) be a function verifying the condition (7.29)
and F € C(E x Q, E) be a function with the condition

Re(F(u1,w) — F(ug,w),u; — uz) < Llug — usg|® (7.30)

for all uy,us € E and w € Q, where L is some positive number.
Then there exists a positive number Ao such that for all |\ < Ao the following
hold:

(1) the set I := {u € E | sup|px(t,u,w)| < +o0} contains a single point {px(w)}
teR

for each w € Q, where px(t,u,w) is a unique solution of the equation
= f(u,wt) + \F(u,wt) (w € Q) (7.31)

satisfying the initial condition px(0,u,w) = u;

(2) the function vy : Q — E defined by equality vx(w) = I is continuous and
a(wt) = oa(t,va(w),w) for allt > 0,u € E and w € Q.

(3)

lim sup |yx(w) —70(w)| = 0.
A—=04,e0

Proof. Let g := f + AF, then from (7.29)—(7.32) follows that
Re(g(ur,w) — g(ug,w),ur — uz) < (—k + L|A|)|ur — usa|® (7.32)

for all uy,us € F and w € Q. From (7.32) follows that there exists A\g > 0 such
that —k + L|A| < —k + LAg < 0 for all |\| < A\g and according to Theorem 7.10 the
assertions 1. and 2. of the theorem are true.

It is clear that for |A| < Ao the cocycle p) generated by the equation (7.31)
admits a compact global attractor I* = {7\ (w) | w € Q}.

Now we will show that the set J{I* | A € A = [~)g, \o]} is compact. Let
V(u) := 3|u|?, then

V() = SV (oalt uw))limo = Refg(u,w),u) (733)

= Re(g ( u, )—g(o,w),u>+ Re(g(O,w),u> < (_k+L‘)‘0‘)|u|2+C|u|

c
= ul*(- kLol + pra=r);
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where C' := max{|g(0,w)| : w € Q, A € A}. From the equality (7.33) follows that
there exists r > 0 such that for all |u| > r

V'(u) < —v|ul?, (7.34)

where v = k — L|Ao| — =<5 > 0. Now to finish the proof of Theorem 7.10 it is
sufficient to refer to Theorem 7.6. The theorem is proved. |

7.5.3 Quasi-linear systems

Consider a non-autonomous quasi-linear system
u = A(wt)u + Af(u,wt) (wE Q)

on E. Denote by [E] the space of all linear continuous operators acting onto E and
equipped with the operational norm.

Theorem 7.12 Let A€ C(Q,[E]), f € C(E x Q, E) and let the following condi-
tions be fulfilled:

(1) there exists a positive constant ag such that Re(A(w)u,u) < —agplul? for all
u € FE and w € Q)
(2) for any r > 0 there exists a positive constant L(r) such that

|f(u1,w) = f(uz,w)| < Llug — us|
for all uy,ug € Bl0,r] :={u€ E | |u| <r} andw € Q.

Then there exists a positive constant Ao such that for all X € A := [—Xg, Ao] the
following statements are true:

(1) the set I)) := {u € E | sup{|ox(t,u,w)|:t € R} < 400} is not empty, compact
and connected for each w € Q, where py(t,u,w) there is a unique solution of
equation

u = A(wt)u + AF(u,wt)

satisfying the initial condition px(0,u,w) = u;
(2) eA(t. I} w) = I, ) for allt € Ry andw € Q;
(3) the set I :=J{I) | w € Q} is compact and connected;
(4) the equalities
lim _f(a(t, M, wi), I3) = 0,

t——+o0

lim ﬂ(g@,\(t,M,w),I’\) =0

t——+oo

hold for all A € A,w € Q and bounded subset M C E.
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(5) the set J{I* | A € A} is compact;
(6) the following equality is true

li },0) = 0.
Ebjﬁgﬁ(wo) 0

Proof. Let Ay be a positive number such that v = ag — Apa > 0, then the function
Fy(u,w) = A(w)u + Af(u,w) verifies the condition

Re<F)\(uvw>a U> < 7I/|’U,|2 + )‘Oﬂ (735)

for all [A\| < X,weQandueckE .
From the inequality (7.35) follows (see, for example, [97, p.11]) that the inequal-
ity

@(1 ) (7.36)

|50>\ (tv Uu, w)|2 < |u|2e_2Ut +
holds for all t € Ry, A € A and (u,w) € E x Q and, consequently, the family of
cocycles {¢x}rea admits a bounded absorbing set. Now to finish the proof of the
theorem it is sufficient to refer to Theorems 7.3, 7.5 and Lemma 7.4. O

7.5.4 Non-autonomously perturbed systems

Theorem 7.13  Suppose that f € C(E) is uniformly Lipschitzian and an au-
tonomous system (7.24) has a global attractor I. Furthermore suppose that F €
C(E x Q, E) is uniformly Lipschitz in u € E and it is uniformly bounded on E x Q,
i.e. sup{|F(u,w)| : (u,w) € E x Q} = K < +0o. Then there exists a positive
number A\g > 0 such that for all X\ € A = [—)\g, Ao| the following are true:

(1) the set 1)) :={u € E | sup{|px(t,u,w)| : t € R} < +oc} is not empty, compact
and connected for each w € §, where p)(t,u,w) there is a unique solution of
equation v’ = f(u) + AF(u,wt) satisfying the initial condition ¢ (0,u,w) = u;

(2) ox(t, I}, w) = Ig‘(tw) for allt e Ry and w € €

(3) the set I := J{I2) | w € Q} is compact and connected;
(4) the equalities

. ligrn Bloalt, M,w_y),I3) =0
and

lim ﬂ(gp,\(t,M,w),I’\) =0

t——+oo

take place for all A € A,w € Q and bounded subset M C E.
(5) the set J{I* | A € A} is compact;
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(6) the following equality is true

lim sup B(I), 1) =0.

A—0,ec0

Proof. According to Theorem 22.5 from [327] (see also [217,220]), under its con-
ditions there exists a continuous function V' : E\ I — Ry with the following
properties:

a. V is uniformly Lipschitz in E, i.e. there exists a constant L > 0 such that
[V (u1) — V(ug)| < Llug — ug| for all uy,uq € E.

b. there exist continuous strictly increasing functions a,b: Ry — Ry with a(0) =
b(0) = 0 and 0 < a(r) < b(r) for all » > 0 such that a(B(u,I)) < V(u) <
b(B(u, I)) for all u € E, where S(u, I) := sup{p(u,z) | = € I}.

c. there exists a constant ¢ > 0 such that V'(u) < —cV(u) for all u € E\ I,
where V' (u) := lim gup t= [V (r(t,u)) — V(u)] and 7(t,u) is a unique solution

t—
of equation (7.25) Wi:h initial condition 7(0,u) = w.

Define a function U : X — Ry (X := E x Q) in the following way: U(x) := V(u)
for all z = (u,w) € X. Note that

W' (u,w) = limsup V(o (t,u,w))|t=0 < LKr — ¢B(u,w)
t—0+

(see [220, p.11]) for all u € E. Then there exist A\g > 0 and ¢ > 0 such that
U (u,w) < —LK g

for all |u| > r¢g and w € Q.
To finish the proof of the theorem it is sufficient to refer to Theorem 7.6 and
Lemma 7.4. O

Remark 7.3 Similar theorem was proved in [220, Th.4.1] for the pullback attrac-
tors of non-autonomously perturbed systems.

7.5.5 Non-autonomous 2D Navier-Stokes equations

Let G € R2 be a bounded domain with C? smooth boundary,
i —_ 2
V= {ue (WHG))? divu(z) =0}, H := L@

V'’ be the dual space of V, (W4 (G))? denotes the Sobolev space of functions having
two components, and let 7 be the orthogonal projector from (L2(G))? onto H. The
operator F(u,v) := 7(u, V)v has values in V'.

Let Q be a compact complete metric space, (2, R, ) be a dynamical system on
Q, FeC(V xQ,V) and satisty the the following conditions:
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(i) |F(u1,w) — F(ug,w)| < Llug — ug| for all uy,ug € V and w € Q;
(i) Re(F(u,w),u) < Mul?>+ N for all u € V and w € Q, where L, M and N are
some positive constants.

Consider the perturbed 2D Navier-Stokes equation
u +vAu+ B(u,u) = F(u,wt) (w € Q) (7.37)

on H, where B : V x V — V' is a bilinear continuous map and A is the extension
of —wV with zero boundary conditions on V and v > 0. In particular, there exists
A1 > 0 such that

(Au,u) > July = Mlulf

for any v € V. According to [286],[311] by equation (7.37) is generated a cocycle
o(t, u,w) on (Q,R, o) with fiber H, where (¢, u,w) is a unique solution of equation
(7.37) with the condition ¢(0,u,w) = u.

Lemma 7.8 Under the conditions (i) and (ii) the following assertions holds:

(1) for any T >0, v >0, w € Q and any u € H the equation (7.34) has a unique
solution ¢(t,u,w) with path in C([0,T], H);
(2) the energy inequality holds

|70, wt) [

Y + 2L|p(t, u,w)ﬁq (7.38)

d
Ek/)(ta U,(.«))ﬁ{ + VAl(p(ta U,u))ﬁ{ <

forallt €0, T],u € H and w € Q;
(8) the mapping ¢ : Ry x H x Q — H is continuous.

Proof. The assertions 1. and 2. follow from [111] (see also Lemma 3.1 [286]).
Now we will prove that the mapping ¢ : Ry x H x  — H is continuous. Let
to € Ry, up € H and wy € §2, then we have

lp(t, u,w) — p(to, uo,wo)|m (7.39)
< ot u,w) — @(t, wo, wo)|a + @ (t, wo, wo) — p(to, uo,wo)|a-

Denote by w(t) = ¢(t,u,w) — o(t,up,wo) and f(t) = Flp(t,u,w),wt) —
F(p(t, ug,wo),wot), then the function w(t) verifies the following equation

Ciz_z: +vAw + B(w, w) + B(w,u1) + B(uy,w) = f(t), (7.40)

where w1 := (¢, ug,wp). Using the well-known identity (B(u,v),v) =0 (Vv € H),
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where (-, -) is the scalar product in H, we obtain

1d ,
5 dt|w|H (w,w) = (—vAw — B(w,w) — B(w,u1) — B(u, w) (7.41)

(
+f( ),’LU) = _V<Aw7w> - <B<w ’LU > <B(w7u1)’w> - <B(u1’w)’w>
+{f (1), w) = —v{Aw, w) — <B(w,ul),w> + {f(t), w).

Bearing in mind the inequality |u|?, < |w|g|w|y (see [232]) we obtain
(Blwur),w)| < fwf?, funly
v 1
< bty s < 2l + ool a3

Taking into account that |(f,w)| < |f|m|w|m, we get from (7.41)

1d V/\l 1
57 lulh < vl + Sl + el + flalela. (742
We remark that
Lf @) = |F (ot u,w), wt) — Fo(t, uo,wo), wot) | r (7.43)

S L|<,D(t7u0,w0) - gD(t7’LL0,L(J0)| + |‘7:(<p(t7u07w0)7Wt) - f(go(t7u0,w0),w0t)|

and, consequently, from (7.41)-(7.43), we obtain

1d Lf1*
sl < Golald + L+ Dl + (7.44)
From this differential inequality we deduce that
¢ 1
WOl <exp ([ (lotruowolf + L+ 5)dr)lu— ufy
0
t T 1
+/ exp(—/ (2 lp(s, ug,w0)|v—|—L—|— )ds) (7.45)
0 0 4V
1
xg‘f(‘ﬁ(ﬂ ug,wo), wt) — F(p(T, U07w0),w07')|d7'~
Since F € C(H x Q, H), then
Jnax. | F ((t, up,wo), wt) — F(p(t, uo,wo),wot)| — 0
as w — wo and, consequently, from (7.45) we obtain
max |w(t)| — 0. (7.46)

0<t<T

From (7.39) and (7.46) we obtain the continuity of mapping ¢. The lemma is
proved. O
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Corollary 7.3  Under the conditions (i) and (ii) there exists a positive number
Ly < ”/\1 such that if L < Lo, then the following inequality

u/\1+2L0)t|u|2 |f|2

t 2 <els
lo(t u,w)” < e vA1(—2Lo + v)\y)

holds for allt >0, u € H and w € Q, where |f| := maé(|.7:(0,w)|.
we
This assertion follows from the second assertion of Lemma 7.8.

Theorem 7.14  There exists a positive number Lo > 0 such that the cocycle ¢
generated by (7.87) admits a compact global attractor, if L < Ly.

Proof. According to Lemma 3.1 [286] there exists Lo > 0 (for example Ly < ">‘1)
such that the cocycle ¢ admits a bounded absorbing set if L < Ly. On the other
hand the cocycle ¢ is compact, i.e. the mapping p(¢,-,-) : V x Q — V is completely
continuous for all ¢ > 0. To finish the proof of the theorem it is sufficient to refer
to Theorem 2.24. 0

Theorem 7.15 Under the conditions (i) and (ii) there exists a positive number
Ao such that the following is true:

(1) the set I = {u € H | sup|pa(t,u,w)| < +oo} is not empty, compact and
teR
connected for all w € Q and X\ € A := [—Xo, — o], where h € H and ¢y (t,u,w)
s a unique solution of the equation

u 4+ vAu+ F(u,u) + h = A\F(u,wt) (w e Q) (7.47)

satisfying the initz’al condition (0, u,w) = u;
(2) pa(t, I, w) = U(tw forall xe A, te Ry and w € Q;
(3) the set I = J{I) | w € Q} is compact and connected;
(4) the equalities

. lifrn Bloalt, M,w_y),I}) =0
and

lim B(pa(t, M,w),1*) =0

t——+oo

take place for all A € A, w € Q and bounded subset M C E.
(5) the set J{I* | A € A} is compact and connected;
(6) the equality

fnysup A3, 1) =0
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holds, where I is a Levinson center for the equation

u' 4+ vAu + F(u,u) +h = 0.

Proof. Let F(u,wt) := —h + AF(u,wt) and \g < %, then for the equation

u' + vAu + F(u,u) = A\F(u,wt) (w € Q)

the conditions of Theorem 7.14 are fulfilled. Let @) be a cocycle generated by
equation (7.43), then according to Corollary 7.3 the family of cocycle {@x}rea
admits a collectively absorbing bounded set. Since the imbedding V into H is
compact, to finish the proof of the theorem it is sufficient to refer to Theorem 7.6
and Lemma 7.4. The theorem is proved. O

7.5.6  Quasi-linear functional-differential equations

Let r > 0, C([a,b],R™) be the Banach space of continuous functions v : [a,b] — R™
with the sup-norm . If [a,b] := [—r,0], then suppose C := C([—r,0],R™). Let
ceRA>0and u € C(lo —r,o0 + Al,R"). For any t € [0,0 + A] define u; € C
by the equality u;(0) = u(t + 6), —r < 6 < 0. Let us define by C(Q2 x C,R™) the
space of all continuous functions f :  x C — R", with compact-open topology and
let (2,R,0) be a dynamical system on the compact metric space 2. Consider the
equation

u' = f(wt, uy) (we), (7.48)

where f € C(Q2 x C,R™). We will suppose that the function f is regular, that is for
any w € 2 and u € C the equation (7.48) has a unique solution ¢(t,u,w) which is
defined on Ry = [0,+00). Let X :=C x Q, and 7 : X x Ry — X be a dynamical
system on X defined by the following rule: m (7, (u,w)) := (¢ (u,w),w), then the
triplet (X, Ry, 7), (Q,R,0),h) (h:=pry: X — Q) is a non-autonomous dynamical
system, where @, (u,w)(0) := (7 + 6, u,w).

From the general properties of solutions of (7.48) (see, for example [179]), we
have the following statement.

Theorem 7.16  The following statements are true:

(1) The non-autonomous dynamical system ((X,Ry,7),(Q,R,0),h) generated by
equation (7.45) is conditionally completely continuous;

(2) Let Q2 be compact and the function f : Q x C — R™ be bounded on Q x B for
any bounded set B C C, then the non-autonomous dynamical system generated
by the equation (7.48) is conditionally completely continuous (in particular, it
is asymptotically compact).
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Denote by [C] the space of all linear continuous operators acting onto C and
equipped with the operational norm.

Theorem 7.17 [78] Let A € C(Q,[C]),f € C(C x Q, E) and let the following
conditions be fulfilled:

(1) a zero solution of equation
u = A(wt)uy (7.49)

is uniformly asymptotically stable, i.e. there exist positive numbers N and v

such that |po(t,u,w)| < Ne “Hu| for all t > 0, u € C and w € Q, where

wo(t, u,w) is a solution of equation (7.49) with condition that vo(0,u,w) = u;
(2) there exists a positive constant L such that

|f(U1,LU) - f(u27w)| S Ll’LLl - ’LL2|
for all uy,us € C and w € €.

Then there exists a positive constant eq(eg < %) such that

NM NM
N o 7(1/7NL)t
v—ng W= SR
or allt > 0,L € (0,e9), u € C and w € Q, where p(t,u,w) is a unique solution o
¥
the equation

ot u,w)| <

u = Alwt)us + f(ug, wt)
with the condition ¢(0,u,w) =u and M := max{|f(0,w)] : w € Q}.
Consider a non-autonomous quasi-linear system
u = A(wt)us + M (ut,wt) (we Q) (7.50)

on C.

Theorem 7.18 Let f € C(C x Q, E) and let the inequality
|f(u17w) - f(u27w>| < L|U1 - U2|

take place for all uy,us € C and w € ), where L is some positive number.
Then there exists a positive number Ao such that for all X € A := [—Xo, Ag] the
following statements are true:

(1) the set I} .= {u € C | sup{|pa(t,u,w)|:t € R} < +o0o} is not empty, compact
and connected for each w € Q,where @y (t,u,w) there is a unique solution of
equation (7.50) satisfying the initial condition ¢x(0,u,w) = u;

(2) oa(t, I}, w) = I y Jor allt € Ry and w € Q;

o(t,w
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(3) the set I* =\ J{I2) | w € Q} is compact and connected;
(4) the equalities

. hgl ﬂ(sﬁk(tvM? (.L)ft),lj;) = 0’

Jlim Blox(t, M,w), 1) =0

hold for all A € A,w € Q and bounded subset M C E.
(5) the set J{I* | A € A} is compact;
(6) the following equality holds
lim sup B(I3,0) = 0.

A—=04eqQ
Proof. Let Ao be a positive number such that v = A\gL < v/N, then the function
F\(u,w) := A(w)u + Af(u,w) satisfies the condition
|Fo(u,w)| <viu|+ M (7.51)

(with M := ma§>2<|f(0,w|) for all |A] < XAg, w € Q and u € C. From the inequality
we

(7.51) and Theorem 7.16 follows that the family of cocycles {pr}rea admits a
bounded absorbing set. Now to finish the proof of theorem it is sufficient to refer
to Theorems 7.3, 7.5, 7.15 and Lemma 7.4. (I



Chapter 8

The relationship between pullback,
forward and global attractors

Non-autonomous dynamical systems can often be formulated in terms of a cocy-
cle mapping for the dynamics in the state space that is driven by an autonomous
dynamical system in what is called a parameter space. Traditionally the driv-
ing system is topological and the resulting cartesian product system forms an au-
tonomous semi—dynamical system that is known as a skew—product flow. Results on
global attractors for autonomous semi—dynamical systems can thus be adapted to
such non-autonomous dynamical systems via the associated skew—product flow [64,
75,88,83, 111,185,292, 318].

A new type of attractor, called a pullback attractor, was proposed and in-
vestigated for non-autonomous or random dynamical systems [97,126, 153,262,
284]. Essentially, it consists of a parametrized family of nonempty compact subsets
of the state space that are mapped onto each other by the cocycle mapping as the
parameter is changed by the underlying driving system. Pull back attraction to a
component subset for a fixed parameter value is achieved by starting progressively
earlier in time, that is, at parameter values that are carried forward to the fixed
value. The deeper reason for this procedure is that a cocycle can be interpreted
as a mapping between the fibers of a fiber bundle where the image fiber is fixed.
The kernels of a global attractor of the skew-product flows considered in [111] are
very similar. This differs from the more conventional forward convergence where
the parameter value of the limiting object also evolves with time, in which case the
parametrized family could be called a forward attractor.

Pullback attractors and forward attractors can, of course, be defined for
non-autonomous dynamical systems with a topological driving system [218,220,
221]. In fact, when the driving system is the shift operator on the real line, forward
attraction to a time varying solution, say, is the same as the attraction in Lyapunov
asymptotic stability. The situation of a compact parameter space is dynamically
more interesting as the associated skew—product flow may then have a global at-
tractor. The relationship between the global attractor of the skew—product system
and the pullback and forward attractors of the cocycle system is investigated in

287
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this chapter. We also note that forward attractors are stronger than global attrac-
tors if we suppose a compact set of non-autonomous perturbations. An example is
presented in which the cartesian product of the component subsets of a pullback
attractor is not a global attractor of the skew—product flow. This set is, however,
a maximal compact invariant subset of the skew—product flow. By a generalization
of some stability results of Zubov [336] it is asymptotically stable. Thus a pull-
back attractor always generates a local attractor of the skew—product system, but
this need not be a global attractor. If, however, the pullback attractor generates a
global attractor in the skew—product flow and if, in addition, its component subsets
depend lower continuously on the parameter, then the pullback attractor is also a
forward attractor. Several examples illustrating these results are presented in the
final section.

8.1 Pullback, forward and global attractors

A general non-autonomous dynamical system is defined here in terms of a cocycle
mapping ¢ on a state space W that is driven by an autonomous dynamical system
o acting on a base space (2, which will be called the parameter space. In particular,
let W be a complete metric space, let 2 be a compact metric space and let T, the
time set, be either R or Z.

Let (2, T,0) be a dynamical system on the metric space 2. Recall that the
triple (U, ¢, (Q, T, 0)) is called a cocycle (or non-autonomous dynamical system) on
the state space W, if the mapping ¢ : T4 X W x Q — Q is continuous, ¢(0, u,w) = u
and ¢(t * 7, u,w) = @(t, (7, u,w),wr) fora allu € W and ¢,7 € T,.

Let X be the cartesian product of W and €. Then the mapping 7 : T4 x X —
X defined by

w(t, (u,w)) = ((t, u,w), orw)

forms a semi-group on X over T, [290, 291].

The autonomous semi—dynamical system (X, Ty, 7) = (W x Q, T4, (p,0))
is called the skew—product dynamical system associated with the cocycle
(W, 0, (T, 0)).

For example, let W be a Banach space and let the space C = C(R x W, W) of
continuous functions f : Rx W — W be equipped with the compact open topology.
Consider the autonomous dynamical system (C, R, o), where o is the shift operator
on C defined by oy f(-,-) := f(-+¢t,-) for all t € T. Let Q be the hull H(f) of a
given functions f € C, that is,

Q=m(f) = U+t

teR
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and denote the restriction of (C,R,0) to Q by (2,R,0). Let FF: Q x W — W
be the continuous mapping defined by F(w,u) := w(0,u) for w € Q and v € W.
Then, under appropriate restrictions on the given function f € C (see Sell [290,
291]) defining €, the differential equation

v =w(t,u) = Flow,u) (8.1)

generates a cocycle (W, ¢, (,R,0)), where (¢, u,w) is the solution of (8.1) with
the initial value u at time ¢ = 0.

Let B denote the Hausdorff semi-distance between two nonempty sets of a metric
space Y, that is,

B(A,B)——igggggp(A,B)
and let D(W) be C(W) or B(W), where C(W) (B(W)) is a classes of sets containing
the compact subsets (the bounded subsets) of the metric space W.
The definition of a global attractor for an autonomous semi—dynamical system
(X, T+, m) is well known. Specifically, a nonempty compact subset A of X which is
m-invariant, that is, satisfies

nw(t,A)=A forallteTy,, (8.2)
is called a global attractor for (X, T, ) with respect to D(X) if
tlim p(n(t,D),A) =0 (8.3)

for every D € D(X).

Conditions for the existence of such global attractors and examples can be found
in [20, 88,179,314, 318]. Of course, semi—dynamical systems need not be a skew—
product systems, but when they are, the following definition will be used.

Suppose that the skew—product dynamical system (X, T, 7) = (W x Q, T4,
(p,0)) has a global attractor A. Then we will call the set A the global attractor
with respect to D(W) of the associated cocycle (W, ¢, (2, T, 0)).

Definition 8.1 The global attractor A with respect to D(W) of the skew—product
dynamical system (X, Ty, 7) = (WxQ, T4, (p, o)) will be called the global attractor
with respect to D(W) of the associated cocycle (W, ¢, (Q, T, 0)).

Other types of attractors, in particular pullback attractors, that consist of a
family of nonempty compact subsets of the state space of the cocycle mapping have
been proposed for non-autonomous or random dynamical systems [126, 127,218,
284, 285).
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Definition 8.2 Let I = {[, | w € Q} be a family of nonempty compact sets of
W for which |J g 1) is relatively compact and let I be @-invariant with respect
to a cocycle (W, ¢, (2, T, o)), that is, satisfies

o(t, Iy, w) = Iy,0 forallt e T, we Q. (8.4)

Definition 8.3 The family I is called a pullback attractor of (W, ¢, (2, T, o))
with respect to D(U) if

tli{goﬂ(@(tvagftw)?Iw) =0 (85)

for any D € D(W) and w € Q, or a uniform pullback attractor if the convergence
(8.5) is uniform in w € Q, that is, if

lim sup B(p(t, D, o), L) = 0.

t—00 e

Definition 8.4 The family I is called a forward attractor if the forward conver-
gence

thm 6(@(@ D,w), Igtw) =0

holds instead of the pullback convergence (8.5), or a uniform forward attractor if
this forward convergence is uniform in w € €2, that is, if

lim sup B(p(t, D,w), A(oww)) = 0.

t—0 ,eQ

The main task of this chapter is to investigate connections of different types of
attractors.

It follows directly from the definition that a pullback attractor is unique. Obvi-
ously, any uniform pullback attractor is also a uniform forward attractor, and vice
versa.

If I is a forward attractor for the cocycle (W, ¢, (2, T,0)), then ([88] Lemma
4.2) the subset

J=|J (I x {w}) (8.6)
wen

of X is the global attractor for the skew—product dynamical system (X, Ty, 7). A
weaker result holds when I is a pullback attractor. The inverse property is not true

in general.
Although we could formulate for weaker assumptions we will restrict ourselves
to the case that | .
Our considerations can be embedded into the more general theory of pullback

1, is compact and D(W) cousists of compact sets.

attractors with a domain of attraction D consisting of family of sets D = {D(w)}weq
such that (J, . D(w) is relatively compact in W, see [285].
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The following existence result for pullback attractors is adapted from [127, 211].

Theorem 8.1 Let (W, p,(Q,T,0)), with Q compact be a cocycle and suppose
that there exists a family of nonempty sets C = {C(w)}wea, U
compact such that

weo Cw) relatively

tliIgo 6(@@? D, U—tw)’ C(w)) =0

for any bounded subset D of W and any w € Q. Then there exists a pullback
attractor.

A related result is given by Theorem 2.24: if the skew—product system (X, T, 7)
has a global attractor A, then the cocycle (W, ¢, (2, T, o)) has a pullback attractor.

We now continue to derive properties of pullback attractors an skew—product
dynamical systems.

Lemma 8.1 If I is a pullback attractor of a cocycle (W, ¢, (Q,T,0)), where Q
is compact, then the subset A of X defined by (8.6) is the maximal w-invariant
compact set of the associated skew—product dynamical system (X, T4, ).

Proof. The w-invariance follows from the @-invariance of I via

m(t,J) = U (p(t, 1o, w), ow) = U (Ioyw,00w) = J.

weN weN

Now J C U, eq
J is relatively compact. Hence B := .J is compact, from which it follows that

Bw) :={u: (u,w) € B}

is a compact set in W for each w € Q and that the set

U B(w) C pryB

weN

I, x 2, where € is compact and |J ., I, is relatively compact, so

is relatively compact. On the other hand, B is 7-invariant since
7n(t,B)=n(t,J)=x(t,J)=J =B
for the continuous mapping m(t, ). In addition, ¢(¢, B(w),w) = B(oww) holds, that
is, the B(w) are @-invariant, since
(t,B) = | (¢(t, B(p), ), oep) = B =] (B(op), 51p)
peP peP

and o,w = oy@ implies that w = @ for the homeomorphism o;. The construction
shows B(w) D I,. By the g-invariance of the B(w) and the pullback attraction
property it follows then that B(w) = I, such that A = B. Hence A is compact.



292 Global Attractors of Non-autonomous Dissipative Dynamical Systems

To prove that the compact invariant set J is maximal, let J " be any other
compact invariant set the of skew—product dynamical system (X, T4, 7). Then J l
={I ' (W)}weq is a family of compact ¢—invariant subsets of W and by pullback
attraction

6<I;7Iw) = ﬁ((p(t, I(,a,tw)>0-—tw),1w)
S ﬁ(@(ta Kv U*tw)v Iw) —0

as t — o0, where K := bigcup,eol,, is compact. Hence I:u C I, for every w € Q,
i.e. J C J, which means J is maximal for (X, Ty, m). O

Definition 8.5 A set—valued mapping M = {M (w)},eq for M(w) € W is called
upper semi—continuous if

lim B(M(w), M(wo)) =0 for any wy € Q.

w—wo

We call such a set—valued mapping lower semi—continuous if

lim B(M(wo), M(w)) =0 for any wy € .

w—wo
Definition 8.6 M is called continuous if it is both upper and lower semi-
continuous.

Note that a set—valued mapping M is upper semi—continuous if and only if the
graph of is closed in W x Q.
It follows straightforwardly from Lemma 8.1:

Corollary 8.1  The set valued mapping w — 1, formed with the components sets
of a pullback attractor I = {1, | w € Q} of a cocycle (W, p, (2, T,0)), where Q is
compact, 1S upper semi—continuous.

The following example shows that, in general, a pullback attractor need not also
be a forward attractor nor form a global attractor of the associated skew—product
dynamical system.

Example 8.1 Let f be the function on R defined by

2
ro=-(11g) . tem

and let (Q,R, o) be the autonomous dynamical system Q := H(f), the hull of f in
C(R,R), with the shift operator . Note that

Q=H(f)= J{C+myuio},

heR
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Finally, let E be the evaluation functional on C(R,R), that is F(w) := w(0) € R.

Lemma 8.2 The functional

Yw) = — /O e B(osw) dr = — /0 e () dr

is well defined and continuous on §2, and the function of t € R given by

1
oo ——— w=o0pf
y(ow) = —et/ e Tw(r)dr = L+ (t+h)

t 0 s w=0
is the unique solution of the differential equation

¥ =1+ E(0w) =2+ w(t)

that exists and is bounded for all t € R.

Proof. The proof is by straightforward calculation, so will be omitted. |
Consider now the non-autonomous differential equation
u' = g(ow,u), (8.7)
where
—u — B(w)u? 0<uy(w) <1, w#0

wyu) =4 __1_ Ew)) . u~n(w). w
g(w,u) 7(w)<1+7(w>>. 1<uy(w),w#0

—u : 0<u, w=0

It is easily seen that this equation has a unique solution passing through any point
u € W = RT at time ¢t = 0 defined on R. These solutions define a cocycle mapping

L 0 <upylw)<1,w#0
T = (@) T urglow) 0 S MW S hes
= 1 1 .
o(t, ug,w) = ug + o) @) Dol <uy(w), w#0 . (8.8)
e tug : 0<ug, w=0

According to the construction, the cocycle mapping ¢ admits as its only invariant
sets I, = {0} for w € Q. To see that the I, = {0} form a pullback attractor, observe
that

o 0 <upy(lw) <1, w#0
e'(1 —ugy(o_sw)) + ugy(w) 07(w)
w) = 1 1 .
o(t, uo, o—1w) uo + @) T o) 1 <ugy(w), w#0

e tug : 0<up, w=0
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In particular, note that ¢t — ~y(oyw) ™" is a solution of the differential equation (8.7).
Since v(o_w)~! tends to +oo sub-exponentially fast for ¢+ — oo, it follows that

1
p(t,u,o_w) < §L e 3t

for any u € [0, L] for any L > 0 and w €  provided ¢t is sufficiently large. Conse-
quently I = {I, | w € Q} with I, = {0} for all w € Q is a pullback attractor for ¢.
In view of (8.8), the stable set W*(J) := {z € X| . lir+n p(mtz, J) = 0} of J, that

is, the set of all points in X that are attracted to J by m, is given by
wWe(J) ={(u,w): weQ u>0,uy(w) <1} #X.

Hence the cocycle mapping ¢ in this example admits a pullback attractor that is
neither a forward attractor for ¢ nor a global attractor of the associated skew—
product flow.

Other examples for different kinds of attractors are given by Scheutzow [283]
for random dynamical systems generated by one dimensional stochastic differen-
tial equations. However, these considerations are based on the theory of Markov
processes.

8.2 Asymptotic stability in a-condensing semi—dynamical systems

To continue to investigate general relations between pull back attractors and skew—
product flows we have to derive some results from the general stability theory. We
start with some definitions.

Let (X, T4, 7) be a semi—-dynamical system. The w— limit set of a set M is
defined to be

w(M) = () =t M).

T>0t>T

Definition 8.7 A set M is called Lyapunov stable if for any € > 0 there exists
an ¢ > 0 such that n(¢t, B(M,d)) C B(U,¢) for t > 0.

Definition 8.8 M is called a local attractor if there exists a neighborhood
B(M,~) (v > 0) of M such that B(M,~) C W*(M).

Definition 8.9 A set M which is Lyapunov stable and a local attractor is called
asymptotically stable.

Note that any asymptotically stable compact set M also attracts compact sets
contained in U(M).
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Definition 8.10 Recall that a m—invariant compact set M is said to be locally
maximal if there exists a number § > 0 such that any m—invariant compact set
contained in the open d-neighborhood B(M,¢) of M is in fact contained in M.

Definition 8.11 An autonomous semi-dynamical system (X,T,,n) is called
[179] a-condensing if 7 (¢, B) is bounded and

a(m(t,B)) < a(B)
for all ¢ > 0 for any bounded set B of X with «(B) > 0.

Remark 8.1 In the book [179] there are a lot class of dynamical systems which
possesses with property. For example: every d.s. on the finite-dimensional space,
every d.s. with compact 7t (t > 0) or 7 =m(t) +r(t)(m(t) : X — X is compact for
every t >0 and r(t)z — 0 as t — +oo uniformly w.r.t. x on every bounded set X ).

Theorem 8.2  Let M be a locally mazimal compact set for an a-condensing semi—
dynamical system (X, T4, m). Then M is Lyapunov stable if and only if there exists
a6 > 0 such that

a, NM=1

for any entire trajectory v, through any x € B(M,8)\ M.

Proof. A proof of the necessity direction was given by Zubov in [336] Theorem
7 for a locally compact space X. This proof remains also true for a non locally
compact space under consideration here. Really, let M be a compact invariant set
for (X, Ty, ) stable in the positive direction. If we suppose that this assertion is
not true, then there exist © ¢ M,~, and 7,, — —oo such that p(v,(7,), M) — 0 as
n — 00. Let 0 < & < p(x, M) and 6(g) > 0 the corresponding positive number from
stability of set M, then for sufficiently large n we have p(v;(7,), M) < d(e) and,
consequently, p(mtv, (1), M) < € for all t > 0. In particularly for t = —7,, we have
plax, M) = p(m="rv,(T), M) < €. The obtained contradiction prove our assertion.

For the sufficiency direction, consider first the case T4 = Zy and let B(M, dy)
be a neighborhood such that M is locally maximal in B(M,dy). Suppose that M
is not Lyapunov stable, but that the other condition of the theorem holds. Then
there exist an €9 > 0 and sequences 6, — 0, x, € B(M,d,), k, — oo such that
w(k,xn) € B(M,¢g0) for 0 < k <k, — 1 and w(ky,zn) € B(M,ep). This & has to
be chosen sufficiently small such that

B(m(1, B(M,e0)), M) < %0.

Define A = {x,} and B = Upen{n(k,z,) | 0 < k < k,, — 1}. Then a(4) = 0(«
is the measure of non-compactness of Kuratowskii) since A is relatively compact.
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In addition, 7 (1, B) C B(M,dp), so w(1,B) is bounded. Suppose that B is not
relatively compact, so a(B) > 0. It follows by the properties of the measure of
non-compactness for the non relatively compact set B that

a(B) =a(AUr(1,B)NB) < max(a(A),n(1,B)) = a(r(1,B)) < a(B)

which is a contradiction. This shows that B is relatively compact. Now 7; is an
entire trajectory of the discrete—time semi-dynamical system above with z(0) = &
and 9z(Z_) C B. Thus the « limit set a5, is nonempty, compact and invariant. In
addition, oz, C B(M,¢€0), hence a5, C M because M is a locally maximal invariant
compact set. On the other hand, 4;(0) = Z € B(M,e0) \ M, so az, "M = () holds
by the assumptions. This contradiction proves the sufficiency of the condition in
the discrete-time case.

Now let T4 = R4 and suppose that a,, N M = () where z ¢ M holds for the
continuous—time system. Then it also holds for the restricted discrete—time system
generated by 71 := 7(1, -) because any entire trajectory -, of the restricted discrete—
time system can be extended to an entire trajectory of the continuous—time system
via

V(t) = 7(1,7:(n)), ne€Z t=n+7, 0<7T<I1

Consequently, the set M is Lyapunov stable with respect to the restricted discrete—
time dynamical system generated by 7;. Since M is compact, for every € > 0 there
exists a p > 0 such that

p(m(t,x), M) <e forall tel0,1], v € B(M,p).
In view of the first part of the proof above, there is a 6 > 0 such that
p(m(n,z), M) < min(u,e) for =€ B(M,d) forneZ,.

The Lyapunov stability of M for the continuous dynamical system (X, R, 7) then
follows from the semi—group property of 7. O

The next lemma will be needed to formulate the second main theorem of this
section. Asymptotic stability here means (locally) Lyapunov stability and attract-
ing.

Lemma 8.3 Let M be a compact subset of X that is positively invariant for a
semi—dynamical system (X, Ty, 7). Then M is asymptotically stable if and only if
w(M) is locally mazimal and asymptotically stable.

Proof.  Suppose that M is asymptotically stable. Then there exists a closed posi-
tively invariant bounded neighborhood C of M contained in its stable set W*(M).
The mapping 7 can be restricted to the complete metric space C' to form a semi-
dynamical system (C, TT, 7). Since M is a locally attracting set it attracts compact



The relationship between pullback, forward and global attractors 297

subsets of C. The assertion then follows by Theorems 2.4.2 and 3.4.2 in [179] be-
cause w(M) = (,eps 7(t, M).

Suppose instead that w(M) is asymptotically stable and locally maximal. Since
M is compact, w(M) = (5 7(t, M). Hence there exist n > 0 and 7 € T" such
that

m(t,M) C B(w(M),n) C W*(w(M)).

Now 7~ 1(r, B(w(M),n)), where 7! denotes the pre-image of m(r,-) for fixed 7,
is an open neighborhood of M and 7 (7,7~ (7, B(w(M),n))) C W*(w(M)). Hence
for any z € n~ (1, B(w(M),n) C W*(w(M)) we have that (¢, z) tends to w(M)
as t — oo, from which it follows that 7 (¢, x) also tends to M because M D Q(M).

Then, if M were not Lyapunov stable, there would exist g > 0, §,, — 0, =, €
B(M, é,) and t, — oo such that

p(m(tn, xn), M) > &q. (8.9)

For sufficiently large ng, the set {:En}nZnO would then be contained in the pre-image
7' (1, B(w(M),n). Since M is compact, so is the set {n}, >, . This set would

thus be attracted by w(M) C M, which contradicts (8.9) . O

Lemma 8.4 Let M be a compact subset of X that is a positively invariant set for
an asymptotically compact semi-dynamical system (X, T4, 7). Then the set M is
asymptotically stable if and only if w(M) is locally mazimal and Lyapunov stable.

Proof. The necessity follows by Lemma 8.3. Suppose instead that w (M) is locally
maximal and Lyapunov stable. Then for any € > 0 there exists a § > 0 such that
7w(t, B(w(M),d) C B(w(M),e) for all t > 0.

By the assumption of asymptotic compactness, w(B(w(M),d)) is nonempty and
compact with

Jim 5((t, B(w(M),0)),w(B(w(M),d))) = 0

(see [179] Corollary 2.2.4.). Since w(M) is locally maximal, w(B(w(M),d)) C w(M)
for sufficiently small § > 0, which means that w(M) is asymptotically stable. The
conclusion then follows by Lemma 8.3. (]

Corollary 8.2 Let (X, Ty, m) be asymptotically compact and let M be a compact
w—invariant set. Then M is asymptotically stable if and only if M is locally mazximal
and Lyapunov stable.

Proof. Indeed, M = w(M) here, so just apply Lemma 8.4. O
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The next theorem is a generalization to infinite dimensional spaces and a-
condensing systems of Theorem 8 of Zubov [336] characterizing the asymptotic
stability of a compact set.

Theorem 8.3 Let (X, Ty, 7) be an a-condensing semi—dynamical system and let
M C X be a compact invariant set. Then the set M is asymptotically stable if and

only if

(i) M is locally mazimal, and
(ii) there exists a & > 0 such that c,, N M = 0 for any entire trajectory v, through
any x € B(M,0)\ M.

Proof. By Lemma 2.3.5 in [179] any a-condensing semi-dynamical system is asymp-
totically compact, so the assertion follows easily from Theorem 8.2 and Corollary
8.2. |

Definition 8.12 A cocycle (W, p, (Q, T, o)) will be called a-condensing if the set
o(t, B, ) is bounded and

afp(t, B, Q) < a(B)
for all t > 0 for any bounded subset B of W with a(B) > 0.

Lemma 8.5 Suppose that the cocycle (W, p, (Q,T,0)) is a-condensing. Then the
associated skew—product flow (X, T4, m) is also a-condensing.

Proof. Let M :=J,,cq(Ms, x{w}) be a bounded set in X. Then M can be covered
by finitely many balls M; C X, i = 1, ---, n, of largest radius o(M) + ¢ for an
arbitrary € > 0. The sets pryM; C W, 7 =1, ---, n, cover pryM. The sets M; are
balls so a(priM;) = a(M;) < a(M) + e fori =1, ---, n. It is easily seen that

U{w (My,w))} =

weN
U{ (t, M,,w),ow)} C p(t,pryM,Q) x Q.
weN
Since ¢ is a-condensing, the set (¢, pr; M, 2) is bounded. Hence
a(m(t, M)) < alp(t,pr, M, Q) x Q) (8.10)
a(p(t,pryM, Q) < a(pryM) < a(M) for each t > 0.

The second inequality above is true by the compactness of 2. Indeed, 2 can be
covered by finitely many open balls €2; of arbitrarily small radius. Hence

a(@(tvprle Q) X Q) é maxa(¢(t7pr1M7 Q) X Ql) S O‘(Qp(t’prleg)) +e
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for arbitrarily small € > 0. The conclusion of Lemma follows by (8.10). O

8.3 Uniform pullback attractors and global attractors

It was seen earlier that the set U,eq(l, X {w}) € X which was defined in terms
of the pullback attractor I = {I,},eq of a cocycle (W, ¢, (2, T, o)) is the maximal
m-invariant compact subset of the associated skew—product system (X, T4, ), but
need not be a global attractor. However, this set is always a attractor under the
additional assumption that the cocycle ¢ is a-condensing.

Theorem 8.4 Let Q be a compact space, (W, ¢, (Q,T,0)) be an a-condensing
cocycle with a pullback attractor I = {I,}weq and define J = Uyeq(l, x {w}).
Then

1) the a-limit set o, of any entire trajectory v, passing through x € X \ J is
’YG’)
empty.
(i1) J is asymptotically stable with respect to 7.

Proof. Suppose that there exists an entire trajectory -y, through z = (u,w) €
X \ J such that a,, # 0. Then there exists a subsequence —7,, — oo such that
Yz(Ty) converges to a point in ., . The set K = pry{J, cnV2(n) is compact since
Unen Y2 (7n) is compact. Also I = {1, | w € Q} is a pullback attractor, so

lim B8(o(—7n, K,0.,w),1,) =0

n—oo

from which it follows that u € I,,. Hence (u,w) € J, which is a contradiction. This
proves the first assertion.

By Lemma 8.5 (X,T",7) is a-condensing. According to Lemma 8.1 J is a
maximal compact invariant set of (X, T™, ) since I is a pullback attractor of the
cocycle . The second assertion then follows from Theorem 8.4 and from the first
assertion of this theorem. O

Remark 8.2 (i) The skew-product system in the example in Section 2 has only
a local attractor associated with the pullback attractor.

(i) If in addition to the assumptions of Theorem 8.4 the stable set W*(J) of J
satisfies Wo(J) = X, then J is in fact a global attractor (see Theorem 1.13).

Theorem 8.5 Suppose that Q compact, (W, , (Q,T,0)) is a cocycle with a pull-
back attractor I = {1, | w € Q} and suppose that W*(J) = X, where J =
Uvea(lw x {w}).

If the mapping w — 1, is lower semi—continuous, then I is a uniform pullback
attractor, hence a uniform forward attractor.
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Proof. Suppose that the uniform convergence

lim sup ﬂ((p(t, Da w)a Io'tw) =0

t—o0 weN
is not true for some D € C(W). Then there exist g > 0, a set Dy € C(W) and
sequences t, — 00, w, € Q and u, € Dy such that:

p(@(tnvunvwn)alotnw) > €0 (811)

Now € is compact and J is a global attractor by Remark 8.2 (ii), so it can be
supposed that the sequences {o(tn, un,wn)} and {0y, w} are convergent. Let u =
lim, oo @(tn, Un,wy,) and © = lim,_,o 01, wy,. Then @ € I because T = (u,w) €

J. On the other hand, by (8.11),

€g < ﬁ(w(tnawnaxn)alotnwn)
< 6(90(15”,(.0“,.%”),]@) +6(I‘D710'tnwn)'

By the lower semi-continuity of w — I, it follows then that @ ¢ A(w), which is a
contradiction. O

Remark 8.3 The example 8.1 shows that Theorem 8.5 is in general not true
without the assumption that W*(J) = X. In view of Corollary 8.1, the set valued
mapping w — 1, will, in fact, then be continuous here.

8.4 Examples of uniform pullback attractors

Several examples illustrating the application of the above results, in particular of
Theorem 8.5, are now presented. More complicated examples will be discussed in
Chapter 12 (section 12.5).

8.4.1 Periodic driving systems

Consider a periodical dynamical system (Q, T, o), that is, for which there exists a
minimal positive number T such that orw = w for any w € (.

Theorem 8.6 Suppose that a non-autonomous a-condensing dynamical system
(U, ¢, (Q,R,0)) with a periodical dynamical system (Q, R, o) has a pullback attractor
I ={l,}wea . Then I.J is a uniform forward attractor for (W, e, (,R,0)).

Proof. Consider a sequence w, — w. By the periodicity of the driving system
there exists a sequence 7, € [0,7T] such that w,, = o, w. By compactness, there is
a convergent subsequence (indexed here for convenience like the full one) 7,, — 7 €
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[0,T]. Hence
w= lim w, = lim o, ,w=0;w

n—oo n—oo

which means 7 = 0 or T'. Suppose that 7 = T'. Then

lim ﬂ(IUJ7IUJn) = lim ﬂ(lwvcp(Tn»vaw))

= B(va @(Ta Iwaw)) = B(Iw7A<UTW)) =0
since ¢ is continuous and I,, = I, . = @©(Tn,l,,w) by the @-invariance of J.

Hence the set valued w — I, is lower semi—continuous.
Now ¢(nT,ug,w) = @(nT,up,0_nrw) since w = o_,rw by the periodicity of
the driving system (Q, R, o). Hence from pullback convergence

lim p(p(nT, up,w), I,) = lim p(e(nT,ug,0_prw),I,) =0

n—oo n—oo

for any (ug,w) € U x P. On the other hand
sup p(p(s +nT,ug,w), A(cstnTw))
s€[0,T)
= S[U-p | P(SD(S, <10(77‘/1—’7 uo, w)a UnTw)a 90(37 A(UnTw)a UnTw)) =0
s€[0,T

by the cocycle property of ¢ and the ¢p—invariance of J. Hence
tlim p((p(t,ug,w), ow), J) =0,

where J = U,eq (Iy X {w}). This shows that W*(J) = X. The result then follows
by Theorem 8.5. O

Consider the 2-dimensional Navier-Stokes equation in the operator form

le—?; +vAu+ B(u) = f(t), «(0)=wuo € H, (8.12)

which can be interpreted as an evolution equation on the rigged space V. C H C
V', where V and H are certain Banach spaces. In particular, here W = H, which
is in fact a Hilbert space, for the phase space. Then, from [311, Chapter 3],

Lemma 8.6  The 2-dimensional Navier-Stokes equation (8.12) has a unique solu-
tion u(-, ug, f) in C(0,T; H) for each initial condition ug € H and forcing term f €
C(0,T; H) for every T > 0. Moreover, u(t,uq, f) depends continuously on (t,ug, f)
as a mapping from RT™ x H x C(R, H) to H.

Now suppose that f is a periodic function in C(R, H) and define o f(-) :=
f(-+41t). Then Q := (J,cgorf is a compact subset of C(R, H). By Lemma 8.6 the
mapping (¢, ug,w) — (¢, ug,w) from R* x H x C(R, H) — H defined by ¢(t, ug,w)
= u(t,ug,w) is continuous and forms a cocycle mapping with respect to o on Q.
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By [311] Theorem II1.3.10 the mapping ¢ is completely continuous and hence a-
condensing.

Lemma 8.7  The cocycle (H, p, (2, R, 0)) generated by the Navier-Stokes equation
(8.12) with periodic forcing term in C(R, H) has a pullback attractor.

Proof. The solution of the Navier-Stokes equation satisfies an energy inequality

t t
1
u(t) |3 + All// Ju(7)[Frdr < Juolf + ;/ jw(T) [ dr
0 0

where A is the smallest eigenvalue of A. It follows that the balls B[0, R(w)] in H
with center zero and square radius

1 /0
RQ(w) = —/ e")‘”|w(7')|%/,d7'

— 00

is a pullback attracting family of sets in the sense of Theorem 8.1. In particu-
lar, C(w) := (1, B[0, R(c_1w)],0_1w) satisfies all of the required properties of
Theorem 8.1 because ¢(1,-,w) is completely continuous. 0

This theorem and Theorem 8.6 give

Theorem 8.7 The cocycle (H, ¢,(Q,R,0)) generated by the Navier-Stokes equa-
tion (8.12) with periodic forcing term in C(R, H) has a uniform pullback attractor,
which is also a uniform forward attractor.

Remark 8.4 See [149] for a related result involving a different type of non-
autonomous attractor.

8.4.2 Pullback attractors with singleton component sets

Now pullback attractors with singleton component sets, that is with
I, = {a(w)}, a(w) € W,
will be considered.

Lemma 8.8 Let (W, ¢, (2, T,0)) be a cocycle, J = {I,}weq be a pullback attrac-
tor with singleton component sets. Then the mapping w — I, s continuous.

Proof. This follows from Corollary 8.1 since the upper semi—continuity of a set
valued mapping w — I, reduces to continuity when the I, are single point sets. [J

It follows straightforwardly from this lemma and Theorem 8.5 that
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Theorem 8.8 Suppose that Q2 is compact and the cocycle (W, p,(Q,T,0)) has a
pullback attractor I = {I,},ecq with singleton component sets which generates a
global attractor J = Uyeal, X {w}. Then J is a uniform pullback attractor and,
hence, also a uniform forward attractor.

The previous theorem can be applied to differential equations on a Hilbert space
(H, (-,-)) of the form

v = F(ow,u) (8.13)
where F' € C(Q x H, H) is uniformly dissipative, that is, there exist v > 2, « > 0
(F(w,u1) — F(w,u2),u; — uz) < —ajuy — uzl|” (8.14)

for any u;, ug € H and w € €.

Theorem 8.9  [92] The cocycle (H, ¢, (2, T, o)) generated by (8.13) has a uniform
pullback attractor that consists of singleton component subsets.

For example, the equation
v = F(ow,r) = —ulu| + g(ow)

with g € C(Q,R) satisfies
1 9 1 3
(W1 —ug, Flow, w) = Flow, ug)) < —glur — uaf*(Jur| + Juzl) < —glur — waf,

which is condition (8.14) with & = 1 and v = 3.

The above considerations apply also to nonlinear non-autonomous partial dif-
ferential equations with a uniform dissipative structure, such as the dissipative
quasi—geostrophic equations

ut+J(w,u)+ﬁ¢$:VAU—TU+f(Z'7y,t), (815)

with relative vorticity w(zx,y,t) = AY(x,y,t), where J(f,9) = fzgy — fygs is the
Jacobian operator. This equation can be supplemented by homogeneous Dirichlet
boundary conditions for both ¢ and

Y(x,y,t) =0, u(z,y,t) =0 ondD , (8.16)
and an initial condition,
U($7y,0) ZUO(x7y) o1 Da

where D is an arbitrary bounded planar domain with area | D| and piecewise smooth
boundary. Let W be the Hilbert space Lo(D) with norm | - |.
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Theorem 8.10 Assume that

r wv _ 1 _(|D]

—+—=>-f—+1

5+ >0 (5 )
and that the wind forcing f(x,y,t) is temporally periodic (quasi-periodic, almost
periodic, recurrent) with its L?(D)-norm bounded uniformly in time t € R by

o r wv 1 _(|D| :
[FACEINIES 31D {§+ﬁ§ﬁ(7+1>} .

Then the dissipative quasigeostrophic model (8.15)-(8.16) has a unique temporally
periodic (quasi-periodic, almost periodic, recurrent) solution that exists for all time
t eR.

The proof in [141] (for the almost periodic case) involves explicitly constructing
a uniform pullback and forward absorbing ball in L2(D) for the vorticity w, hence
implying the existence of a uniform pullback attractor as well as a global attractor
for the associate skew—product flow system for which the component sets are sin-
gleton sets. The parameter set €2 here is the hull of the forcing term f in L?(D) and
a completely continuous cocycle o(t, up,w) = w(t, up,w) with respect to the shift
operator ¢ on () that is continuous in all variables.

8.4.3 Distal dynamical systems

A function (,,.) : R — W represents an entire trajectory (.. of a cocycle (W, ¢,
(T, 0)) if Yuw)(0) =u € W and ©(t, Y(u,w)(7), 0rw) = Y(u,w)(t+7) for t > 0 and
T € R.

Definition 8.13 A cocycle is called distal on T_ if

A0 (Vs ) (6 Yz ) (1) > 0

for any entire trajectories y(y, o) and Y(u, o) With u; # uz € W and any w € Q.

Definition 8.14 A cocycle ¢ is said to be uniformly Lyapunov stable if for any
€ > 0 there exists a § = d(¢) > 0 such that

P (Qﬂ(t, Ui, w)v (,O(t, UQ,LU)) <9

for all uy, ug € W with p (ug,u2) < e, w € Qand t > 0.

Recall that an autonomous dynamical system ({2, T,o) is called minimal if
does not contain proper compact subsets which are o—invariant.

The following lemma is due to Furstenberg [156] (see also [32, Chapter 3] or
[238, Chapter 7] Proposition 4).
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Lemma 8.9 Suppose that a cocycle (W, o, (2, T,0)) is distal on T_ and that
(Q,T,0) is minimal. In addition suppose that a compact subset J of X is m—
invariant with respect to the skew—product system (X, Ty, 7). Then the mapping w
— I, ={ueW: (u,w) € J} is continuous.

The following theorem gives the existence of uniform forward attractors.

Theorem 8.11  Suppose that the cocycle (W, ¢, (Q, T, o)) is uniformly Lyapunov
stable and that the skew—product system (X, Ti,m) has a global attractor J =
Usvealy X {w}. Then I = {I,}weq s a uniform forward attractor for (W, e,
(T, 0)).

Proof. Suppose that the cocycle (W, ¢, (2, T,0)) is not distal. Then there is a wq
€ ), a sequence t, — oo and entire trajectories Yy, wo)» V(uz,wo) With u1 # ug such
that

lim P (’Y(UI’WO)(_tn)7’7(u2,wo)(_tn)) =0.

n—oo

Let ¢ = p(u1,u2) > 0 and choose § = d(¢) > 0 from the uniformly Lyapunov
stability property. Then

4 (P)/(ul,wg)(_tn%V(UQ,MO)(_tn)) <4

for sufficiently large n. Hence

P (Sp(ta V(ul,wo) (_tn)7 U—tnw0>7 W(t7 ’y(u27u}0)(_tn)7 U—thO)) <e
for ¢ > 0 and, in particular,
e = p(ur,u2) = p(@(tn, Y(ur,wo) (—tn), 7—t,wo),
@(tﬂ77(u2,wo)(_tn)7a—tnwo)) <e

for t = t,,, which is a contradiction. The cocycle is thus distal, so w — I, is
continuous by Lemma 8.9. The result then follows from Theorem 8.5 since {I,, | w €
O} generates a pullback attractor. O

This theorem will now be applied to the non-autonomous differential equation
(8.13) on a Hilbert space H, which is assumed to generate a cocycle ¢ that is
continuous on T4 x € x H and asymptotically compact.

Theorem 8.12  Suppose that F € C(H x Q, H) satisfies the dissipativity condi-
tions

(F(u1,w) — F(ug,w),u; —uz) <0 (8.17)

(F(u,w),u) < —p(|ul) (8.18)
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for uy, us, u € H and w € Q, where p : [R,00) — R4\ {0}. Suppose also that
(8.13) generates a cocycle ¢ that is continuous and asymptotically compact. Finally,
suppose that (2, T, o) is a minimal dynamical system.

Then the cocycle (H,p,(Q,T1,0)) has a uniform pullback attractor.

Proof. Tt follows by the chain rule applied to |u|? for a solution of (8.13) that
lp(t, u,w)| < |u| for |u| > R, t > 0 and w € Q. Hence, according to Theorem
5.5, the non-autonomous dynamical system (X, Ty, ), (Q, T4+, 0),h) (where X :=
H x Q,h := pro and 7 := (p,0)) has a global attractor. On the other hand, by
(8.17),

lo(t, ur, w) = p(t, ug, w)| < Jur — gl
fort >0, w € Q and u1, us € H. Theorem 8.11 then gives the result. O
The above theorem holds for a differential equation (8.13) on H = R with
—(u+1)+g(w)u< -1
Flw,u) = glw) <1
—(u—1)4+gw): u>1.
where g € C(Q,R).



Chapter 9

Pullback attractors of C-analytic systems

One of the most studied classes of nonlinear ODEs is the class of C - analytic
differential equations, i.e. the equations

% = 1t,2) (9.1)
where the right hand side f is a holomorphic function with respect to complex
variable z € C?. Let o(t, f,2) be a unique solution of equation (9.1) with initial
condition ¢(0, f,2) = z and be defined on R;. In virtue of fundamental theory
of ODEs with holomorphic right hand side (see, for example [122] and [186]) the
mapping ¢ possesses the following properties:

1. ¢(0, f,2) = 2.

2. ot +7,f,2) =, fr,o(r, f, 2)) for every t,7 € RT and z € C?, where f, is a
7- translation of function f.

3. ¢ is continuous.

4. o(t, f,+) : C¢ — C? is holomorphic for every ¢ and f.

The properties 1.-4. will be the basis of our research of abstract C—analytic
non-autonomous dynamical system.

The dissipative periodic equation (9.1) was studied by I.L.Zinchenko [334] and
he proved that in this case the equation (9.1) admits a unique periodic globally
uniformly asymptotically stable solution. This result was generalized for almost
periodic equations (9.1) by D.N.Cheban [62] and [84] (see also the Chapter 3). He
studied this problem within the framework of general C- analytic non-autonomous
dynamical systems.

In this chapter we study the structure of global pullback attractors of general
C- analytic cocycles with noncompact base (in terminology of equation (9.1): the
right hand side f is unbounded with respect to time ¢t € R).

This chapter is organized as follows. In section 1 we introduce the class of C—
analytic cocycle.

307
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In section 2 we establish some general facts about non-autonomous dynamical
systems. We introduce the semigroup E}, ESand E, acting on the fiber X, of
stratification (X, h, ). These semigroups are sub-semigroups of Ellis semigroup
(in the case of compact base ) and play an important role in the study of non-
autonomous dynamical system.

Section 3 is devoted to positively uniformly stable cocycles. For this class of
cocycles we prove that on every compact invariant set the corresponding cocycle
can be prolonged uniquely in the negative direction.

In section 4 we study the structure of compact global pullback attractor of C—
analytic cocycles with compact base. The main result in this section is Theorem 9.4
which states that for considered class of cocycles the pullback attractor {1, | w € Q}
is trivial, i.e. the section I, contains a single point.

Section 5 is devoted to study of the uniform dissipative cocycles with noncompact
base. For this class of cocycles we prove the triviality of its global pullback attractor
(see Theorem 9.7).

In section 6 we introduce the class of cocycles possessing the property of dissi-
pativity (non-uniform) with non-compact base. The main result in this section is
Theorem 9.8 which describes the structure of compact pullback attractor of men-
tioned class of cocycles. In particular its triviality is proved.

Section 7 is devoted to application of our general results, obtained in sections
3-6 to study of differential equations (ODEs, Caratheodory equations with almost
periodic coefficients, almost periodic ODEs with impulse).

This paper is organized as follows. In section 1 we introduce the class of C—
analytic cocycle.

In section 2 we establish some general facts about non-autonomous dynamical
systems. We introduce the semigroup E}, ESand E, acting on the fiber X, of
stratification (X, h, ). These semigroups are sub-semigroups of Ellis semigroup
(in the case of compact base Q) and play an important role in the study of non-
autonomous dynamical system.

Section 3 is devoted to positively uniformly stable cocycles. For this class of
cocycles we prove that on every compact invariant set the corresponding cocycle
can be prolonged uniquely in the negative direction.

In section 4 we study the structure of compact global pullback attractor of C—
analytic cocycles with compact base. The main result in this section is Theorem 9.4
which states that for considered class of cocycles the pullback attractor {1, | w € Q}
is trivial, i.e. the section I, contains a single point.

Section 5 is devoted to study of the uniform dissipative cocycles with noncompact
base. For this class of cocycles we prove the triviality of its global pullback attractor
(see Theorem 9.7).

In section 6 we introduce the class of cocycles possessing the property of dissi-
pativity (non-uniform) with non-compact base. The main result in this section is
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Theorem 9.8 which describes the structure of compact pullback attractor of men-
tioned class of cocycles. In particular its triviality is proved.

Section 7 is devoted to application of our general results, obtained in sections
3-6 to study of differential equations (ODEs, Caratheodory equations with almost
periodic coefficients, almost periodic ODEs with impulse).

9.1 C-analytic cocycles

Let Q be a complete metric space, let T, the time set, be either R or Z, T, =
{teT| t>0} (T-={teT| t<0}),let (QT,0) be an autonomous
two-sided dynamical system on  and E¢ be a d-dimensional real (R?) or complex
(C%) Euclidean space with the norm | - |.

Denote by HC(C?x 2, C%) the space of all the continuous functions f : C¢x Q) —
C? holomorphic in z € C? and equipped by compact-open topology. Consider the
differential equation

d

iz ow), (weQ) (9.2)
dt

where f € HC(C? x Q,C%). Let o(t, z,w) be the solution of equation (9.2) passing

through the point z for ¢ = 0 and defined on R ;. The mapping ¢ : R, xC¥xQ — C¢
has the following properties (see, for example, [122] and [186]):

a) ¢(0,z,w) = z for all z € C™

b) p(t+7,2,w) = @(t, o(1,2,w),0,w) for all t,7 € Ry ,w € Q and z € CL.

¢) the mapping ¢ is continuous.

d) the mapping ¢(t,w) := p(t,,w) : C¢ — C? is holomorphic for any ¢t € R, and

w € Q.

Definition 9.1 The cocycle (C%, ¢, (2, T, o)) is called C-analytic if the mapping
o(t,w) : C* — C? is holomorphic for all t € T, and w € Q.

Example 9.1 Let (HC(R x C?,C%),R, o) be a dynamical system of translations
on HC(R x C%, C%) (Bebutov’s dynamical system (see, for example, [300])). Denote
by F the mapping from C? x HC(R x C%,C%) to C? defined by equality F(z, f) :=
f(0,2) for all z € C? and f € HC(R x C%,CY). Let Q be the hull H(f) of a given
function f € HC(R x C? C%), that is Q = H(f) := {f-|7 € R}, where f.(t,2) :=
f(t+7,2) forallt,7 € Rand z € C?% Denote the restriction of (HC(RxC?, C%), R, o)
on by (Q,R,0). Then, under appropriate restriction on the given function f €
HC(R x C¢,C?%) defining ©, the differential equation & = f(t,z) = F(z,0.f)
generates a C—analytic cocycle.
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Remark 9.1 Analogously as above every difference equation with holomorphic
right hand side generates a C-analytic cocycle with discrete time Z .

9.2 Some general facts about non-autonomous dynamical systems

Definition 9.2 The point w € Q is called (see, for example, [302] and [304])
positively (negatively) stable in the sense of Poisson if there exists a sequence t,, —
+0o (t, — —oo respectively) such that o; w — w. If the point w is Poisson stable
in both directions, in this case it is called Poisson stable.

Denote by M, = {{tn} | or,w — w}, NT = {{t.} € N, | t,, — +o0} and
N, = {{tn} € Nu|tn, — —o0}.

Definition 9.3 (Conditional compactness). Let (X, h, Q) be a fiber space, i.e. X
and € be two metric spaces and h : X — € be a homomorphism from X into €.
The subset M C X is said to be conditionally relatively compact, if the pre-image
h=1(QY) M of every relatively compact subset Q' C Q is a relatively compact
subset of X, in particularly M, := h~!(w) (M is relatively compact for every w.
The set M is called conditionally compact if it is closed and conditionally relatively
compact.

Example 9.2 Let K be a compact space, X := K X, h = pry : X — 2, then
the triplet (X, h, ) be a fiber space, the space X is conditionally compact, but not
compact.

Let (X, Ty, n), (R, T,o0),h) be a non-autonomous dynamical system and w € §2
be a positively Poisson stable point. Denote by

Ef :={¢ 3{tn} €Ny such that 7'"|x, — &},
where X, ;= {z € X| h(z) =w} and — means the pointwise convergence.

Lemma 9.1 Let w € Q be a positively Poisson stable point, ((X,T¥, ),
(Q,T,0),h) be a non-autonomous dynamical system and X be a conditionally com-
pact space, then EF is a nonempty compact sub-semigroup of the semigroup XX«
(w.r.t. composition of mappings).

Proof. Let {t,} € M}, then 04, w — w and, consequently, the set

Q= U{wtn (Xu)|n € N}

is compact, because X is conditionally compact. Thus {7!"|x } C QX~ and ac-

cording to Tyhonov’s Theorem this sequence is relatively compact. Let £ be a limit
point of {7t"|x_}, then £ € EF and, consequently, EI # 0.
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We note that £} C XX« and, consequently, E is relatively compact. Let now
&1,& € EF ) we will prove that & - & € EF . Since &1,& € EJ, then there are two
sequences {t’ } € MF (i =1,2) such that

.

X _)61' (i:1,2).

Denote by € 1= £;-& € XX« C Q¥X«, then we have 7ln -&; — &1 & = € asn — +o0.
Let Us C X» be an arbitrary open neighborhood of point ¢ in XX, then from
relation (9.3) results that there exists a number nq(¢) € N such that 7' - & € Uy
for all n > ny(¢). Now we fix n > nj(£), then there exist an open neighborhood
th%{z C Ug of point tn - & € Q% and a number m,, € N such that
1 2

7Ttn . th |Xw c Uﬂ—t?lz . 52

for any n > nq(§) and m > m,(§) and, consequently,

tho 2
T .71—7n|)<w 6 Uf

for any n > ny(€) and m > my, (€). Thus from sequence {m'n+tm|x_} it is possible to
1 2

extract a subsequence {7 Trmi|x 1 (t), +t2, — +00) such that mln | —

¢ and, consequently, £ = &; - & € EF. The Lemma is proved. g

Corollary 9.1 Let w € § be a negatively Poisson stable point, ((X,T,r),
(Q,T,0),h) be a two-sided non-autonomous dynamical system and X be a con-
ditionally compact space, then E; = {&| FHt,} €N, such that win|x, — &} is
a nonempty compact sub-semigroup of semigroup X X«.

Proof. This assertion follows from Lemma 9.1. (]

Lemma 9.2 Letw € Q be a two-sided Poisson stable point, (X, T, ), (Q, T, o), h)
be a two-sided non-autonomous dynamical system and X be a conditionally com-
pact space, then E, = {&| I{t,} € N, such that 7'~|x, — &} is a nonempty
compact sub-semigroup of the semigroup XX«

Proof. This assertion can be proved using the same type of arguments as well as
in the proof of Lemma 9.1 and therefore we omit the details. ([l

Corollary 9.2  Under the conditions of Lemma 9.2 EX and E_; are two nonempty
sub-semigroups of the semigroup E.,,.

Lemma 9.3 Under the conditions of Lemma 9.2 the following assertions hold:

(1) fol S E; andfg S E(j, then 51 '52 € E; ﬂELj
(2) E; N EL is a sub-semigroup of the semigroup E_, E} and E,,.
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(3) E;-E, CE; and EF-E, C EX, where Ay - Ay :={& - &6 € A (i=1,2)}

and A; C E,,.
(4) if at least one of the sub-semigroups E or EJ is a group, then E; = E} = E,,.
Proof. Let & € E; and & € E7, then there are t), — —oo and t2 — +o0 such that
oy w — w and it |x, — & (i = 1,2). Using the same type arguments as well as in
the proof of Lemma 9.1 we may choose the subsequence {t}, +t2, } ? {t,lg—l—t?n} with
the following properties: a) t}, +t2, > kort: +t2, < —kandb)x'm e — €&,
ie. & -&eEINE,.

The second statement follows from the first one.

Let & € EF (EJ

w

respectively) and & € E,, then there exist two sequences
tl — 400 (or —o0, respectively) and t2 such that w'» — & (i = 1,2). Then we
may choose a subsequence {t}lk + tfnk} with the following properties:

a)th, +1t4, >k (< —k, respectivel d bymimtin :
ne Flm, > < —k, respectively) an YrmE T e — & - o,

and consequently, & - & € EF (EJ, respectively).

Finally, let E_ be a subgroup of the semigroup E,. According to the third
statement of Lemma 9.3 E - E,, C E_ . Since E is a nonempty compact invariant
set w.r.t. E,, then in EJ exists a compact minimal subset I C EJ, i.e. I # 0,
compact and u- E,, = I for every u € I. Let now u € I be an idempotent element of
right ideal I of semigroup FE,,, then w is an unit element (u(z) =2 Vz € X,) of T
because I C E and E according to conditions of Lemma 9.3 is a subgroup of the
semigroup E,,. Thus we have E, = u - E, = I C E and, consequently, £, = E,,,.
Analogously Ef = E,,. The theorem is proved. O

Lemma 9.4 Letw € Q be a two-sided Poisson stable point, (X, T, ), (Q,T,o), h)
be a two-sided non-autonomous dynamical system and X be a conditionally compact
space and

rilrelpr(xltn’thn) >0 (9.3)

for all {t,} € N, and x1,22 € X, (1 # x2), then E_ is a subgroup of the
semigroup E,,.

Proof. Indeed, if u € E is an arbitrary idempotent element of E, then u? = u
and there exists a sequence {t,,} € M such that 7'» — u. According to (9.3) we
have u(x1) # u(xz) for all z; # 22 (21,72 € X,,). On the other hand u?(x) = u(x)
for all x € X, and, consequently, u(x) = x for all x € X,,. Thus every idempotent
of semigroup E, is an unit element of E, (in particular £ ) and, consequently,
E is a group (see, for example [32]). |

w
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Lemma 9.5 Letw € Q be a two-sided Poisson stable point, (X, T, ), (Q, T, o), h)
be a two-sided non-autonomous dynamical system and X be a conditionally compact
space and the condition (9.3) holds for all {t,} € M, and 1,22 € X, (1 # T2),
then inequality (9.3) is fulfilled for any {t,} € N} and x1,13 € X, (21 # x2).

Proof.  According to Lemma 9.3 under the conditions of Lemma 9.5 we have

E; = Ef = E, and E,, is a group. Suppose that for some sequence {t,} € NS
inf p(r1tn,x2ts,) = 0. (9.4)
neN

Since 04, w — w and the space X is conditionally compact, the sequence {m'"|x_}

is relatively compact in Q*«, where Q := [J{r'(X,)|n € N} and, consequently,
t'Vl

we may assume that it is convergent. Let £ := lim 7'"|x,, then from equality

n—-+o0o

(9.4) results that £(z1) = &(z2) (1 # x2), but £ € E, and E,, is a group and,
consequently, £ is a one-to-one mapping. The obtained contradiction proves our
assertion. 0

Lemma 9.6 Let w € Q be a positively Poisson stable point, (X, T4, ),
(Q,T,0),h) be a non-autonomous dynamical system, generated by cocycle ¢
pri(UJ 7' X,) be relatively compact and

t>0
(U X)X,

t>0

Au(Xy) :

then for any x € A,(X,) there exists an entire trajectory of dynamical system
(X, T4, m) passing through point x for t =0 and pr1(y(T)) (y(T) := {~r ()|t € T})
is relatively compact.

Proof. Let z € A,(X,), then there are {t,} € M, and z,, € X, such that © =
lim 7'"z,, o, w — w and t, — 4+00. We consider the sequence {v,,} C C(T, M),

n—00

where M := |J ntX,, defined by equality

t>0
Yu(t) =7y, if t>—t, and 7,(t) =z, for t<t,.

Now we will prove that the sequence {v,} is equicontinuous on every segment
[—1,1] C T. If we suppose that it is not true, then there exist ¢,ly > 0,t%, € [~lo, lo]
and 0, — 0 (6, > 0) such that

[tn —tal <0 and  p(yn(ty), m(t7)) > co- (9-5)
We may suppose that t!, — tq (i = 1,2). From (9.5) we obtain

20 < P (th), 1 (t2)) = p(mtntlo(min—log, ) mtu+lo(mtn—log, ) (9.6)
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for sufficiently large n  (t, > lp). Note that the sequence {m’—lox,} is rela-
tively compact and h(wt»~lox,) = o h(z,) = o4, 1w — o_jw. Let T =
lim 7t»~log,  then passing to limit in the inequality (9.6) we obtain 9 < 0. The
gl?t?ined contradiction proves our assertion.

Now taking into account the conditional compactness of set K we can affirm
that {v,} is a relatively compact sequence of C(T, M). Let v be a limit point of
sequence {7}, then there exists a subsequence {7, } such that v(t) = 711520 Vi (£)
uniformly on every segment [—[,I] C T. In particular v € C(T, M). We note that
mty(s) = Jim Ty, (8) = Jim o, (s+1t) =~(s+t)foralte Ty and s € T.
Finally, we see that v(0) = le Vi, (0) = 1Lm mlhn gy, = x, i.e. 7 is an entire
trajectory of dynamical syste?n (O;( , Ty, ) p;ssi;og through point . The Lemma is
completely proved. O

9.3 Positively uniformly stable cocycles

Let E4 be a d—dimensional real (R?) or complex (C?) Euclidean space with the
norm | - |, p be the distance generated by this norm, 2 be a metric space and the
triplet (E%, ¢, (Q, T, o)) be a cocycle on the state space F9.

Theorem 9.1 Let (E% ¢, (Q,T,0)) be a cocycle with the following properties:

(1) It admits a conditionally relatively compact invariant set {I, | w € Q} (i.e.
U{L, | w € Q'} is relatively compact subset of E¢ for any relatively compact
subset ' of Q).

(2) The cocycle ¢ is positively uniformly stable on {I,] w € Q}.

Then all motions on J := | J{Ju| w€Q} (J,:=1I, x {w}) may be continued
uniquely to the left and define on J a two-sided dynamical system (J,T,x), i.e.

the skew-product system (X, Ty, m) generates on J a two-sided dynamical system
(J,T, ).

Proof. First step: we will prove that the set J C X is distal in the negative direction
w.r.t. the non-autonomous dynamical system (X, T, x),(Q2,T,o),h), i.e. for all
w € Q and uy,uz € I,(u1 # uz) the following inequality holds

inf p(71(t),2(t)) > 0 (9.7)

for all v; € @y, o)(i = 1,2), where by ®(, . it is denoted the family of all the entire
trajectories of (X, T4, ) passing through point (u,w) and belonging to J. If it is
not true, then there exist wo € Q,uf € I,, (ud # ul),~? € P(40,0y) (i =1,2) and
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—t, — —oo such that

p(71 (=tn), 73 (—tn)) — 0 (9.8)

as n — o0o. Let € := p(uf,ud) > 0 and 6 = 6(¢) > 0 be chosen from positively
uniformly stability of cocycle ¢ on family of compact subsets {1, | w € Q}, then for
sufficiently large n from (9.8) we have p(y)(—t,),73(—t,)) < § and, consequently,
e = p(ud,ul) = p(rt=+¥(—t,), 7" y9(—t,)) < €. The obtained contradiction proves
our assertion.

Second step: we will prove that for any w € Q and u € I, the set ®(, ) contains
only one entire trajectory of (X, T, m) belonging to J. Let ® := (J{® (4w | (u,w) €
J} C C(T, X), where C(T, X) is a space of all the continuous functions f: T — X
equipped with compact-open topology and (C(T, X), T, \) is Bebutov’s dynamical
system (dynamical system of translations (see, for example, [292,300])). It is easy
to verify that ® is a closed and invariant subset of dynamical system (C(T, X), T, \)
and, consequently, induces on the set ® the dynamical system (®, T, ). Let H be
a mapping from ® into ), defined by equality H(v) := h(y(0)), then it is possible
to verify (see [83]) that the triplet ((®,T,\),(Q,T,0),H) is a non-autonomous
dynamical system. Now we will show that this non-autonomous dynamical system
is distal on the negative direction, i.e.

. f t t
;200(71,72) >0

for all y1,72 € H Y (w) (11 # 72) and w € Q. Indeed, otherwise there exist
wo, V1,72 € H™Y(wo) (71 # 72) and t,, — +oo such that p(y; ™", 75 ™) — 0 (where

v i=0(7,7), i.e. ¥7(s):=~(7+1t) for all s € T) as n — oo and, consequently,

|’Yl(_tn) - 72(_tn)| < p(rYl_tn?’YQ_tn) — 0. (99)

Since y1 # 72, then there exists tg € T such that v1(tg) # 2(to). Let 4;(t) :=
vi(t 4+ to) for all t € T, then 4; € @, and from inequality (9.9) we have

171 (=tn) — F2(—tn)| — 0. (9.10)

asn — 00, —t, —tg — —o0. Thus we found wy := h(v;(to)) and u; := privi(to) (i =
1,2),u1,u2 € Iy, (u1 # ug) and the entire trajectories §; € Py, ,)(1 = 1,2)
such that 77 and 72 are proximal (see (9.10)). But (9.10) and (9.7) are con-
tradictory. Thus the negative distality of the non-autonomous dynamical system
(®,T,0),(Q,T,0), H) is proved.

Now we can prove that for any w € @ and u € I, the set ®(, ,) contains a
unique entire trajectory. In fact, if it is not true, then there exists (wo, ug) € Q x E4
and two different trajectories v1,72 € ®(wy,ug)(71 # 72). In virtue of above v, and
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~v2 are negatively distal with respect to ((®,T, o), (Q, T, o), H), i.e.
= inf p(7t, 44
a(y,72) = f p(71,72) > 0

and, consequently, p(71(¢),72(t)) > a(v1,72) > 0 for all ¢ > 0. In particular
71(0) # 42(0). The obtained contradiction proves our statement.
Third step: let now 7 be a mapping from T x J into J defined by equality

7(t,x) =n(t,x) if t<0 and ~,(t) if t<0

for all z € J, where v, is a unique entire trajectory of the dynamical system
(X, T4, n) passing through point = and belonging to J. To prove that (J,T,7) is
a two-sided dynamical system on J it is sufficient to verify the continuity of the
mapping 7. Let x € J, t € T—,z, — x and ¢, — t, then there is a [y > 0 such
that t,, € [—lo, lo] and, consequently,

p(T(tn, ), (8, 2)) = p(r'" 070, (<lo), 710y, (~lo)) < (9.11)

p(rtm o, (o), whHor (<lo)) + ('™ Horz (—lo), 70 (~lo)).

Reasoning as in the proof of Lemma 9.2 it is possible to establish that the
sequence {v,, } is relatively compact in C(T, J) and that every limit point of this
sequence v € ® and (0) = z. Taking into account the result of the second step we
claim that 7,, — 7, uniformly on every segment [—I,{] C T(l > 0). In particular,
Yoo (=lo) — Yz(—lo). Passing now to limit in inequality (9.11) when n — oo we
obtain the continuity of mapping 7 in the point (¢,2). The theorem is completely
proved. O

Remark 9.2 Theorem 9.1 is true and in the case if we replace the condition 2.
by the following: for arbitrary e > 0 there exist two positive numbers d() and L(e)
such that

plp(t,w,ur), p(t,w,uz)) < e (9.12)

for allw € Q,t > L(e) and u1,us € I, with condition p(ui,usz) < 4.
9.4 The compact global pullback attractors of C-analytic cocycles with

compact base

In this section we suppose that (C%, ¢, (2, T,0)) is a C—analytic cocycle and 2 is
a compact space.

Theorem 9.2 Let (C4, ¢, (Q,T,0)) be a C—analytic cocycle admitting a compact
global pullback attractor {1, | w € Q}, then:
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(1) The compact invariant set J = |J{J, | w € Q} of the skew-product dynamical
system (X, Ty, 7) (X :=C?xQ, 7m:=(p,0)) is asymptotically stable.

(2) There exists a positive number 0y such that the cocycle ¢ is positively uniformly
stable on the compact set B[I, 6] := |J{B[l,,d] | w € Q}, where B[l,,d] :=
{2 €C?| p(z,1,) < 6}, for all 0 < & < do.

(8) The skew-product dynamical system (X, T4, m) generates on J a group
dynamical system (J, T, ).

Proof. Denote by X := C? x Q and by (X,T,,7) the skew-product dynamical
system. Then under the conditions of the theorem the set J = (J{J,|w € Q} is
a nonempty compact invariant set and according to Theorem 4.1 [100] is asymp-
totically stable with respect to (X, Ty, ). In particular there exists a do > 0 such
that the set B[J,do] := {x € X | p(x,J) < 0o} is positively invariant. Since
is compact and 7t (u,w) = (¢(t,u,w),opw), then there exists a positive number
C = C(dp) such that |o(t,u,w)| < C for all w €  and u € B[I,,Jp]. Taking into
account the connectedness of set I,, (see, for example [126] and also Theorem 2.25)
according to Cauchy’s Theorem for all § < §p there exists a positive number L(J)
such that

lo(t, w,ur) — o(t,w, uz)| < L(0)|ur — uz| (9.13)

for all w € Q,t € RT and wuy,us € B[L,,d]. It is easy to see that from inequality
(9.13) results the positively uniformly stability of set B[, d] for every 0 < § < dp.
Particularly the set I := (J{I, | w € Q} will be positively uniformly stable and to
finish the proof of Theorem it is sufficiently to apply Theorem 9.1 to our situation
for the skew-product system (X, Ty, 7). The Theorem is completely proved. O

Definition 9.4 The cocycle (E%, p, (2, T, o)) is called linear (see, for example,
[6],[33] and [292]) if the mapping ¢(t,w) : EY — E? is linear for every t € T, and
w € .

Theorem 9.3 Let (C%, 0, (Q,T,0)) be a linear cocycle, then the following condi-
tions are equivalent:
(1) 1. tlirﬁ lo(t,w,u)| =0 for allu € B¢ and w € Q.

(2) 2. There exist positive numbers N,v such that |p(t,w,u)| < N exp (—vt)|u| for
allteTy,weQ andu € E.

Proof. This statement follows from Theorems 1.10 and 2.38. ]

Theorem 9.4 Let (C? ¢, (Q,T,0)) be a C—analytic cocycle admitting a compact
pullback attractor {I, | w € O}, and let every point w € Q be positively Poisson
stable. Then the following assertions hold:
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(1) For every w € ) the set I, consists of a unique point v(w).

(2) viow) = p(t,v(w),w) for allw € Q and t € T,..

(3) The mapping w — y(w) is continuous, where v := (v, Idq).

(4) Every point v(w) is positively Poisson stable.

(5) The continuous invariant section v is uniformly asymptotically stable, i.e.

(a) for arbitrary € > 0 there exists () > 0 such that p(z,v(w)) < & implies
plo(t, z,w), v(ow)) < e for allt >0 and w € Q.
(b) There exists 6o > 0 such that
lim p(@(tv va)v V(Utw)) =0

t——+o0

for all w € Q and z with the condition p(z,v(w)) < do.

Proof. Under the conditions of Theorem 9.3 there exists a positive number d¢y such
that the set M := 9B[J, §p] is a compact and positively invariant set of skew-product
system (X, Ty, 7) (see the proof of Theorem 9.2), where B[I,d¢] := |J{B[L., do] X
{w} | w € Q}. Denote by E = E(M, T+, n) the Ellis semigroup of the dynamical
system (M,Ty,n), E, :=={{ € E | §M,, C M,}, where M, := {(u,w)| (u,w) €
M} and EF = {€ € E,| FHt,} € NS such that 7' |y, — &} According to
Theorem 9.2 and Lemma 9.1 E7 is a nonempty compact sub-semigroup of the Ellis
semigroup E. Note that every mapping £ € E}, which maps B[l,,d] into I,
is holomorphic because, according to Theorem 9.2, the convergence mi" |y, — &
is uniform on M,,. Consider an idempotent v € EJ, then v(v(u)) = v(u) for all
u € M, and, consequently, v(p) = p for every p € v(M,) = v(l,). Since v is
holomorphic and v(1,) is a compact connected set, then [167] v(I,) contains only
one point v(w). On the other hand we have v(v(u)) = v(u) for all u € M,, i.e.
v(v(w)) = v(u). Thus there exists a sequence t, — 400 such that

lp(tn, u,w) — @(tn, v(u),w)| =0 (9.14)

for all w € M,,. Taking into account the positively uniformly stability of cocycle ¢
from (9.14) we obtain the equality

lp(t, u,w) — p(t, v(u),w)| =0 (9.15)

forallu € B(I,,d0) := {u € C| p(u, I,) < &o}. Now we will prove that I, = {v(w)}
for every w € Q. Let 0 < 6 < 6p,u € I, and h € C¢ with condition |h| < 6, then
according to equality (9.15) we have

lim sup |p(t,w,u+h) —o(t,w,u)| =0 (9.16)
O nI<s

for all w € Q and u € I,. In virtue of Cauchy’s formula (see [42] and also [85])

U(tv (u,w))w = (917)
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d
1b / o / gﬁ(t,b«),u#» ’U) — @(tawau) Z %dvl R d’Ud,

(2mi)d V]t Vg = v
lor|=3 lval=$%

where U (¢, (u,w)) := W for all (u,w) € M and ¢ € T4. From (9.16) and (9.17)
it follows that , 1121 |U(t, (u,w))]| = 0 for all (u,w) € M. According to Theorem

9.3 there exist positive numbers N and « such that
[U(t, (u,w))|| < N exp (—at) (9.18)

for any (u,w) € M. Let now uy,us € I, and ¢ : [0,1] — B(I,,0) be a continuously
differentiable function with properties: ¢ (0) = uy and (1) = uy. Consider the
function A(s) := ¢(t,¥(s),w), then according to Lagrange’s formula we have

A(1) — A(0) = Al(1), (9.19)
where 0 < 7 < 1. Hence from (9.18) and (9.19) we have
(8, 11,0) — otz )| < Ny exp (—at)fur — usl (9.20)

forallt € Ty,w € Q and uy,uz € M, where Ny := N -m and m := Jnax [’ (s)].

To finish the proof of theorem it is sufficient to remark that according to Theorem
9.1 on set J there is defined a two-sided dynamical system (J, T, 7) and, in partic-
ular, through every point u € I, passes a unique entire trajectory of cocycle ¢, i.e.
the function ¢ (¢, w,u) (v € I, andw € Q) isdefined on T. Ifuy # uz  (u1,us € I,),
then from (9.20) follows that

|(p(_tvw7 Ul) - QO(—t7w7UQ)| > Nl €Xp (at)|u1 - U2|

for all t € T4. But the trajectories p(t,w,u;) € Iy,(i = 1,2;¢t € T) are bounded
on T. The obtained contradiction proves our assertion. Thus we have I, = {v(w)}.

Now it is easy to see that the mapping w — 7(w) is continuous, where v =
(v,Idg), and Ty (w) = y(ow) for allw € Q and ¢ € T and, consequently, v(otw) =
p(t,w,v(w)) for all w € Q and t € T.

Next we will note that every point y(w) is positively Poisson stable. Indeed,
let {t,} € N, then 7'y (w) = y(or,w) — v(w) and, consequently, {t,} € Ny,
Finally, the uniformly asymptotically stability of continuous and invariant section
v results from Theorem 9.2. The theorem is completely proved. ]

9.5 The uniform dissipative cocycles with noncompact base

Let © be a complete metric space (generally speaking noncompact), (E<, ¢,
(,T,o)) be a cocycle on the state space E¢ and (X,T,,7) be the correspond-
ing skew-product dynamical system, where X := E? x Q and 7 := (p, 0).
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Definition 9.5 The cocycle (E4, o, (2, T, o)) is said to be dissipative if for any
w € § there is a positive number r,, such that

lim sup |p(t, w, u)| < 7y

t——+oo
for all w € Q and v € E4, ie. for all u € E? and w € ) there exists a positive
number L(w,u) such that |¢(t, w,u)| < r, for all t > L(w,u).

Definition 9.6 The cocycle (E?, ¢, (Q, T, o)) is said to be uniformly dissipative
if there exists a positive number 7 (r is not depend upon w € Q) such that for any
R > 0 there is a positive number L(R) such that |¢(t,w,u)| < r for all w € Q and
|lu| < R and t > L(R).

Theorem 9.5 ([100,127,217]) Let (E%, ¢, (0, T,0)) be an uniformly dissipative
cocycle, then it admits a compact global pullback attractor {1, | w € Q} with |u|] <r
for allu € 1, and w € Q, where r is the positive number in definition 9.6.

Theorem 9.6  Let (C?, p, (2, T, o)) be a C—analytic uniformly dissipative cocycle,
then the following statements hold:

i) The cocycle ¢ admits a compact global pullback attractor {1, | w € Q} with
lu| < r for all uw € I, and w € Q, where r is the positive number in condition
(9.23).

it) For any R > 0 there exist positive constants C = C(R) and L(R) such that

plp(t,w,ur), p(t,w,us)) < Cp(u,uz) (9.21)
forallt > L(R),w € Q and u1,us € C* with the condition |u;] < R (i = 1,2).
iii) For arbitrary € > 0 there exist L(g) > 0 and §(¢) > 0 such that
|<p(t,w,u =+ h) - <p(t,w, U))| <e
forallt > L(e), u € I,,w € Q and |h| < 4.
w) The set J of (X,T4,m) is negatively distal, i.e.
inf p(71(£), 72(t)) > 0,

where 7; (1=1,2) is a entire trajectory passing through point (u;,w) € J,us # us
and v;(S) C J.

v) On the set J there is defined a two-sided dynamical system (J, T, ) generated
by skew-product system (X, Ty, ).

Proof. The first assertion of theorem results from Theorem 9.5. Let now R > 0
and R’ > R, according to uniformly dissipativity of cocycle ¢ there exists L(R') > 0
such that |¢o(t,w,u)| < rforallt > L(R'),w € Q and |u| < R'. In virtue of Cauchy’s



Pullback attractors of C-analytic systems 321

formula for R < R’ there is a constant C(R) > 0 such that |g—‘5(t, u,w)| < C(R) for
all t > L(R),w € Q and |u| < R and, consequently the inequality (9.21) holds.

The third assertion we will prove by method of contradiction. If it is not true,
then there exist g > 0,0, — 0 (0, > 0), |hn| <0n  (hn € CH,t, >n, w, €Q
and u, € I, such that

|Sp(tnawnaun + hn) - @(tnvwnvun)” Z o

Let now R > r and C(R), L(R) be positive constants figuring in the inequality
(9.24), then we have the following inequality

Passing to limit in the inequality (9.22) as n — oo we obtain €9 < 0. The obtained
contradiction proves our assertion.

The fourth and fifth statements follow from Theorem 9.1 (see also Remark 9.2)
because from condition iii) results that for arbitrary e > 0 there exist two positive
constants §(¢) and L(¢) satisfying the inequality (9.12). The Theorem is completely
proved. O

Theorem 9.7 Let (C4, ¢, (Q,T,0)) be a C—analytic uniformly dissipative cocycle
and every point w € Q) be positively Poisson stable, then:

The set I, consists of only one point v(w) for every w.

The mapping w — v(w) is continuous, where vy := (v, Idg).

v(ow) = p(t,v(w),w) for allw e Q and t € T.

tEI-Poo plp(t,o_w)z,v(w)) = 0 for every w € Q uniformly with respect to z in

e v~

compact subsets of C?.

S

Every point v(w) is positively Poisson stable.
6. thT p(o(t, z,w),v(oww)) = 0 for all w € Q and z € C%, i.e. every positive
— T 00

semi trajectory p(t,w, z) is asymptotically Poisson stable in positive direction.

Proof. Let (C% ¢, (9, T,0)) be a C—analytic uniformly dissipative cocycle, then
according to Theorem 9.6 this cocycle has the properties i)-v). Let {I, | w € 2}
be the compact global pullback attractor of cocycle ¢ and let (X, Ty, 7) be the
skew-product dynamical system. Denote by

Ef ={¢ IHta}eNy, 7Ix, — &}

Since the cocycle ¢ possesses the property ii), then the pointwise convergence
win|x, — & coincides with uniform convergence on every compact subset of
X, := C% x {w} and, consequently, every mapping £ € E} is holomorphic. As well
as in Lemma 9.1 it is possible to show that E} is a nonempty compact semigroup
w.r.t. composition of mappings. Consider the idempotent element v of semigroup
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E}. We will show that v(X,,) C I,. Indeed, v € EI and, consequently, there exists
a sequence {t,} € MF such that v = lim 7i*|x . Let € v(X,), i.e. T = v(x)
n—oo

for some z € X,,. This means that T = JLII;O wtnz. According to Lemma 9.6 there
exists an entire trajectory «y of the skew-product system (X, T, ) passing through
the point Z for ¢ = 0 and v(T) := {y(¢) | t € T} is conditionally relatively compact.
Taking into account that J is a maximal invariant set of (X, T4, 7) with relatively
compact priJ we have T € J,,, i.e. v(X,) C J,. Since X,, = C? x {w} and v is
holomorphic by virtue of Liouville’s Theorem the holomorphic function v is a con-
stant, i.e. there exists y(w) € J,, such that v(X,) = {v(w)}. We note that v? = v
and, consequently, v(v(z)) = v(x) for all z € X,,, i.e. v(y(w)) = v(z). Thus, there
exists a sequence t,, — +00 such that

lim p(r'"y(w), 7" x) = 0. (9.23)

t——+oo

Taking into consideration the property ii) of cocycle ¢ we obtain from (9.23) the
equality

lim p(p(t, z,w), o(t,v(w),w)) =0 (9.24)

n—oo

for all z € C¢, where 7 := (v, Idg).
Now we will show that there exists dg > 0 such that for arbitrary € > 0 there is
L(g) > 0 with the property

|(p(t7 w,u+ h) - cp(t,w, u)l <e (925)

for all (u,w) € J, t > L(e) and uniformly w.r.t. |h| < do. If it is not true, then there
are 0 — +0,e9 > 0, |hy| < On,wn € Q,u, € I, and ¢, > n such that

|<P(tmwmun + hn) - ‘P(tnawnaun” 2 €o.

On the other hand, according to property ii), there exists C(R) > 0 (R > sup d,)
neN
such that for sufficiently large n we have

€0 < |@(tn, Wn, Un + hyn) — @(tn, wn, un)| < C(R)6,. (9.26)

Taking into account that ¢, — 0 from (9.26) it follows that €9 < 0. The obtained
contradiction prove our assertion.
From equality (9.17) and inequality (9.25) it follows that

i [U(t, (u,))] = 0 (9.27)
uniformly with respect to (u,w) € B[J, do]. Denote by
m(t) == sup{[|U(¢, (u,w))| [(u,w) € B[J, 0]},

then
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a) m(t) — 0 as t — +oo.
b) 3L > 0 such that m is bounded on [L, +00).
c) m(t+7) < m(t)m(r) for all ¢,7 > L.

From a)-c) it follows (see, for example, [91]) that there exist N, @ > 0 such that
m(t) < Nexp(—at) for all t > L and, consequently, from (9.27) we have

”U(t7 (an))H < Nexp (—Ott)

for all (u,w) € B[J,do] and t > L. Using the same arguments as well as as in the
proof of Theorem 9.4 we conclude that I, = {v(w)} for all w € Q.

Now we will prove that the mapping w — y(w) is continuous. Let w, — w and
consider the sequence {y(wy,)} C J. Since J is conditionally compact, this sequence
is relatively compact. Let Z be a limit point of {y(w,)}, then it is easy to see
that T € J, = {y(w)} and, consequently, y(w) is a unique limit point of relatively
compact sequence {vy(wy)}. Hence v(w,) — vy(w).

The equality v(oww) = ¢(t, v(w),w) follows from invariance of J and from equal-
ity J, = {y(w)} for all w € Q, taking into account that v(w) = priy(w).

The equality 4. follows from equality J,, = {y(w)} = {(v¥(w),w)} and from the
fact that {v(w) | w € Q} is a compact global pullback attractor of cocycle .

The stability in the sense of Poisson in the positive direction of point v (w) follows
from the continuity of v and the equality 7ty (w) = v(oyw) for all t € T and w € Q.

The sixth assertion follows from (9.24) and the equality ¢(t, v(w),w) = v(oww)
for all t € T4 and w € Q. The Theorem is completely proved. O

9.6 The compact and local dissipative cocycles with noncompact base

Definition 9.7 The cocycle (E%, ¢, (Q, T, o)) is said to be compact dissipative
if for any nonempty compact ' C ) there is a positive number rq/ such that for
arbitrary R > 0 there exists a positive number L(R, Q') with the following property

|<p(t,w, U)| < T (928)
for all w € ', |u] < R and ¢t > L(R,§).

Definition 9.8 The cocycle (E4, o, (2, T,0)) is said to be locally dissipative if
for any w € Q and R > 0 there are positive numbers r, d,, and L(R,w) such that

|<p(t7@7u)| < T (929)

for all @ € B(w,d,) :={@ € Q| p(®,w) < by}, |u| < R and t > L(R,w).

Lemma 9.7 FEvery locally dissipative cocycle ¢ is compact dissipative.



324 Global Attractors of Non-autonomous Dissipative Dynamical Systems

Proof. Suppose that ¢ is locally dissipative and let Q' C  be a nonempty compact
set. According to locally dissipativity of ¢ for every w € Q, and R > 0 there exist
Tw, L(R,w) > 0 and 4, > 0 such that the inequality (9.29) holds. Considering the
open covering | J{B(w,d,) | w € @'} of compact set ¥, we may extract the finite
sub covering J{B(w;,ds,;) | i = 1,k}. Let L(R,Q) := max{L(R,w;) | i = 1,k},
then it is clear that inequality (9.28) holds for all w € ', |u| < R and t > L(R, Q).
The Lemma is proved. g

Remark 9.3 Compact dissipativity, generally speaking, does mot imply locally
dissipativity.

Lemma 9.8 Let (E% ¢, (Q,T,0)) be a compact dissipative C—analytic cocycle.
Then for any nonempty compact Q' C Q and R > 0 there exist L(Y,R) and
C=C(Y,R) >0 such that

p((p(t, U, w)a @(tv Uz, (.«J)) < C(le R)/)(ulv u2) (930)

for any w € ', Ju;l <R (i=1,2) and t > L(Y, R).

Proof. Let R > 0 and R’ > R, then according to the compact dissipativity of
cocycle ¢ for nonempty compact ' C Q and R’ > 0 there exist ror > 0 and
L(QY, R") > 0 such that |¢(t,u,w)| < ro/ for all w € Q,|u| < R and t > L(Y, R’).
In view of Cauchy‘s formula for R < R’ there exists a constant C = C(R,Q) >
0 such that |g—i(t,u,w)| < C(R,Y) for all ¢ > L(R,Q),w € ' and |u| < R
and, consequently, the inequality (9.30) holds for |ui],|uz] < R,w € € and t >
L(QY,R) :=inf{L(Y,R") | R > R}. O

Lemma 9.9 Let (E9 ¢, (,T,0)) be a compact dissipative C—analytic cocycle,
and v1,72 are two entire bounded trajectories passing through point (ui,w) and
(ug,w) for t =0 respectively, then the following assertions hold:

(1) If w € Q is negatively Poisson stable and {t,} € N, then

gfépr(% (tn),72(tn)) >0 (9.31)
if uy # us.
(2) If w € Q is positively Poisson stable and {t,} € MNT, then the equality
inf p(e(tn, w,u1), @(tn, w, uz)) = 0 (9.32)
implies
lm p(p(t, w,ur), p(t,w,us)) =0. (9.33)

t——+oo
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Proof. Let w € Q be a negative Poisson stable point, {¢,} € M and u; # us. If the
equality (9.31) is not true, then p(v1(tn),v2(tn)) — 0 as n — oo. Denote by R :=
supmax{|yi ()|, [v2#)|} > 0,Q := {0y, w | n € N} C Q and let C(Q', R), L(, R)
teT

be the corresponding constants figuring in the inequality (9.30), then we obtain

p(uh ’U,g) = P((P(—tn,’}/l (t’ﬂ)’ 0t71w)7 @(_tn’ 72 (t")’ Ut"w)) (934)
< O, R)p(11(tn), v2(tn))

for sufficiently large n (—t,, > L(£, R)). Passing to limit in the inequality (9.34)
as m — oo we have p(ug,us) < 0, but u; # us. The obtained contradiction prove
the first statement of Lemma 9.9 .
Let now w €  be a positive Poisson stable point and {t,} € M7 such that the
inequality (9.33) holds, then for arbitrary e > 0 there exists ng = no(g) such that
€
t,ur,w), o(t, ug, < 7y 9.35
plipltn, ). 9lt,12,) < g (9.35)
and, consequently, according to Lemma 9.8 we obtain

p(W(t Uy, w)v @(ta u27w>) = p(QO(t - tﬂv @(tnv Ul,W), Utnw)7 (936)
QO(t - tna QO(tn, U2, w)a O'tn(U) S C(le R)P(‘P(tn» u17w)7 w(tTm u27w))

for all t > t,, + L(Y', R), where R := sup{max{|p(t, u1,w)|, |¢(t, uz,w)|} | t € T4+}.
Denote by L(e) := tn,(e) + L(€2, R), then from inequalities (9.35) and (9.36) we
obtain

p(QO(t, ul?"‘})? Qﬂ(t, Uz, LU)) <e
for all t > L(e) and, consequently, (9.33) holds. The lemma is proved. O

Theorem 9.8 Let (E%, p, (Q,T,0)) be a compact dissipative C—analytic cocycle
admitting a compact pullback attractor {I, | w € Q} and every point w €  be
two-sided Poisson stable, then the following assertions hold:

The set I, consists of only one point v(w), i.e. I, = {v(w)} for every w € Q.
The mapping w — v(w) is continuous, where v = (v, Idg).

viow) = p(t,v(w),w) for allw € Q andt € TT.

The point v(w) is Poisson’s stable for all w € €.

tEI-Foo Bp(t,o_w)K,v(w)) = 0 for all compact subsets K of C?, where 3(A, B)
is the semi-distance of Hausdorff between A and B.

6. tlirgloo lo(t,w, 2) — v(oww)| =0 for allw € Q and z € CY.

ARSI

Proof. To prove the first assertion of Theorem 9.8 we consider the non-autonomous
dynamical system ((®, T, \), (2, T,o), H) constructed in the proof of Theorem 9.1.
Using the same type of argument as in Theorem 9.1 and taking into consideration
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the Lemma 9.9 we may state that the system ((®, T, \), (Q, T, o), H) possesses the
following properties:

a) ® is conditionally compact invariant set.
b) for every w € Q,v1,72 € pu(71 # 72) and {t,} € 9, holds
3 f tn n
inf p(m",72") > 0,
where 7! is a t-translation of v, i.e. y*(s) := v(t + s) for all s € T.

Then according to Lemmas 9.3-9.5 we have that E; = E} = E,, is a group.
Particularly there are two sequences t. — +o00 and t2 — —oc such that

lim 7' =~ (i=1,2). (9.37)

n—oo

for ally € ®,,, i.e. every entire trajectory v of global pullback attractor {I, | w € Q}
is two-sided Poisson stable. On the other hand according to Lemma 9.9 we have

lim p(71(t),72(t)) = 0. (9.38)

t——+o0

From (9.37) and (9.38) we obtain
P (), 2() = lim p(yi(t+1,),72(t +1,)) =0

for all t € T, i.e. v1 = 2. Thus there exists a unique entire trajectory 7., € ®@,,, i.e.
®, = {A,} and, consequently, I, = {7,(0)} := {y(w)}, where y(w) := 7,,(0).

The proof of item 2.— 6. of Theorem 9.8 uses the same type of arguments as in
Theorem 9.7. The Theorem is proved. O

9.7 Applications

9.7.1 ODEs

Consider the differential equation

dz

= = f(t .

7 =2 (9.39)
where f € CH(R x C%,C%) and the family of equations

dz

E = g(t, 2)7 (9’40)

where g € H(f) := {f:|7 € R} and f; is a 7—translation of function f w.r.t.
variable t, i.e. f,(t,z) := f(t+7,2) for all t € R and z € C%. Denote by ¢(t, z, g)
the solution of equation (9.40) with the initial condition (0, z, g) = z, then ¢ is a
C—analytic cocycle on C%.
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Definition 9.9 The equation (9.39) is called dissipative if there exists a positive
number r such that limsup |p(t, z,g)| < r for all z € C¢ and g € H(f).
t——+o0

Definition 9.10 The function f € CH(R x C? C%) is called positively (neg-
atively) Poisson stable in ¢ € R uniformly w.r.t. z on compact subsets of C?
[292],[300] if there exists t,, — +oo (t, — —oo, respectively) such that f(t+t,, z) —
f(t,z) as n — oo uniformly on every compact subsets of R x C%.

Theorem 9.9  Suppose that the following conditions hold:

(1) The set H(f) C CH(R x C¢,CY) is compact.

(2) Every function g € H(f) is positively Poisson stable (in this case function f is
called [300],(304] quasi recurrent).

(8) The equation (9.39) is dissipative.

Then every equation (9.40) admits a unique bounded on R and positively Poisson
stable solution. This solution is globally uniformly asymptotically stable.

Proof.  We consider the dynamical system of translations (Bebutov’s system
[292],[300]) (CH(R x C4,C%),R, o). Since H(f) is invariant and closed subset of
CH(R x C?,C%), then on set H(f) it is induced a dynamical system (H(f),R, o).
Let Q := H(f), then on space C% it is defined a C—analytic cocycle (C¢, ¢, (Q, R, 7)),
generated by equation (9.39). According to the general properties of equation (9.39)
with holomorphic right hand side f, the cocycle ¢ will be C—analytic (see, for
example, [122]). To finish the proof of this theorem it is sufficient to apply Theorem
9.4. O

Definition 9.11 (Bohr’s almost periodic function) The function f € CH(R x
C?,C%) is called almost periodic (in the sense of Bohr) in ¢ € R uniformly w.r.t. z
on compact subsets of C¢ [238,292, 300] if for every € > 0 and nonempty compact
subset K C C? the set

e f,K) = {7 € Rjmax|f(t +7,2) - f(t,2)| <e}
is relatively dense on R, i.e. there is a number | = (e, f, K) > 0 such that

T(s,f,K)ﬂ[a,a—i—l] #£0

for all a € R.

Definition 9.12 The equation (9.39) is called pullback dissipative if for every
g € H(f) there exists a positive number r, such that for all R > 0

limsup |p(t, g—¢, 2)| < rg

t——+o0
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uniformly w.r.t. |z| < R.

Theorem 9.10 Let f € CH(R x C¢,C?) be an almost periodic function int € R
uniformly w.r.t. z on compact subsets of C and the equation (9.39) be pullback
dissipative, then every equation (9.40) admits a unique bounded solution v4(t), which
is almost periodic and satisfies the following conditions:

(1) vy(t) is uniformly asymptotically stable (locally).

(2) hm sup |p(t,w_y)z —v4(0)| = 0.
zI<R

Proof. The proof of this theorem uses the same type of argument as the proof of
Theorem 9.9 and is based on the Theorem 9.3. ]

9.7.2 Caratheodory differential equations

Consider now the equation (9.39) with right hand side f satisfying the conditions
of Caratheodory (see, for example,[292] ) and holomorphic w.r.t. variable z € C¢.
The space of all the Carateodory functions we denote by €H(R x C? C?). The
topology on this space is defined by family of semi-norm (see [292])

n

Pam(f) = [ max |f(t z)|dt.

—n l2I<

This space is metrizable and on € H (R xC%, C%) the dynamical system of translations
(CH(R x C% C%),R, o) can be defined.

Using the standard arguments for ODEs (see,for example, [122] and [186]) one
can prove that every equation (9.40) admits a unique solution ¢(¢, z, g) with initial
condition (0, z,g) = z and supplementary the mapping (¢, g) := ¢(t,-,g) : C¢ —
C? is holomorphic. Thus if the solutions (¢, z, g) are defined on R, the mapping
0 : Ry x C? x H(f) — C? defines a C—analytic cocycle on C? with the base
H(f), where H(f) := {f;|7 € R} and the bar denotes the closure in the space
CH(R x C?,C%). Hence we may apply the general results from sections 1.-6. to
cocycle ¢, generated by equation (9.39) with Caratheodory’s right hand side, and
we will obtain some results for this type of equations. For example the following
assertion holds.

Theorem 9.11 Let f € CH(R x C4 C%) be an almost periodic function in t € R
(in the sense of Stepanov [238]) uniformly w.r.t. z on compact subsets of C%, i.e.
for every e > 0 and compact subset K C C? the set

1
Se fK) = {r B [ max|f(+7+5.2) = [+ s2)lds <)
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is relatively dense on R. Suppose that the equation (9.39) is dissipative, then every
equation (9.40) admits a unique almost periodic (in the sense of Bohr) solution
vg(t) which is globally uniformly asymptotically stable.

9.7.3 ODEs with impulses

Let {t,}nez be a sequence of real numbers, inf{t, 1 —t,| n€Z}>0,p:R— C?
be a continuously differentiable function on every interval (¢,,t,+1), continuous to
the right in every point ¢ = t¢,,, almost periodic in the sense of Stepanov and

p/(t) = Z 5n0t,,
nez
where s, := p(t, + 0) — p(t, — 0) (i.e. the function p is piecewise constant). More
information about the function described above can be found in the books [170] and
[279].
Consider the equation with impulses

dz
- f(t.2) + Z $n0t, (9.41)
neZ
or equivalently
dz ,
pri ft,2)+0'(2). (9.42)

At the same time we consider the family of equations

E g2+, (9.3
dt

where (g,q) € H(f,p) := {(fr,p-)|7 € R} and by the bar we denote the closure in

the product-space CH(R x C¢,C%) x ¢(R,C?).

Denote by ¢(t, z, g, q) the unique solution of equation (9.43) (see [170] and [279])
satisfying the initial condition ¢(0, z, g, ¢) = z. This solution is continuous on every
interval (t,,t,+1) and continuous to the right in every point ¢t = t,, (see [170] and
[279]).

Definition 9.13 The equation (9.41) is called dissipative if there exists a number
r > 0 such that limsup |¢(t, 2, g, q)| < r for every (g,q) € H(f,p) and z € C%.
t——+oo

Using the transformation w := z + ¢(t) we can transform the equation (9.43)
into the equation

dw

= g(t,w+ q(t)). (9.44)
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Remark 9.4 Denote by ¢(t, 2, g,q) the cocycle defined by the family of equations
(9.44), then it is clear that the cocycle ¢ generated by (9.42) is dissipative if and
only if the cocycle @ generated by (9.44) is dissipative.

Theorem 9.12 Let f € CH(R x C?,C%) be a Bohr’s almost periodic function in
t € R uniformly with respect to z on every compacts subsets of C?, locally Lipshitz
in z uniformly w.r.t. t € T and p € €(R,C?) be a Stepanov almost periodic function
bounded on R. If the equation (9.42) is dissipative, then for every (g,q) € H(f,p)
the equation (9.43) admits a unique Stepanov almost periodic solution and this so-
lution is globally uniformly asymptotically stable .

Proof. Let ¢(t,z,9,q9) be the cocycle generated by equation (9.42) and let
&(t, w, g, q) be the cocycle generated by equation (9.44). Then we have the following
equality

o(t,2,9,9) = q(t) + ¢(t, 2 — q(0), 9, 9). (9.45)

Under the conditions of Theorem 9.12 the cocycle ¢ is dissipative, C—analytic and
the right hand side of equation (9.44) under the conditions of Theorem 9.12 is
Stepanov almost periodic in t € R uniformly on every compact of C? w.r.t. z. To
finish the proof of this theorem we apply the Theorem 9.11 to the equation (9.44)
and take into consideration the relation (9.45). The theorem is proved. |



Chapter 10

Pullback attractors under discretization

A defining characteristic of an autonomous dynamical system is its dependence
on the time that has elapsed only and not on the absolute time itself. Conse-
quently, limiting objects, such as attractors, actually exist for all time as invari-
ant sets under the evolution of the autonomous system. Although such concepts
can also be used for general non-autonomous systems, where the absolute start-
ing time is as important as the time elapsed since starting, they are often too
restrictive and exclude many interesting types of dynamical behaviour. A simple
example is that of an asymptotically stable solution that is neither constant nor
periodic. What are the limiting or attracting points here? What are the corre-
sponding invariant sets, and, important for numerical considerations, how can one
assure convergence to a particular point in such an invariant set? The forwards
running convergence of an asymptotically stable solution is of little direct use in
constructing the limiting solution since this solution may itself be changing with
increasing time. An alternative is to use pullback convergence, that is to hold fixed
an absolute time instant and to consider the limiting values at this time instant of
other solutions that start progressively early in absolute time. The limiting sets now
depend on absolute time and are invariant under the evolution of the system, that
is, are carried forward onto each other as time increases. This idea was introduced
several years ago in the context of random dynamical systems [126, 153, 154, 284],
which are intrinsically non-autonomous, but had been used already in the 1960s by
M.Krasnoselskii [223] to establish the existence of solutions of deterministic systems
that are bounded over the entire time axis. It has also been applied recently [217,
219] to investigate variable time-step (hence non-autonomous) numerical approxi-
mations of global attractors of autonomous systems governed by dissipative ordinary
differential equations.

Another key idea in [126, 153, 154, 284] is to formulate the non-autonomous dy-
namics on R? in terms of a cocycle mapping ¢ that is driven by an underlying
autonomous system ¢ on some parameter set 0. At its simplest, €2 is just the abso-
lute time set R and o is the shift operator that essentially resets the starting time

331
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to the current absolute time value. More useful is to consider for {2 a function space
of admissible vector fields as proposed by G. R. Sell [292] or as a probability sample
space as in [126, 153, 154, 284], where the current parameter value takes the role of
absolute time and is adjusted by o with the passage of time. The advantage here
is, in the first case at least, that the parameter space can be topologized (often as
a compact space) and the product system (o, ¢) is an autonomous semi—dynamical
system known as skew product flow on the new product state space  x R%. The
extensive theory of autonomous dynamical systems can then be applied to such
skew product flows, in particular concepts such as invariant sets, limit sets and at-
tractors, but just how these manifest themselves in terms of the original dynamics
on the original state space R and what relationship, if any, they have with pullback
convergence need to be clarified.

In this chapter we investigate the effect of time discretization on the pullback
attractor of a non-autonomous ordinary differential equation for which the vector
fields depend on a parameter that varies in time rather than depending directly on
time itself. The parameter space is assumed to be compact so the skew product
flow formalism as well as cocycle formalism also applies and the vector fields have a
strong dissipative structure that implies the existence of a compact set that absorbs
all compact sets under the resulting non-autonomous dynamics. The numerical
scheme considered is a general 1-step scheme such as the Euler scheme with variable
time-steps. Our main result is to show that the numerical scheme interpreted as
a discrete time non-autonomous dynamical system, hence discrete time cocycle
mapping and skew product flow on an extended parameter space, also possesses a
cocycle attractor and that its component subsets converge upper semi—continuously
to those of the cocycle attractor of the original system governed by the differential
equation. This is a non-autonomous analogue of a result of P. E. Kloeden and
J. Lorenz [216] on the discretization of an autonomous attractor; see also [179,
308]. We will also see that the corresponding skew product flow systems have
global attractors with the cocycle attractor component sets as their cross-sectional
sets in the original state space R%. Finally, we investigate the periodicity and almost
periodicity of the discretized pullback attractor when the parameter dynamics in
the ordinary differential equation is periodic or almost periodic and the pullback
attractor consists of singleton valued component sets, i.e. the pullback attractor is
a single trajectory.

The chapter is organized as follows. Pullback attractors, cocycles and skew prod-
uct flows are defined in Section 1 and a theorem is stated, summarizing results from
the literature on the relationship between pullback attractors and global attractors
of skew product flows. The class of non-autonomous differential equations and the
corresponding variable time-step 1-step schemes to be considered are introduced in
Section 2 and their cocycle formalism is then established in Section 3. The main
result, Theorem 10.2, is formulated and proved in Section 4. Section 5 is devoted
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to periodic and almost periodic behaviour when the pullback attractor is a single
trajectory. Finally, the section 6 contains the proof of a lemma used earlier, which
compares the cocycle mappings of the original continuous time system and of the
discrete time numerical systems.

10.1 Non-autonomous dynamical systems and pullback attractors

Consider an autonomous dynamical system on a metric space €2 described by a
group o = {ot}+er of mappings of  into itself, where the time set T is either Z
(discrete time) or R (continuous time).

Let W be a complete metric space and consider a continuous mapping ¢ :
Ty x W x Q — W satisfying the properties

50(07 ',U}) = 1dW7 SD(T =+ tv u, w) = <P(7-7 QO(t, u7w)7 Utw)

forallt, 7 € T4, w € Q and u € W. The mapping ¢ is called a (continuous) cocycle
on W with respect to o. Then the mapping 7 : T4 x W x Q — W x € defined by

m(t,u,w) = (p(t, u,w), oww)

forallt € T4, (u,w) € @ x W forms an autonomous semi—dynamical system on the
state space W x €, i.e. the set of mappings {n(t,-,-)}ier, of W x € into itself is a
semi-group, which is called a continuous skew product flow [292].

The usual concept of a global attractor for the autonomous semi-dynamical
system 7 on the state space 2 x W can be used here. It is the maximal nonempty
compact subset A of Q x W which is m—invariant, that is

7(t,A)=A forall teTy,
and attracts all compact subsets of {2 x W, that is
tlim B(x(t,D),A) =0 forall D e C(W x Q),

where C(W x Q) is the space of all nonempty compact subsets of Q x W and [ is
the Hausdorff semi-distance on C(W x 2).

Another type of attractor, called a pullback attractor, consists of subsets of
the original state space W, which is advantageous for discretizations of the non-
autonomous system.

Theorem 10.1 Let ¢ be a continuous cocycle on W with respect to a group o
of continuous mappings on  and let 1 = (p,0) be the corresponding skew product
flow on W x Q. In addition, suppose that there is a nonempty compact subset B of
W and for every D € C(W) there exists a T(D) € T, which is independent fw €
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Q, such that
o(t,D,w) C B forall t>T(D). (10.1)
Then

1. there exists a unique pullback attractor I = {I, | w € Q} of the cocycle ¢ on
W, where

N Ue B o_w). (10.2)

TeTL t>T

2. there exists a global compact attractor A of the autonomous semi—dynamical
system ™ on W x Q, where

A= ﬂU (t, B x Q).

TeTL t>T

J=J L x{w}.

weN

See Crauel and Flandoli [126] and Schmalful [284] for the proof of Assertion 1. and
Cheban and Fakeeh [83] and Hale [179] for the proof of Assertion 2. Assertion 3.
has been proved by Cheban [88].

Remark 10.1  Assertion 1. true remains under weaker conditions. For instance,
the sets D in the absorbing condition (10.1) could be parameter dependent, the
parameter space Q need not be compact nor the mappings oy continuous (which is
the situation in random dynamical systems, see Arnold [6]). Note that the validity of
Assertion 8. for non-uniform absorbing times, a situation which occurs in important
applications, remains open. See (97| for a systematic investigation of the relationship
between the pullback and forwards attractors of the cocycle system and the global
attractor of the associated skew product flow.

10.2 Non-autonomous quasi-linear differential equation

We consider a non-autonomous quasi-linear differential equation

= A(w)u + f(u,wt) (10.3)

on R? where w € €, on which there exists a group of mappings oy : Q — € for all ¢
€ R, where wt := wt. A solution z(t) = ¢(¢,uo,w) of (10.3) with initial value x(0)
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= wuy satisfies the equation

d
d_f(t’ Uo, w) = A(O‘t&})@(t, Uo,W) + f(O'tw, SD(t, Uo, w))

Our assumptions are
D1. ©Q is a compact metric space and (t,w) — oww is continuous.

D2. w— A(w) is continuous and satisfies
(Aw)u,u) < —a(w) |uf?

for all (u,w) € RY x Q.

D3. (u,w)— f(u,w) is continuous, is locally Lipschitz in « uniformly in w €
and satisfies

(f(u,w),u) < a(w) [u* + c(w)

for all (u,w) € RY x Q.

D4. a(w) >0, a(w) —a(w) > ap > 0 and ¢(w) < ¢y < oo for all w € Q.

Remark 10.2 . The mapping f in D3 denotes the remaining part of the dif-
ferential equation. It may also contain linear terms that has not been included in
linear part with the matriz A(w). Though seemingly superfluous, it is sometimes
convenient to distinguish the matriz operator A(w) in this way (especially in infinite
dimensional generalizations, which are not considered here).

Remark 10.3 By the above continuity and the compactness of Q0 we have the
finite uniform upper bounds
Ap := sup ||A(W)]], Fr:= sup |F(u,w)].
weN weQ,|ul<R
We also consider a variable time-step one-step explicit numerical scheme cor-

responding to the differential equation (10.3), such as the Euler scheme, which we
write as

Up+1 = Up + hnF° (hnvatnw7un) (104)

where tg = 0 and t,, = Z;:Ol hj, t_p = — Z;;l h_; for n > 1 for {h;}nez a given
two sided sequence of positive terms and F : [0,1] x Q x R? — R is the increment
function. We make the following assumptions:
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N1. F is continuous in all of its variables and locally Lipschitz in « uniformly in
(h,p) € [0,1] x €

N2. The numerical scheme (10.4) satisfies a local discretization error estimate of
the form

l(ho, uo,w) — u1| < hopr(ho), lug| < R,

for each R > 0, where pr(h) > 0 for h > 0 and pg(h) — 0 as h — 0+.

N3. F satisfies the consistency condition
F(0,u,w) = A(w)u + f(u,w)

for all (u,w) € R? x

N4. F satisfies the Lipschitz consistency condition

|(F(h, u,w) = A(w)u = f(u,w)) =
(F'(h,v,w) = A(w)v = f(v,w))] < fir(h)|u — vl
>

for all |ul, |v| < R uniformly in w € Q, where fig(h) > 0 for A > 0 and jgr(h) — 0

as h — 0+.

For example, F(h,u,w) = A(w)u + f(u,w) for the Euler scheme applied to the
differential equation (10.3). Note that for one-step order schemes such as the Euler
and Runge-Kutta schemes, u(h) is typically of the form Kgh? for some integer p
> 1. In our case here this would require the differentiability of F' in w as well as u
and of o in ¢, which is too restrictive for certain applications.

Our main result (see Theorem 10.2 below) is that non-autonomous dynamical
systems generated by the differential equation (10.3) and the numerical scheme
(10.4) both have pullback and global attractors, and that the numerical attractors
converge upper semi—continuously to the corresponding attractors of the differential
equation as the step size goes to zero. We will apply Theorem 10.1 to establish the
existence of such attractors, but first we need to show in what sense the numerical
scheme (10.4) generates a discrete time cocycle mapping and skew product flow.

An example

We consider the 3—dimensional Lorenz system with time dependent coefficients

iy = —p(t)ur + p(t)us
u.g = r(t)ul — Uz — U1U3

Uz = —b(t)u;g + uiuso
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(see Temam [314], Chapter 1.2.3). Assuming that p and r are differentiable functions
of R into itself, we can rewrite this system after the transformation ug := ug—r(t)—
p(t) in the form (10.3) with the matrix

—p(0) p(0) 0
Aw)= | —=p(0) -1 0
0 0 -1
and the mapping
0
flu,w) = —uius )

urug = 6(0) = 7#(0) = b(0)(r(0) + 0(0)) — (b(0) — Dus

where u = (u1,uz2,u3) and w = w(-) = (b(-),r(-),0(:)) € C(R,R) x C}(R,R) x
Cl(R,R).
Suppose that b is almost periodic in C(R,R) and that o, r are almost periodic
in C1(R,R) with
0 < Omin := inf o(t), 1 < inf b(¢).
teR teR

Then define o, for each ¢ € R by oyp(+) := w(- + ). Finally, define the parameter
set © to be the closed hull [292]

P = Jou(b(-), (), p()),
teR
which is a compact subset of C(R,R) x C}(R,R) x C*(R,R).

We need to check that the assumptions D1-D4 are satisfied by the differential
equation with this matrix A and function f. The first assumption D1 follows
straighforwardly and the second D2 holds with a(w) = ap := min(omin, 1) > 0
with the assumptions on p and r ensuing the continuity of A. These assumptions

on p and 7 also ensure the continuity of f needed in D3 and the estimate is given
by

(f(u,w),u) = (=p(0) = 7(0))uz — b(0)(r(0) + p(0))us — (b(0) — 1)u3

< BO) +7(0)?  02(0)(r(0) +p(0))”
—2(6(0) = 1) 2(b(0) = 1)

=: ¢(w)

with a(w) = 0. Finally, it is obvious from these definitions of the constants that
D4 is also satisfied, in particular with ¢y := sup,,¢q c(w) < oo.
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The Euler scheme for this differential equation also satisfies assumptions N1—
N4. Since F(h,u,w) = A(w)u + f(u,w) here, assumptions N3 and N4 hold triv-
ially, while assumption N1 follows from D1-D3 above. Assumption N2 also follows
from D1-D3 with the proof being almost the same as in the first part of the proof
in the Appendix. Note that if b is also assumed to be continuously differentiable,
then we have the usual second order local discretization error here. One can show
that assumptions N1-IN4 are also satisfied by higher order schemes such as Runge—
Kutta schemes, but the details are not as straightforward or clean as for the Euler
scheme.

10.3 Cocycle property

The solution ¢(t, ug,w) of the differential equation (10.3) satisfies assumptions N1
N4 the initial condition

©0(0,up,w) =up forall (ug,w) €R? xQ
and the cocycle property
o(s 4+ t,ug,w) = (s, p(t, up,w),orp) forall s, t € Ry, (ug,w) € R? x O

with respect to the autonomous dynamical system generated by the group {o¢}er
on Q. (Existence of such solutions for all ¢ € Ry is assured by that of an absorbing
set to be established in the proof of Theorem 10.2 below). By our assumptions the
mapping (t,u,w) — @(t,u, orw) is continuous. Moreover, the mapping ¢ := (@, 0)
defined on R} x R? x Q

o(t,u,w) := (p(t,u,w), ow)  forall (t,up,w) € Ry x R x Q
generates an autonomous semi-dynamical system, that is a skew product flow, on
the state space X := R? x Q.

The situation is somewhat more complicated for the discrete time system gen-
erated by the numerical scheme with variable time steps. For this we will restrict
the choice of admissible step-size sequences. For each § > 0, we define H® to be the
set of all two sided sequences {hy, }nez satistying

%5 <h, <9 (10.5)

for each n € Z (the particular factor 1/2 here is chosen just for convenience). The
set H® is compact metric space with the metric

prs (00, 0) = ﬁi o-Inl

hd — hﬁf)’ .
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We then consider the shift operator & : H® — H° defined by 6h = 6{hy}nez
:= {hn+1}tnez. The operator ¢ is a homeomorphism with respect to the above
metric on H® and its group of iterates {G, }nez forms a discrete time autonomous
dynamical system on the compact metric space (H‘;,pﬂs). Finally, for a given
sequence {hp}necz we set tg = 0 and define ¢, = t,(h) := Z;:Ol hj and t_, =
top(h) == =370 hjforn > 1.

Now we introduce the parameter space Q% := H? x Q for a fixed 6 > 0 and we
use the following lemma to introduce a discrete time autonomous dynamical system

0= {Gn}nEZ on Qé‘
Lemma 10.1  The mappings ©,, : Q° — Q°, n € Z, generated by iteration of
@O = idQ57 @1 (h7p) = (&lha 0h0p>7 @—1(h7p> = (5—1ha O——h71p)

form a group of continuous mappings on H® x P.

Proof. 'We first show that ©,0_1 = ©_10; = Oy = idgs. Indeed we have
©,0_1(h,p) = 6, (5'—111, Uh,lp) = (515—111, Uh,la—h,lp) = (h,p)

6_191(1'1,]?) = 6—1 (&lh7ahop> = (6—151h7 U—hoahop) = (hvp)

The continuity of the ©,, mappings follows from the facts that (¢,p) — o¢p is

continuous, & is a homeomorphism and the composition and cartesian products of

continuous mappings are continuous. O
We define a mapping v : Z; x R4 x Q% — R by

1p(oa/u'07q) = Uuo, w(nﬂio»(ﬁ = w(nau(h (h7p)) = Un n Z ]-7

where w,, is the nth iterate of the numerical scheme (10.4) with initial value ug €
R?, initial parameter w €  and step-size sequence h € H%. These mappings are
continuous on R? x Q%. They also satisfy a cocycle property with respect to ©. [J

Lemma 10.2 1 is a discrete time cocycle over (Q°,7,0) R? with fiber R.

Proof. We write the numerical scheme (10.4) for a given (h,p) and ug as
Upt1 = Up + hp F (hn, Tt (h)Ds un) , n ey,

where to(h) = 0 and ¢, (h) = E?;Ol hj for n > 1. Hence, in terms of the 1) mapping
we have

w(n + ]-7 U, (hap)) = w(nv uo, (hvp)) + hnF(hn7 O—tn(h)p7 1/’(7% U, (hvp)))
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in general and

’lp(lvuOv (hvp)) = up + hOF (h070t0(h)p7 UO))

for n = 0 since by definition (0, ug, (h, p)) = ug, which gives the identity property.
The cocycle property is established as follows. Let n > 0. Then

Y(1+n,uo,q) = P(1+ n,uo, (h,p))
= (n,uo, (0,p)) + hnF (b, 00, (0)p; ¥ (1, w0, (h, p)))
= ¢(n,uo, (h,p)) + (6,0)o F ((6nh)o, 01y (5,0) s ¥ (1, o, (h, p)))
=1 (L, p, On(h), ¥(n, uo, (h, p))) = ¢ (1,4(n, uo, q), Ong) ,
that is u14n = = ¥ (1, up, ©,q). Iterating this n times, we obtain
un = (1,0, On-19) 0 - 0 (1, u0, Ooq) .
Similarly with m > 2 we have
Y(m+n,u0,q) = Umin =V (1, Omyn_1q) 0+~ 01 (1,-,Onq) 0
ot (1,+,0n-19) o -+ 09 (1,u0, O0q)
=Y (L, Omin-19) 0 -0 (1,un, Onq)
=¥ (1,,0m-10nq) 0 -+ 0¥ (1,un, O0Onq)
=1 (m, un, Ong) =¥ (M, ¥ (n, ¢, u0) ,Onq) ,

which is the desired cocycle property.
Finally we define ¥ := (¢, ©) and observe that the mappings ¥(n,-.-) are con-
tinuous on R% x Q% for n € Z, . O

Remark 10.4 The mappings 1, © and V are defined in the same way for each
0 > 0, so we do not index them with 6.

From the cocycle and group properties we obtain

Lemma 10.3 ¥ = (¢, 0) is a discrete time autonomous semi-dynamical system
on the state space R® x Q°.
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10.4 Main result

Our main result is the to establish the existence of pullback attractors for the
non-autonomous dynamical systems (NDS) generated by the differential equation
and numerical scheme and to show that the components of the numerical pullback
attractor are upper semi—continuous in their parameter and converge upper semi-
continuously to the corresponding components of the differential equation’s pullback
attractor. Global attractors also exist for the corresponding skew product flows and
converge upper semi—continuously in an appropriate sense.

Theorem 10.2 Let Assumptions D1-D4 and N1-IN3 hold. Then the continuous
time NDS (p, o) generated by the differential equation (10.3) has a pullback attractor
I ={I, | we N} and the discrete time NDS (¥,0) generated by the numerical
scheme (10.4) has a pullback attractor 10 = {Ifls | ¢ € Q%), provided the maximal
step-size § is sufficiently small, such that the set-valued mappings w — I, and (p,h)
— I((sp,h) are upper semi—continuous with respect to the Hausdorff semi-distance and

satisfy

I (15 ,Iw) -0 h oweQ.
S hseugé B L(m) for each w

Moreover, the corresponding skew product flows have global attractors J and J°,
respectively, of the form

J:Uwa{w}, J“zUL‘fX{q},

w€eN qeQ’

which satisfy

53151+ B (PrpaxqJ®,J) = 0.

Proof. The proof of the convergence assertions in Theorem 10.2 will follow imme-
diately from an application of Theorem 10.1 after it has been shown that the ball
B[0; Ry in R with centre 0 and radius Ry := 31/co/ap is a forwards absorbing set
uniformly in all parameters for both the continuous time and discrete time cocycle
systems under consideration. The convergence assertions require additional work.

10.4.1 Existence of an absorbing set

Write z(t) for the solution ¢(¢, ug, w) of (10.3), so

dx

E(t) = A(ow)x(t) + f(ow, x(t)).
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The following estimate will also be used to construct an absorbing set.

dx

G0 =2 (F0.00)) = 2(Alow)e(o) + o, 2(0).a(0)  (105)

=2 (A(osp)z(t)) + 2 (f(oup, (t)), z(t))
< —2a(oup) |2(1)]* + 2a(oup) |2(1)]* + 2¢(ovp)

< =2 (a(op) — a(owp)) |:17(t)|2 4+ 2¢o < —209 |x(t)|2 + 2co
and so

|.’L’(t)|2 < |uO|2e—2a0t + ;_(; (1 _ e—2a0t) )

This implies that the ball B[0; Ro] with radius Ry = 3+/co/aq is a forwards absorb-
ing and positively invariant set for all solutions of the differential equation (10.3)
uniformly in w € Q. Note for later purposes that the ball B[0;2R(/3] is also posi-
tively invariant for the differential equation.

The proof that B[0; Ry] is a uniform forwards absorbing set for the numerical
scheme (10.4) is more complicated. First we show that the inequality (10.6) implies

l2(t)] < Juole= + , /2—3 (1—e20t). (10.7)

as long as [z(t)| > Ry = & To see this note that (10.6) can be rewritten as
d 2 2 2 Co
L0 < 200 o) + 260 < ~200 1O + 2~ Ja(r)
o

and hence as

d
%|x(t)| < —ao |z(t)| + Veoan

as long as |z(t)| > 3 Ro.

We note also by continuity that there exists a T' = T'(co, ap) > 0 such that |z(¢)]
= |p(t,uo,w)| > 3Ry for all t € [0,T], ug with |ug| > 2Ry and w € Q.

We fix an R > Ry and let Kr be the constant in the local discretization
error estimate for the ball B[0; R]. Then from (10.7) with xz(h) = ¢(h,ug,w) and
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Assumption N2 we have
lur| < lo(h, uo, )| + lo(h, uo, w) —
< |ugle™h 4 \/OC;Z (1 —e ") + Krhur(h) (10.8)

for ug € A[R,2Ro/3] := B[0; R] \ B[0;2Ry/3] and h € (0,T]. Now let 65 € (0,1]N
(0,T] be such that

<R-:-Rp

for h € (0,dp]. Then from (10.8) for ug € A[R,2Ry/3] and h € (0, o] we have

c
|ug| < |u0|e_“°h + _ao (1 — e_o‘oh) + Krhpug(h)
V ao

1 1
< Re™ ™M 4 3o (1—e ") + (R - §R0> (1—e ") <R,
so w1 € B[0; R]. In addition, for ug € B[0;2R/3] we have z(h) € B[0;2R/3], so

2 2 1
lur] < |o(h, ug,w)| + |p(h, up,w) —ur| < gRo + Krhpg(h) < gRo + gRo =Ry

for h € (0, dg], so uy € B[0; R] here too. Hence, the ball B[0; R] is positively invariant
for the numerical scheme for ug € B[0; R] and h € (0,d0]. We can thus apply the
inequality (10.8) iteratively as long as the u,, € A[R,2Ry/3], that is we have

] < unle™" 4 | [ (1= e%") + Krhpr(h) (10.9)
0
when wg, u1, ..., u, € A[R,2Ry/3] and h € (0, do].
Now further restrict the step-size so that
KRhMR(h) 1 1 1 1 Co
PRV« TR Ry = — R — = [
[—caon = gfto—gho=gRo =5, /2"

for all h € (0, 1], where 01 € (0,dp). Using a similar argument as above for the ball
B[0; R], we can show that the ball B[0; Ro] is positively invariant for the numerical
scheme with step-sizes h € (0, 61].
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To show that the ball B[0; Ro] is absorbing, we further restrict the step-size so
that

(1 +e—aoh) S e—%aoh

| =

for all h € (0, d2], where d2 € (0,61]. Then, if ug € A[R, Ro], from inequality (10.9)
we have

C
Jur| < fuole™" 4 [ == (1= e7*") + Kphpur(h)
0

—a C —a 1 c —a
<|ugle °h+,/a—(;(1fe “h)+<§R0 a—?))(le oh)

1
< |ugle=h 4 §|u0| (1- e_aoh)
1 —aph —Lagh
§§(1+e 0 )|u0| < em 100y,
In particular, when ug, w1, ..., u; € B[0;R]\ B[0; Ro] we can iterate the last

inequality to obtain
fuj] < 7950 uy|

if we use variable step-sizes with 6/2 < h; ¢ with § € (0,02]. Obviously, there
exists a finite integer Jg(ug) such that |u;| < Ry for all j > Jg(ug), that is the ball
BJ0; Ry is absorbing for the numerical scheme for all step-size sequences h € HO
with & € (0,d2]. Note that this holds uniformly in w € Q.

10.4.2 Upper semi—continuity of the pullback attractor component
sets

Let 1)(n, z, q) denote the numerical trajectory and © the shift operator on Q°. The
mappings ¢ — Oq and (z, q) — ¥(n,x, q) for each integer positive n are continuous.

The absorbing set B = BJ[0; Ro] is compact absorbing set and forwards in-
variant uniformly in ¢ € Q°. Hence, by the cocycle property, the compact sets
Y(n, B,©_,q) are nested with increasing n and the pullback attractor has compo-
nent sets defined by

I3 = () ¥(n, B,©_nq)

n>0
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This means, in particular, that 3(¥(n, B,©_,q), Ig) — 0asn — oo. Let e > 0 and
pick ng = ng(e,q) > 0 so that

’l/)(TL(),B,@,an) - B (1375) 9

where B (Ig, 5) is the ball of radius € about Ig.

Now the compact set-valued mappings ¢ +— (n, B,©_,q) are continuous in ¢
with respect to the Hausdorff semi-distance for each fixed n. Fix € > 0 and pick ng
= no(g, q) from above. Then there exists d(e,q) = d(e,no(e,q)) > 0 such that

B ((no, B,©—nyq), ¥ (no, B,©_n,q)) < ¢
for all ¢ € Q° with p(q,q) < 6(¢,q). In particular,

¥(no, B, O_n,q) C B (¢(no, B,©_n,0), )
for all ¢ € Q° with pgs(q,q) < (e, ). Hence we have

Iq5 C 1b(n07-87®—7’boq) CcB (w(n07B7@—noq>7€)
C B(B(I%¢),e) = B(I2,2)

that is I C B (I2,2¢) or equivalently 3 (I2,10) < 2¢ for all ¢ € Q° with p(q,q) <
d(g,q). This means the mapping ¢ — I, g is upper semi—continuous.

The proof for the mapping w — A, is essentially the same.

10.4.3 Upper semi—continuous convergence of the discretized
pullback attractors

We will now prove the upper semi—continuous convergence of the discretized pull-
back attractor component sets to their continuous time counterparts. For the proof
we need the following lemma on the convergence of the numerical trajectories to the
corresponding continuous time trajectory with convergence of the maximum step
size to zero. Its proof is given in the appendix.

Lemma 10.4 For fizedt > 0 and h = {hp}nez € HO for some & > 0, let N(t, h)
be the positive integer such that

hov+h o+ +h_nen St<hi+hot-+h_Nen-1
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and consider a sequence (of step-size sequences) with h™ € H°  where §,, — 0 as
m — oo. Then

) (N(t, h™), t,, @_N(thm)(hm,wm)) — p(t,up,0—_tw) as m — oo
for any sequence u,, — ug € R and w,, — w € €.

We suppose that the upper semi—continuous convergence assertion of Theorem
10.2 is not true. Then there exists an €9 > 0 and sub-sequences (for convenience
we use the original index) h™ in HO and a,, € I é:"hm) for m € N such that

dist (@m, I(w,0)) = €o- (10.10)

Note that the component sets I, 1) and Ag are contained in the ball B[0; Ry] where
Ry = 34/co/ayg for each w € Q. Then a,, € A?;hm) C B|0; Ro] for each for m €
N and B[0; Ro| is compact, so there exists a convergent subsequence (again we use
the original index) a,, — a« € B[0; Ry]. Thus we have

dist (a*, I(w’())) > eo.

Now choose t > 0 sufficiently large so that by pullback attraction

1
dist (¢ (t, 0—4p, B[0; Ro)) , I(,0)) < 3 €0 (10.11)

Om

By the invariance property of a pullback attractor there exist b,,, € Ae—N(t ey (@,

such that
¢ (N(t,h™), O _Nn(nm) (P, h™), bin) = apm. (10.12)

. bm . i
Since the AG,N(t,hm)(w,hm) C BJ[0; Ry] for each for m € N, there exists a convergent

subsequence (once again we use the original index) b,, — b. € B[0; Rg]. By (10.12)
and Lemma 10.4 we have

© (t, 01w, by) = ax,

which contradicts (10.10) with respect (10.11). This contradiction proves the upper
semi—continuous convergence of the numerical pullback attractor components.

10.4.4 Upper semi—continuous convergence of the discretized
global attractors

Let J C R% x Q be the global attractor of the continuous time skew prod-
uct flow dynamical system 7(t,u,w) = (o(t,u,w),ow) and J® C H® x R% x Q
the global attractor of the discrete time semi-dynamical system 7°(n,h,u,w) =
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(0, (h,w), v’ (n, z, (h,w)) based on the numerical scheme, where we include the su-
perscript 6 on 7° and v for emphasis. Then J° converges to A as § — 0 uniformly
in the sense that

5 .0 _
(%1_1}1% - xilﬁ)eﬁﬁ ((p T ) ,J) =0. (10.13)

Suppose that (10.13) is not true. Then there exist sequences 4, —0 and
(h5" 0 Wwo ) C J% and an gy > 0 such that

/6 ((:Eénawén) 7A) Z €0-

Let B be a absorbing compact set in R? that is independent of 6. Since J° C

H® x B x Q and H® x B x Q is compact, we can select a subsequence (we use the

0

same index for convenience) such that w’ — w° and 2% — 20 as n — oo. Hence

B ((2%w°),J) > eo. (10.14)

On the other hand, since B is compact and the absorption is uniform in w € €,
there exists a ¢ > 0 such that

B (x(t, B,Q), ) < %go.

In addition, by invariance, 7°(j, J%) = J° for all j € N. Now choose for j the
integer N (t,h°"), where N(t,h) is defined in Lemma 10.4. Then we can find a
(ﬁén,m,@%) € H% x B x Q such that

on (N(t,h5"),ﬁ5",£5") , % = (h‘s",x‘s") ,won

indeed we can define (fl5" W "> by ©_ n(¢,hon) (h% wo). By a similar compactness

argument, there is subsequence of this subsequence (again we use the original index)
such that (:2"‘5"7]55“) — (gc w ) € B x Q). By Lemma 10.4 we then have

on = g (N(t, non), (B%,:i:én,aén)) — o (t,2°,0°) = 2°
while
Onenon) (0,07 ) = (07, w) = (0,6”) = (0,0:6°) .
Combining these results we have
w0 (Nt ), B0, 3%, 6 ) — (0,7 (1,2°,60)) = (0,2%,°)

and hence 3 ((2% w®),J) < %o, which contradicts (10.14). Hence the original
assertion (10.13) must be true. This completes the proof of the main theorem,
Theorem 10.2. O
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10.5 Singleton set-valued pullback attractor case

Let ui(t) and us(t) be two solutions of the differential equation (10.3) with the
same initial parameter w but different initial values in the positively absorbing ball
B[0; Ry and write

Alt) =ui(t) —u2(t),  Apw(t) = flow,ui(t)) = f(ow, us(t)).

Let Lo be the local Lipschitz constant of f in B[0; Ry, which by assumption is
uniform in w € €, so

|f(w,u1(t)) — f(w,u2(t))| < Lo [u1(t) — ua(t)]

or |Ay,(t)| < Lo|A(t)] in B[0; Ro]. We assume that Ly < /2. Then similarly to
earlier (but now we do not use the inner product inequality on the f)

FIA0OP =2 ( £A0.A0))

— 2 (A(w) (L), A1) +2 (Mg (1), A()

< =200 [A)]* + 2|27 (O] A(L)]

IN

—2a0 |A(t)]? + 2Lo|A(t)?
< —2(a0 — Lo) |A®)[* < —an |AH)
and so

IA(t)] < |A(0)]e @0/,

which means the solution operator u — ¢(t,w,u) is a contraction mapping on the
ball B[0; Ry] for each t > 0 and w € Q.
Now consider the numerical scheme. Let

y1 =u1 + hF(h,w,uy), Y2 = ug + hF(h,w, us)
where h € [§/2,0] and w1, ug € B[0; Ro]. Write
Ax = u1 — us, Ay =y — yo, Ap(h) = F(hyw,u1) — F(h,w, u2),

so |AF| < Lgg|Az| in B[0; Ry, where Lo is the local Lipschitz constant of F in u
on B[0; Ry], uniformly in (h,w) € [0,1] X 2. We assume the Lipschitz consistency
condition N4 here, so

[Ar(h) — ADz — Ay (h)| < fir(h)|Az|
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where we omit the parameter w for convenience. Thus we have
[Ayl* = (Ay, Ay) = (Az + hAp(h), Az + hAR(h))
= (Az, Az) + 2h(Ap(h), Ax) + h*(Ar(h), Ap(h))

= |Az|* + 2h(AAz + Ay, (h), Az) + h*|Ap(h)]?
+2h(Ap(h) — AAz — Ay, (h), Ax)

< |Az|? — 2hag|Az|* + 2h| Ay, (R)| |Az| + B2LE | Ax|?
+2h|Ap(h) — AAz — Ay, (h)]| Az

< |Az|?(1 — 2hag) + 2hLo |Az|? + h? L3, | Az|?
+2hfir(h)|Azf?

< |Az* (1 = 2h(o — Lo) + h*L, + 2hjig(h))
< |Az? (1 — hag + h*L§y + 2hjig(h))

where we have used the assumption that Lo < /2. By further restricting h from
above we can assure that

|AyP? < [Axf? (1~ hao/2) < | Az (5a0/4)

for h € [§/2,0] and 0 sufficiently small. This means that the numerical solution
satisfies the contractive condition

[4(n, ug, (h,w)) — ¥ (n, Zo, (h,w))| < |uo — To|g

for all ug, Ty € B[0; Ry], w € Q and step-size sequence h € H°, where v :=

From the Contraction Mapping Principal we conclude that the original and
numerical pullback attractors each consist of a single trajectory. The continuity
of their component elements with respect to the parameter follows from Theorem
10.2 and the fact that upper semi—continuity there reduces to continuity for the
singleton set-valued mappings.

Theorem 10.3 Let the Assumptions D1-D4 and N1-N4 hold and suppose
that 2Lo < «ag and that 0 is sufficiently small. Then the pullback attractors of
Theorem 10.2 consist of singleton component sets, that is I, = {a*(w)} and I?hw)
= {a}(h,w)}, where the mappings w — a*(w) and (h,w) — a}(h,w) are continuous.
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These singleton valued pullback attractor—trajectories inherit the periodicity or
almost periodicity of the differential equation and of the differential equation and
step-size sequence, respectively. This is formulated in the following theorem, the
proof of which will be presented in the remainder of this section. The periodic case
is straightforward, while the almost periodic case is considerably more complicated
and requires the introduction of appropriate definitions and a number of auxiliary
results.

Recall that the set A C P is called minimal with respect to a dynamical system
(Q,R,0) if it is nonempty, closed and invariant and if no proper subset of A has
these properties.

Theorem 10.4  Suppose that the assumptions of Theorem 10.3 hold and that Q
is minimal. Then the singleton valued pullback attractor—trajectory I, = {a*(w)} is
periodic (resp., almost periodic) if w € ) is periodic (resp., almost periodic), whereas
the numerical singleton valued pullback attractor—trajectory Ifh’w) = {aj(h,w)} is
periodic (resp., almost periodic) if ¢ = (h,w) € Q7 is periodic (resp., almost peri-
odic).

Definition 10.1 A sequence h = {h, } ez is m—periodic if hy 4 = hy, for all n
€ Z or, equivalently, if ,,h = h, where m is the smallest integer for which these
equalities hold.

Recall that we have defined a time sequence {t,(h)},ez by to(h) = 0, ¢, (h) :=
Z?:_Ol hj and t_n(h) := =37 h_; for n > 1 corresponding to a given sequence
h = {hn}nEZ-

Lemma 10.5 Let h € H? be m-periodic and let w € Q be T-periodic with respect
to o, that is with o,w = w where T € RY. Then the point (h,w) € Q% = H? x Q is
periodic with respect to © = (&,0) if and only if t,,(h) /7T is rational.

Proof. Suppose that t,,(h)/7 = k/I for some k, | € N. Then l¢t,,(h) = k7 and
Oim(h,w) = (h,0p,, mw) = (h,o4-w) = (h,w). On the other hand, suppose that
Ok (h,w) = (h,w) for some k € N. Then (Gh, 0y, (nw) = (h,w), which implies that
k = lym and tp(h) = l1t,,(h) = l1t,,(h) = lo7 where I, lo € N. Hence t,,,(h)/7 =
li/ls. O

The following result can be found in [32, 304].

Theorem 10.5 Let (X, T,n) be a dynamical system on a compact metric space
(X, p). Then a point © € X is almost periodic if and only if for every e > 0 there
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exists a 6 = d(e) > 0 such that
p(m(t+t1,x),7(t +t2,2)) <k, for allt €T,
whenever p (m(t1, ), 7(t2,x)) < 4.

Definition 10.2 A sequence {¢, } in R is said to be almost periodic if the function
¢ : Z — R defined by ¢(n) := ¢, for n€ Z is almost periodic.

Definition 10.3 A sequence {7,,} in R will be called regular if it has the form
Tn = an + ¢y, for all n € Z,

where a € R is a constant and{¢,} is an almost periodic sequence; see Samoilenko
and Trofimchuk [280, 281].

Theorem 10.6 Suppose that the time sequence {t,(h)}nez corresponding to h
€ H° is regular. In addition, suppose that dynamical system (Q,R,0) is minimal
and almost periodic, that is Q is minimal and every point w € Q) is almost periodic.
Then the point (h,w) € Q% is almost periodic for the dynamical system (Q°,7Z,0).

Proof. Since the point w € Q is almost periodic for the dynamical system (2, R, o),
then by Theorem 10.5 the point w €  will be almost periodic relatively to the
discrete time dynamical system (Q,7Z,c(®), where ¢(* = {04, }nez and t,(h) =
an + ¢, is the regularity representation of {t,(h)},ecz. We apply Theorem 10.5 to
the dynamical system (2, R, o). Given ¢ > 0, let §(¢) € (0,¢/3) be such that

p(otp1,0ep2) < (10.15)

[SCRNO)

for every t € R and w1, wy € Q with p(wy,ws) < §. Then we use uniform continuity
on the compact space §2: given the above d(g) > 0, let y(e) € (0, d(g)) be such that

plosw,w) < § (10.16)
for every w € Q and s € R with |s| < 7.
Now for this v(¢) > 0 we denote by M. (.) the relatively dense subset of Z subset

for which

P(Gnimh, nh) <v(€),  [engm —cnl <(E),  P(Ta(nimw, Tanw) < ¥(e) (10.17)
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for allm € M., n € Z and w € Q. From (10.15)—(10.17) we have

p(@n+m (hv w)v @n(h, w)) = p(&n+mh7 &nh) + p(o'twrwn(h)w? Utn(h)w)
= p(Gnt+mh, Gnh) + p(aa(n-&-m)-i-cnﬂnwv Tanten,w) < p(Fnimh, ,h)
+p(ga(n+m) (Ucn+mw)7 Oa(n+m) (O’an)) + p(Ua(n+m) (O’an), Oan (O'an))

<yE)to4qe)<S+i4=c
R A S

for all n € Z and m € M. Hence the point (h,p) € Q° is almost periodic for
the dynamical system (Q°,Z, ©). O

Corollary 10.1 Let h € H® be m—periodic and let w € Q be almost periodic for
the dynamical system (0, R, o). Then the point (h,w) € Q° is almost periodic for
the dynamical system (Q°,7Z,0). In particular, if t,,(h)/7 is irrational, then point
(h,p) is almost periodic, but not periodic.

As the final step in our proof of Theorem 10.4, we need the following lemma,
which we prove directly here noting that the result also follows from Theorems 1
and 2 in [276].

Lemma 10.6 Suppose that the assumptions of Theorem 10.3 hold and let
{a3(q)}4e0s denote the singleton valued pullback attractor for the numerical scheme
(10.4). Then the function n — a}(0,q) for n € Z is periodic (resp., almost pe-
riodic) if the point q is periodic (resp., almost periodic) for the dynamical system

(2°.2,0).

Proof. Let g € Q° be m—periodic, that is ©,,¢ = ¢. Then a%(60,4.mq) = a%(0,0.mq)
= a}(0,q) for every n € Z. Hence n — a3(0,q) is periodic.

The function a} : Q% — R? defined by q — a}(g) for each ¢ € Q% is continuous,
hence uniformly continuous, on the compact space Q°. That is, for every € > 0
there exists a d() > 0 such that |a}(q1) — a5(g2)| < € whenever pgs(q1,q2) < 9.
Now let the point ¢ be almost periodic and for § = d(¢) > 0 denote by My the
relatively dense subset of Z such that p(©,4+m¢q, ©,q) < 0 for all m € Ms and n €
Z. From this and the uniform continuity we have

|a5(Ontmq) — a5(Ong)| < e
for all n € Z and m € Ms(.y. Hence n — aj(0,q) is almost periodic. O

In conclusion, we can restate the assertions of Theorem 10.4 in more detail as
follows.
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Corollary 10.2  Suppose that the assumptions of Theorem 10.3 hold and that
is minimal. In addition, let {a5(h,w)}n wyegs denote the singleton valued pullback
attractor for the numerical scheme (10.4).

1. Leth € H® be m-periodic and w € Q be T-periodic. Then n — a}(0,(h,w)} is
periodic if t,,(h) /7T is rational and almost periodic if t,,(h)/T is irrational.

2. Let the time sequence {t,(h)}ncz corresponding to h € H® be reqular and let the
point w € Q be almost periodic. Then n — a}(©,(h,w)} is almost periodic.

10.6 Appendix: Proof of Lemma 10.4

Consider an autonomous dynamical system on a compact metric space {2 described
by a group o = {0 }+er of mappings of  into itself such that the mapping (¢,w)
— 0w is continuous. Consider also an ordinary differential equation

= g(u,wt) (weN)

on R? with a unique solution (¢, ug,w) satisfying the initial value problem

d
E@(tauoﬂf‘}) = g(@(tanw)a O'tLU), CE(O,UQ,LU) = Ug-.

We assume that (u,w) — g(u,w) is continuous on R? x Q and locally Lipschitz in
uw uniformly in w, that is for each R > 0 there exists an L such that

lg(x,w) — g(y,w)| < Lrlz -y, Va,y € B[0; R].

In particular, then for a sequence of times ¢, and time steps h,, = t,4+1 — ¢, this
gives in integral equation form

tn+1
Pttt 0, ) = (b 0, w) + / 9(0rw, (7 ug,w)) dr.
t

n

In future we just write x(¢) for this solution. By the Mean Value Theorem there
exists 7, € [0, 1] such that

(,O(tn+1,U0,W) = (,O(tn,U(),w) + x(tn-H) = x(tn) +

b 9(Ot 47 h @5 Pt + Trhin, uo, w)).
The corresponding higher order scheme solution is

Up+1 = Uy + hn, F(hna o, W, Un)a
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where the increment function F'(h,u,w) is continuous and satisfies the consistency
condition

F(0,u,w) = g(u,w), vV x,w.
Let 2(t) := p(t,ug,w), then

T(tnt1) — Uny1 = x(tn) — up +
h’ﬂ [g(iC(tn + Tnhn)» Utn-‘r'rnhnw) - F(hn’ Ot, W, un)]

so the global discretization error E,, := |x(t,) — uy| is estimated by
En+1 S En + hn |g($(tn + Tnhn)7 Utn-ﬁ-'rnhnw) - F(hn7 Ot, W, un)|

< Ep + hnlg(@(tn + Tnhn), 0, +r,0,w) — 9(2(tn), 0t, 47,0, w)]
+hn [9(2(tn), 0t 410, w) — 9(2(tn), o1, W)
+ha lg(@(tn), o1,w) = g(un, o1, w)|
+h |g(tn, or,w) — F(hy, 01, w, up)|

< Ey + hnLr|z(ty + Thhy) — 2(tn)| + hpwe(Apw; R)
+hnLg|z(ty) — tn| + hnwr(hpw; R)

tn+Tnhn
= (1+hnLg)E, + h,Lgr / g(x(s),o5w) ds
¢

n

+hpwe(Apw; R) + hpwr (hpw; R)
<A+ h,Lr)E, + hiLRMR + hpwg(Apw; R) + hpwrp(hpw; R)

where Mg = max,cq seBlo:r) |9(4,w)| and wy(d; R) is the modulus of continuity
of g(o.w, x) uniformly in w € Q and v € B[0; R] and wp(h,w; R) is the modulus of
continuity of F(-,u,w) uniformly in w € Q and u € B[0; R] that is

wo@R) = sup  suplglown ) — gl )
0<t<é weQ, x€B|0;R]

and

wr(0; R) := sup sup |F(h,u,w) — F(0,u,w)]|.
0<h<é we, x€B[0;R]
Here wy(6; R) — 0 and wp(d; R) — 0 as 6 — 0.
Now we consider an interval [0,7] and restrict to step-sizes h,, € [0/2,4] for
some § > 0. Note then that t,,,1 = Z?:o h; then satisfies nd/2 < t, < nd with ¢,
< T, which means nd < 2T for these choices of n. The above difference inequality
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thus satisfies
Eni1 < (14 Lgd)E, + 0 (we(6; R) + wr(d; R) + LrRMR?)

and hence with Ey = 0 yields

1+ Lro)" -1

1
< (wy(0; R) +wr(8; R) + LrMRJ) L—eLR"5
R

1
< (wy(6; R) + wr(8; R) + LrRMRJ) L—e2LRT,
R
that is

|2(tn) = un| < (wg(6; R) + wr(6; R) + LrMR)) LLGZLRT.
R

Hence for t € (¢, tn+1), we have
|2(t) — up| < |z(t) — 2(tn)| + |2(tn) — un| <

t
/ g(osw, x(s)) ds| + (wy(6; R) + wr(d; R) + LrMRY) Lie?LRT <
t

s >

n

IMpg + (wg(6; R) + wp(d; R) + LrMRJ) LLBQLRT'
R

Let us now consider variable parameters and initial values. let w; — w in
and ug; — up in R%. Let o(t, up,w) and u, (ug,w), ete, denote the corresponding
solutions. By continuity in initial conditions and parameters uniformly on a compact
time interval [0, T], we have

@(ta Uoy, w]) - @(ta Uo, (“J)v
as j — oo for ¢ € [0,T].
Combining all of these partial results for ¢ € (t,,t,+1) we obtain
un (toj, w;) — @(t, w0, w)| < |un(uoj, w;) — x(t, uoj,wj)| +
|z (t, uoj, wj) — x(t, up,w)| < OMp + ((wg(d; R) + wr(d; R) +
1
LRMR5)L—62LRT + |z(t, uoj, wj) — z(t, up,w)|
R

which converges to zero as the maximum step-size § converges to zero and j tends
to oo.
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Chapter 11

Global attractors of non-autonomous
Navier-Stokes equations

This chapter is devoted to the study of non-autonomous Navier-Stokes equations.
It is proved that such systems admit compact global attractors. This problem is
formulated and solved in the terms of general non-autonomous dynamical systems.
We give conditions of convergence of non-autonomous Navier-Stokes equations . A
test of existence of almost periodic (quasi periodic, recurrent, pseudo recurrent)
solutions of non-autonomous Navier-Stokes equations is given. We prove the global
averaging principle for non-autonomous Navier-Stokes equations.
We consider the two-dimensional Navier-Stokes system

2
u + q(t) Z u;0;u = vAu — Vp + ¢(t)
i=1
divu =0, ulsgp =0, (11.1)

where D is an open bounded set with boundary 9D € C?. This equation can be
written in the following form

u + Au+ B(t)(u,u) = f(t) (11.2)

on the corresponding Sobolev’s space E, where —A is a Stokes operator, B(t) is a
bilinear form satisfying the identity

Re(B(t)(u,v),w) = —Re(B(t)(u, w), v) (11.3)

for all t € R and u,v,w € F, and f is forcing term.

In the work [112],[140],[199],[200] there is studied a non-stationary equation
(11.2), when f is a function of time ¢ € R. It is shown that the equation with
compact f (in particularly, almost periodic) admits a compact global attractor and
also for small nonlinear (bilinear) term it was proved the existence a unique almost
periodic (quasi periodic, periodic) solution of equation (11.2) if the forcing term f
is almost periodic (quasi periodic, periodic).

The aim of the chapter is to study the equation (11.2) in the case, when the the
bilinear operator B, and the function f are non-stationary. The conditions under

357
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which a non-stationary equation of type (11.2) admits a compact global attractor
are indicated.

The theorem of "partial” averaging on finite interval for ordinary differential
equations it was proved in the work [183]. The works [140],[199] and [200] are
devoted to generalization of method of averaging for dissipative partial differential
equations. We prove the theorem of ”partial” averaging for non-autonomous Navier-
Stokes equation (11.2) (i.e. the bilinear form and forcing term are non-stationaries).

This chapter is organized as follows:

In Section 1 we introduce a class of non-autonomous Navier-Stokes equations
and establish its dissipativity (Theorem 11.4).

In Section 2 we prove that non-autonomous Navier-Stokes equations admit a
compact global attractor (Theorem 11.6).

Section 3 is devoted to study of the problem of existence of almost periodic
(quasi periodic, recurrent, pseudo recurrent) solutions of non-autonomous Navier-
Stokes equations (Corollaries 11.3) and we give the conditions of convergence of this
equations (Theorem 11.8).

In Section 4 we prove the uniform averaging principle for the non-autonomous
Navier-Stokes equations on the finite segment (Theorem 11.9).

Section 5 is devoted to prove the global averaging principle for non-autonomous
Navier-Stokes equations on the semi-axis (Theorems 11.10,11.11 and 11.12).

11.1 Non-autonomous Navier-Stokes equations

Some results from the theory of semigroups of linear operators [188] and PDEs
[199], [294],[314] are collected below.

A closed operator A with domain D(A) that is dense in a Banach space X is
called a sectorial operator if for some a € R and ¢ € (0, §) the sector

Sap ={A € C,m > |arg(A — a)| > ¢} (11.4)

is contained in the resolvent set and for A € S,

c

I-—A) Y xox < ———.
T = ) o € o

(11.5)

For a sectorial operator A the analytic semigroup of linear bounded operators
in X is defined and denoted by e~4%, ¢t > 0.

Let A be a sectorial operator with Reg(A) > 0. For o € (0, 1) we define fractional
powers of A as follows:

1 oo
A% = (A7) where A7 := —/ to e~ At
) (@ Jy
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The corresponding domains D(A®) are Banach spaces with norm given by
| o =1"Ipaay = [A% - |.
Theorem 11.1  The following estimates are valid:
(1)

le | x—x < Ce™®, >0, (11.6)

(2)
A% | x . x < Cut™ %™, t>0. (11.7)
Let Q be a compact metric space, R = (—o00,+0), (,R,0) be a dynamical
system on 2, £ be a real or complex Hilbert space, L(£) be the space of all linear
continuous operators on &, L?(€) be the space of all bilinear continuous operators
B:E&x & — F and C(Q, W) be a space of all continuous functions f : Q — W (W

is some metric space), endowed with the topology of uniform convergence. Let us
consider the equation

u' + Au+ B(wt)(u,u) = f(wt), (11.8)

(w € Q) where wt = o(t,w),B € C(Q,L%(E)), f € C(Q,E) and A is a linear
operator.

Below we will use some notions, denotations and results from [200]. Let Hilbert
spaces B, F, X satisfy E C F; E,F,X C &, each embedding being dense and
continuous.

Operator A. We further suppose that the linear operator A is densely defined in
& and such that the linear equation

w4+ Au=0 (11.9)
generates the cp-semigroup of linear bounded operators
e At ESE ot x) = e M,

which for t > 0 can be extended to the linear bounded operators from F to E
satisfying the following estimates

le Y pop < Ke™®, (11.10)
le | pep < Kt e ™ 0<og <1, (11.11)

|Ae™ | pp < Kt™%2e7 %, 0 < ap < 2. (11.12)
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We also suppose that the following condition is satisfied
AeM = At A, (11.13)

in the sense of L(F,E) := {A: F — E |A is linear and bounded } equipped with
the operationel norm.

Bilinear operator B. Denote by L?(E,F) the space of all bilinear continuous
operators B : £ x E — F with the norm

|B| := sup{|B(u,v)|r : |ulp <1,lv|p <1}
Let C(Q, L?(E, F)) be a space of all continuous mappings B : 2 — L?(E, F) and
Cp :=sup{|B(w)(u,v)|r : weQ, |lulg <1,|v|g <1},

then the mapping F : Q@ x E — F (F(w,u) := B(w)(u,u)) satisfies the following
inequality

|B(w)(u1,u1) = B(w)(uz, u2)|r < Cp(|ui|p + |uz|p)lur — ua|k (11.14)

for all uy,us € E.
From the inequality (11.14) follows that on every ball B[0,R] := {u € FE
|ulg < R} we have

|B(w)(u1,u1) — B(w)(ug, u2)|lr < 2CpR|u; — uzlg (11.15)

for all uy,us € E.

Remark 11.1  The space of all the bilinear continuous operators C(Q, L*(E, F))
is a Banach space with the norm | B| := Cp.

Function f. The external force f : Q — X is continuous, i.e. f € C(Q,X).
Operators e~4t. The operators e~4? (t > 0) can be extended to the linear
bounded operators from X to E satisfying the estimates

le | x—p < KtPre @ 0< 6 <1, (11.16)

[Ae= | x—p < Kt P27 0 < 3y < 2, (11.17)

and the equation (11.13), this time in the sense of L(X, E) .
We suppose that the following conditions are fulfilled:

(1) there exists a > 0 such that
Re{Au,u) > alu|% (11.18)

for all w € E; ;
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Re(B(w)(u,v),w) = —Re(B(w)(u, w), v) (11.19)
for every u,v,w € F and w € Q.
Remark 11.2  a. It follows from (11.19) that
Re(B(w)(u,v),v)) =0 (11.20)

for every u,v € E and w € Q).
b.

|B(w)(u,v)|r < Cplulelvle (11.21)

for all u,v € E and w € §, where Cp = sup{|B(w)(u,v)|r : w € Q, u,v €
E, |ulg <1, and |v|g < 1}.

The equation (11.8) with conditions (11.18) and (11.19) is called a non-
autonomous Navier-Stokes equation. We will consider the mild solutions of the
equation (11.8), i.e. u € C([0,T], E) and satisfy the following integral equation

u(t) = e—Afor/O e~ A=) (—B(ws)(u(s),u(s)) + f(ws))ds. (11.22)

Theorem 11.2 Let zp € E, r > 0 and the conditions (11.10),(11.11) and (11.18)
are fulfilled, then there exist positive numbers § = 0(xo,r) and T = T'(xo,r) such
that the equation (11.22) admits a unique solution p(t,x,w) (x € Blzo,d] :=={z €
E | |z —x0| < d}) defined on the interval [0,T] with the conditions: ¢(0,z,w) = x,
lo(t, z,w) — x| < 7 for all t € [0,T] and the mapping ¢ : [0,T] x Blzg,d] x Q —
E ((t,z,w) — @(t,x,w)) is continuous.

Proof. Let g € E, r >0, 6 > 0 and T > 0. We consider a space Cy, s of all
continuous functions ¢ : [0, T] x B[z, ] x Q — B[zg, r] equipped with the distance

d(1,¥2) = sup{|1(t, z,w) — Y(t,z,w)|g : 0<t < T,z € Blxo,d],w € Q}

is a complete metric space.
We define the operator ® acting onto Cy, 5,7 by the equality

(®Y)(t, z,w) = e Au +/0 e~ A=) (ZB(ws)(¥(s, z,w), (s, z,w)) + f(ws))ds.
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There exist §1 = d1(xo,7) > 0 and Ty = Ti(xo,7) > 0 such that ®Cy 57 C
Cyoror forall § € (0,61] and T € (0,71]. In fact,

() (t, z,w) — 20| < |6 — 20| +

|/t€A(ts)B(wg)(¢(57x7w)7w(s,aﬁ,w)))dsE + |/teA(ts)f(ws)ds|E <
0

(o T)+ /Ke_a(t It =)~ (s, 2, w)[Fds +

1—aq
/ Ko=)t — 5) 7| flds < m(8,T) + K (ol +1)?~

1-— (5]
-5
+E|flI7 1= dy(xo,7,6,T) — 0
— b
as 0 + T — 0, where m(5,T) := sup{le "2 — a9|p : t € [0,T],2 € Blxg,r]}
and || f] = sup{|f(w)|x : w € Q}. Thus there exist é; = d1(zg,r) > 0 and

Ty = T1(xo,r) > 0 such that dy(zg,7,0,T) <7 for all 6 € (0,61] and T € (0, T1].
Let now 1,19 € Cam,r,d,T, then

[(@eh1) (¢, 7, w)) — (Pipa) (¢, 7, w))|E =
|/O [B(WS)(¢1(SaIaw)awl(sv'wi)) - B(ws)(d)Q(vavw)vwQ(vavw))”E <
2Cs(|lzo|p + 1) Td(1h1,92)

and, consequently, d(®yq1, D) < L(xo,r,T)d(1,v2), where L(zo,r,T) :=
2CB(|xo] + )T — 0 as T — 0. Thus there exists To = Tu(xg,r) > 0 such
that L(zo,r,T) < 1 for all T € (0,T3]. Denote by 6(zg,r) := d1(x0,7) and
T(xg,r) = min(Ti(xo,7), T2(x0,7)), then the mapping ® : Cypyrs1 — Crgror
is a contraction and, consequently, there exists a unique function ¢ € Cyy 51
satisfying the equation (11.22) on the interval [0,7]. The theorem is proved. O

Remark 11.3 The theorem 11.2 is true and for the equation
u + Au = F(wt,u)
if the continuous function F : Q x E — F satisfies the following conditions:
(1)
sup{|F(w,0)|g : we N} <0

(Q ,generally speaking, is not compact);
(2) F is locally Lipschitz, i.e. for every r > 0 there exists L(r) > 0 such that

|[Flw,ur) = Flw,uz)|r < L(r)|u; — us|p

for all ui,us € E with condition: |u;|g <r (i =1,2).
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Theorem 11.3 Let K be a family of solutions of equation (11.22) satisfying the
following condition: there exists a positive constant M such that |z(t)|pay < M
for allt € Ry (|z|peay := |Az|g). If there exists Cp > 0 such that

|B(w)(u,v)|r < Cplulpialv]pia

for all u,v € D(A) , then this family of functions is uniform equicontinuous on
Ry, i.e. for every € > 0 there exists 6(g) > 0 such that |t1 — ta| < & implies
|z(t1) — z(t2)| < e for all t1,t2 € Ry and z € K.

Proof. Let 1) € K and z := 1(0), then () = p(¢, z,w) for all t € R and we have
lp(t,2,w) —alp < leMa —2|p + |/ e AT (—B(ws)(p(s,2,w),
0

t
o(s,7,w)) + f(ws))ds|g < / e s zlpayds +
0
t

t
/ €05 (t — 5)" 1 Cylp(s, x,w>|%<,4>ds + / et (¢ — 5)=%1 | flds <
0 0

¢l ¢ tl A1
£l

1—041

From the last inequality we obtain
sup{|p(t, z,w) — z|p | [z|pa) < M, w €} =0
as t — 0 and, consequently,

lo(te, r,w) — p(t1, z,w)|E = [p(ta — t1, 0(t1, 2, w), wt1) — (1,2, w)|E <
Sup{l@(tQ_tlvwi)_xlE |x|D <M WEQ}—>O

as tog —t1 — 0. The theorem is proved. O

Example 11.1 We consider the two-dimensional Navier-Stokes system
2
u' + q(t) Z w; 0w = vAu — Vp + ¢(t) (11.23)
i=1
divu =0, ulsgp =0,
where D is an open bounded set with smooth boundary D € C2.

The functional setting of the problem is well known [228],[311] . We denote
by H and V the closure of the linear space {u € C§°(D)?, div u = 0} in L*(D)?
and H}(D)?, respectively. Denote by P the corresponding orthogonal projection
P : Ly(D)? — H. We further set

2
A:= —vPA, B(t)(u,v) == q(t)P(Z w;O;v).
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The Stokes operator A is self-adjoint positive with domain D(A) dense in H.
The inverse operator is compact. We define the Hilbert spaces D(A%), a € (0,1] as
the domains of the powers of A in the standard way. Furthermore, V := D(A'/?),
and |ulp(a1/2) = [Vul.

Applying P we write (11.23) as the evolution equation of the following form

u + Au+ B(t)(u,u) = F(t), F(t) = Po(t). (11.24)

Let F €C(R,H) (X := H) and B €C(R,L*(HD(A™)) (F := D(A~?)). De-
note by Y := C(R, H)xC(R,L?(H,D(A7%))) and (Y,R,0) a dynamical system of
translations (Bebutov’s dynamical system, see for example, [300],[302] and [292}).
Let Q := H(B,F) = {(B,F:)| 7 € R}, where B.(t) := B(t + 7) ( respectively
F-(t) := F(t+ 7)) for all ¢t € R, by bar we denote a closure in the compact-open

topology and (2, R, o) be a dynamical system of translations on .
Along with the equation (11.24) we consider its H-class

u' + Au+ B(t)(u,u) = F(t), (11.25)

where (B, F) € H(B,F). Let B: Q — L*(H,D(A~°%)) (respectively f : Q — H) be
a mapping defined by equality

B(w) = B(B,F) = B(0) (f(w) = f(B,F) = F(0)),

where w = (l';', .7:') € , then the equation (11.24) and its H-class can be written in
the form (11.21).

We now set in the notation above E := D(AY?), X := H, F := D(A~°%) and see
that (11.10)-(11.12), (11.18) and (11.16)-(11.17) are valid with ay = 1/2+ 6, 1 =

1/2, B2 =3/2.

According to Theorem 11.2 through every point € H passes a unique solution
o(t, z,w) of equation (11.8) at the initial moment ¢ = 0. And this solution is defined
on some interval [0, t(z.w)). Let us note, that

w'(t) = 2Re(¢'(t, x,w), p(t, z,w)) = 2Re(A(wt)p(t, z,w), p(t, z,w))

(
+2Re(B(wt)(p(t, x,w), p(t, z,w)), p(t, z,y)) + 2Re(f(wt), o(t, z,w))
= 2Re(A(wt)p(t, z,w), p(t,z,w)) + 2Re(f (wt), o(t, z,w))
< —2afp(t, z,w)|E + 2[ fllle(t, 2, w)| &, (11.26)

where || f|| := max{|f(w)|x : w € Q} and w(t) = |p(t, z,w)|%. Then

w < —20mw + 2|| f||jw? (11.27)
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and consequently
w(t) < v(t) (11.28)
for all t € [0,%(,,.), where v(t) is an upper solution of equation
v = —2av + 2| f||v?, (11.29)

satisfying condition v(0) = w(0) = |z|?. Thus
o) = (el — oot 1 171 (11.30)
and consequently
folt 2.l < (fal — 1L )eor 4 171 (1131)

for all t € [0,%(; ). It follows from the inequality (11.27) that solution ¢(t,,w) is
bounded and therefore it may be prolonged on R} = [0, +00).
Thus we have proved the following theorem.

Theorem 11.4 Let the conditions (11.18) and (11.19) are fulfilled. Then the
following statements hold:

(i) Every solution ¢(t,x,w) of non-autonomous Navier-Stokes equation (11.8) is
bounded and therefore it may be prolonged on R .

(ii)

le(t, z,w)|p < C(|z[p), (11.32)
forall t >0, we Qand x € E, where C(r) =71 if r > rg := ”aﬂ and
C(r)y=ro ifr <ro;

(iii)
limsup sup{|¢(t, z,w)|rg :|z|lg <rweQ} < I (11.33)
t—+oo o
for every r > 0.
Lemma 11.1  Under the conditions of Theorem 11.4 we have
t+1 P2
| e wlbar < o T = M0) (11.31)

for allt >0 and r > rg.
Proof. From the equality (11.27) after integration in ¢ between ¢ and ¢+ we obtain

t+1
20 / o, 2, W) 3dr < Lot z,w)[% + 20| £ (11.35)
t
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and,consequently,

t+1 r2
| etraldr < o+ Sl = M) (1136)
(|

Lemma 11.2 ([314, Ch.3]) (The Uniform Gronwall Lemma). Let g, h, y, be
three positive locally integrable functions on |tg, 0o[ such that y' is locally integrable
on Jtg, 00[, and which satisfy

y < gy+h fort>tg,
t+1 t+1 t+1
/ g(8)ds < aq, / h(s)ds < as, / y(s)ds < az fort > to,
¢ t t
where l, a1, a2,as, are positive constants. Then
as a
y(t+1) < (7+a2)e LVt > .
Theorem 11.5 Under the conditions of Theorem 11.4 if

(B(w)(w, v), w)] < Clu[/2|Aul2 o]y o]l (11.37)
VueD(A), veV, weH,

then
lo(t, z,w)lpay < K(r) Viz| <r (r =) (11.38)

for allt >0 and w € ), where K (r) is some positive constant depending only on r.

Proof. Since

lo(t,z,w)| % (11.39)

DO =
&

<A90(t7 T, w)7 (P(tﬂ Z, w)) =

by taking the scalar product of (11.8) with Au we find

2 folt W)l + |Ap(t, 2, )} + (11.40)
(Blp(t.2,), plt, . ), Ag(t,,0)) = (F(wt), Ag(t,z.0))

Taking into account the inequality

[(f(wt), Ap(t, z,w))| < [f (Wb |Ap(t, 2,0)|E <

LAt + 1P (11.41)
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and using (11.39) and the Young inequality we obtain
[(B(w)(p(t, z,w), ¢(t, z,w)), Ap(t, z,w))| <
crlp(t, z,w)[V2|lo(t, 2, w) || Ap(t, 2, w) P < (11.42)

1
1Atz W) + cle(t z,w) o (t 2, W)

Hence
1d 2 2 2 1 2
S gtz wlI” +[Ap(t 2, W) < [[fI7 + 5lAp(t z,0)" +
cilo(t, 2, )Pl (t, z,w)|*. (11.43)

From this inequality according to Gronwal lemma we can prove that
lo(t, z,w)|p(a) is uniformly (w.r.t. z and w) bounded on interval [0,!]. Applying
the uniform Gronwal lemma with g, h, y replaced by

il w)Pllet,z, o) 112, letz,w)l? (11.44)

we obtain that [|(t, z,w)||? is bounded on [, 00[ and, consequently, it is bounded

on [0, co[ uniformly w.r.t. ||z|| <r and w € Q. The theorem is proved. O

11.2 Attractors of non-autonomous dynamical systems

Lemma 11.3 The non-autonomous Navier-Stokes equation (11.8) generates a
cocycle ¢ ( or more explicit (E,p,(Q,R,0))), where p(t, z,w) is a unique solution
of equation (11.8) defined on Ry with the initial condition p(0,z,w) = x.

Proof. In fact, according to Theorems 11.2 the mapping ¢ : XE x Q —
E ((t,z,w) — ¢(t,x,w)) is continuous and in view of uniqueness of solution
o(t, z,w) we have the following identity: ¢(t + 7,z,w) = @(t, (1,2, w),wT) for
allt,7 € Ry, z € E and w € Q, where wt := o(1,w). O

Example 11.2 Let E be a Banach space and C(R x E, E) be a space of all
continuous functions F' : R x ' — FE equipped with the compact-open topology.
Let us consider a parameterized differential equation

Ccll_:f_FAaj:F(O'tw,,I) (we Q)

on a Banach space E with Q := C(R x E, E), where oww := o(t,w) and the linear
operator A is densely defined in F and such that the linear equation

v +Au=0
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generates the cp-semigroup of linear bounded operators
e M E - E, o(t,x) = e M.

We will define oy : @ — Q by ow(-,+) = w(t + -,-) for each t € R and interpret
(t, z,w) as mild solution of the initial value problem

%x(t) + Az = F(oww, z(t)), z(0) =x. (11.45)

Under appropriate assumptions on F' : Q x F — E (or even F : R xE — E with
w(t) instead of oww in (11.45)) to ensure forwards existence and uniqueness, then
¢ is a cocycle on (C(R x E, E),R, o) with fiber E, where (C(R x E,E),R,0) is a
Bebutov’s dynamical system (see for example [32],[102],[292]) [300].

Definition 11.1 Recall that the cocycle (W, ¢, (Y,R,0)) is called compact
(asymptotically compact) if the skew-product dynamical system (X,Ry,7) (X =
W xY,7m = (p,0)) is compact (respectively asymptotic compact).

Let (X,R4,m) be compact dissipative and K be a compact set, which attracts
all compact subsets of X. Suppose

J = Q(K), (11.46)

where Q(K) = (),50U,>; 7K. The set J is called the Levinson’s center of the
compact dissipative syste_m (X, Ry, ).

Applying general theorems about non-autonomous dissipative systems (see
Chapter 2) to non-autonomous system constructed in the example 11.2, we will
obtain series of facts concerning the equation (11.8). In particular, from Theorems
11.4, 2.19 and 2.20 follows the theorem below.

Theorem 11.6  Let Q be a compact metric space, (Q,R, o) be a dynamical system
on Q and the conditions (11.18) and (11.19) are fulfilled. If the cocycle ¢ generated
by non-autonomous Navier-Stokes equation is asymptotically compact, then for ev-
ery w € §Q there exists a non-empty compact and connected I, C E such that the
following conditions hold:

(1) the set I =U{I, : w € Q} is compact and connected in E;
(2) I is connected if Q is connected;

(3)
lim sup B(U(t,w “YM,I) =0

t—>+00w69
for any bounded set M C E, where U(t,w) = ¢(t,-,w) and [ is the semi-
distance of Hausdorff;
(4) U(t,w)l, = L, for allt € Ry and w € §;
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(5) I, consists of those and only those points x € E through which passes the
solution of the equation (11.8) bounded on R.

Theorem 11.7  Under conditions of Theorem 11.6
fott. )] < 171
e

forallt e R, w e Q and x € 1, where ¢ is a cocycle, generated by non-autonomous
Navier-Stokes equation.

Proof. The set J = |J{I, x {w} : w € Q} is a Levinson’s center of dynamical
system (X,R,,7) and according to (11.46) for any point (ug,y0) = z € J there
exists ¢, — +oo,u, € F and w, €  such that the sequence {u,} is bounded,
up = lm @(tn, tn,w,) and wy = liI_‘I_l wWnty. From the inequality (11.27) follows

n—-+o0o n—-+oo
that |ug| < @, ie. p(t,z,w) € I for allw € Q and ¢ > 0, hence |p(t, z,w)| < ”aﬂ
for any t € R,z € I, and w € €. The theorem is proved. O

11.3 Almost periodic and recurrent solutions of non-autonomous
Navier-Stokes equations

Definition 11.2  An autonomous dynamical system (Q, T, o) is said to be pseudo
recurrent if the following conditions are fulfilled:

a)  is compact;

b) (,T,o) is transitive, i.e. there exists a point wg € € such that Q =
{wot |t € T};

¢) every point w € Q is stable in the sense of Poisson, i.e.

Ny = {{tn} | wtn — w and |t,| — +oo} # 0.

Lemma 11.4 ([105]) Let ((X,Ty,7),(Q,Ta,0),h) be a non-autonomous
dynamical system and the following conditions are fulfilled:

1) (Q,Ty,0) is pseudo recurrent;
2) v € C(Q,X) is an invariant section of the homomorphism h : X — Q, i.e.
h(y(w)) =w and y(o(t,w)) = 7(t,y(w)) for allw € Q and t € Ts.

Then the autonomous dynamical system (v(2), Tq, ) is pseudo recurrent too.

Definition 11.3 The solution ¢(t,z,w) of non-autonomous Navier-Stokes equa-
tion (11.8) is called recurrent (pseudo recurrent, almost periodic, quasi periodic),
if the point (z,w) € H x Q is a recurrent (pseudo recurrent, almost periodic, quasi
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periodic) point of skew-product dynamical system (X,Ry,7) (X = H x Q and
T = (¢,0)).

We note (see, for example, [238] and [300],[302]) that if w € Q is a stationary
(T-periodic, almost periodic, quasi periodic, recurrent) point of dynamical system
(Q,R,0) and h : Q — X is a homomorphism of dynamical system (2, R, o) onto
(X,R4,m), then the point z = h(w) is a stationary (r-periodic, almost periodic,
quasi periodic, recurrent) point of the system (X, R, 7).

Let X := H x Q and 7 := (¢, 0), then mapping h : Q@ — X is a homomorphism
of dynamical system (Q,R,o) onto (X,R4,7) if and only if h(w) = (u(w),w) for
all w € Q, where u : @ — H is a continuous mapping with the condition that
u(wt) = p(t, u(w),w) for all w € Q and ¢t € Ry

The following affirmations hold:

Lemma 11.5 Let Q be a compact metric space, A be a linear operator densely
defined in E such that the equation

¥+ Az =0
generates a co-semigroup {U(t)}i>0. If the condition (11.18) is fulfilled, then
IU@)] < exp(—at)

for all t € Ry, where U(t) is a Cauchy operator of equation (11.48).

Proof. Let ¢(t,z) := U(t)z, then according to the inequality 11.18 we have

d
Zlptt, ) < —2alp(t, o)

and, consequently,|p(t, )| < exp(—at)|z| for all x € H and ¢ € R;. Thus we have
|U(t)z| < exp(—at)|z|, therefore ||U(t)|| < exp(—at) for all t € R. O

Lemma 11.6  Suppose that the condition (11.18) is fulfilled. Then for every func-
tion f € C(Q, H) there exists a unique function v € C(2, H) defined by equality

0
Y(w) = /_ U(—7)f(wT)dr
such that

Y(wt) = o(t,7(w), w) (11.48)
for every w € Q and t € Ry, where p(t,x,w) is a solution of equation

u = Au+ f(wt)
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with the initial condition p(0,x,w) = x and the following inequality

1
7 < =1l
«

takes place.

Proof. The formulated statement results from Lemma 11.5 and Proposition 7.33
from [47]. O

Lemma 11.7 Let Q) be a compact metric space, the cocycle ¢, generated by the
non-autonomous Navier-Stokes equation (11.8) and a™2||f||C < 1, then the follow-
ing inequality

|
y L1, W) — y L2, W) >~ € % 1 — T2
ol ot 2,0)] < e~(@=Co L

_ sl
_Oé

(x1,22 € B[0,10],70 : yweQandt € Ry)

takes place.

Proof. Let rg := Wl and 29,2, € B[0,ro] :={z € E : |z| < ro}. According to

[e%

Theorem 11.4 we have |p(¢t, z;,w)| < 1o for all t > 0,w € Q and i = 1, 2. Denote by
P(t) == p(t, 1, w) — p(t, £2,w), then we obtain
d
V@O = 2Re{AY(t), (1)) + 2Re(B(wt) (¥(t), ¢(t, 22,w)), ¥(#)) <
=2alip(t)|* + 2Cp|p(t, v2,w)|[¥(t)]* <
20w (0 + 205 L (o2 = —2(a - 05 e

and, consequently,
o(a—Cp Ll
() < e g 0) 2.
Thus we have

ot 71, w) — p(t, w9, w)| < =BT gy — g

(x1,22 € B[0,ro],w € Qand t € Ry)

for all z1,x9 € B[0,ro],w € Q and t € R;. The Lemma is proved. a

Theorem 11.8 Let ) be a compact metric space, @ be the cocycle, generated by
the mon-autonomous Navier-Stokes equation (11.8) and ”fl‘# < 1. Then there
exists a function v € C(2, B[0,79]) such that:

a.

V(wt) = p(t,7(w), w) (11.49)
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for every w € Q and t € Ry, where ¢(t,x,w) is a solution of equation (11.8)
with the initial condition (0, z,w) = x;

b.
It < 121,
(0%
(11.50)
C.
lp(t,@,w) — y(wt)] < e @Dz — y(w)] (11.51)

forallz e E, we N andt € Ry, where ||| := sup{|y(w)| :w € Q}.

Proof. Let I := C(Q, B[0,10]) (C(€2, E)) be a space all the continuous functions
f:Q — BJ[0,rq] (respectively f: Q@ — E ) equipped with the distance

d(f1, f2) = max{|fi(w) = fa(w)| : weQ}.

Then (T, d) ( respectively (C(2, E),d)) is a complete metric space.
Let t € R,. We define the mapping St : ' — C(Q, E) by the equality
(S)(w) == U(t,w Hr(w™)
forallw € Q, where w™" := o(—t,w) and U (¢,w) := ¢(¢, -,w). According to Theorem
11.4 we have St*(I") C T for all ¢t € Ry. It easy to see that the family of mappings
{8t |t € Ry} possesses the following properties:

(1)
S0 = Idr

and
(2)
StJrT — StST
for all t,7 € Ry.
Thus {S? | t € R} } forms a commutative semigroup with identity element. Now

we will show that the mapping S*(t > 0) is a contraction. In fact, let vy, € T,
then we have

(S'v1)(w) — (S've) (W) = U(t,w Dy (w™h) = Ut,w He(w™). (11.52)

From the lemma 11.7 and the equality (11.52) it follows that

d(S'vy, S've) < e~ (@=Cs Haﬂ)td(ul, va)
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for all t € R, and, consequently, there exists a unique common fixed point v € T,
i.e. Sty =~ for all t € Ry. In particularly

Ut,w " )y(w™) =)
for all t € Ry and w € 2. From this equality follows that
Y(wt) = U(t,w)y(w) = ¢(t,7(w), w)

forallt € Ry and w € Q.

Let x € E,p(t,z,w) be a unique solution of equation (11.8) with the initial
condition ¢(0,z,w) = x and v € I" the function with the property (11.49). Denote
by ¥(t) := p(t, z,w) — y(wt), then we have

L0 = 2Re( Ap(1), p(1)) + 2Re(Blwt) (W(0), 7(wh), v(1) <
~2af4(t)|® + 205y (WD) < —2alp(0)]? +
205 )2 = 20 - o o2
and, consequently,
()2 < e 2 Ca by o),
Thus we have
ot 2, w) —y(wt)] < e @B D g — 5 (w)|

forallz € B, w € Q and t € R;. The theorem is proved. d

Corollary 11.1  Under the conditions of Theorem 11.8 there exists a unique func-
tion v € C(Q, E) such that

V(wt) = p(t,7(w), w) (11.53)

forallt e Ry and w € Q.

Proof. Let ¥ € C(, E) be a function satisfying the equality (11.53) and v € T' =
C(9, B0, rg]) the function from Theorem 11.8. Since F(wt) = ¢(t,F(w),w) for all
t € Ry and w € , then according to the inequality (11.51) we have

_ (a—Cp 111
F(wt) —(wt)] < e @O (W) — y(w)| (11.54)
for all t € Ry and w € Q. In particularly, from (11.54) we obtain

[T(w) = ()] < | < em@=C it 7 — (11.55)
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forallt € Ry and w € Q, where w™" := o(—t,w) and ||[—7|| := max{|7(w) —y(w)]| :
w € Q}. Passing to the limit in the inequality (11.55) we obtain ¥(w) = v(w) for all
w e ]

Corollary 11.2  Under the conditions of Theorem 11.8 the equation (11.8) admits
a compact global attractor {I, : w € Q} and I, = {y(w)} for all w € Q, where
v €T is a function from Theorem 11.8.

Corollary 11.3 Let Q be a compact minimal set containing only the periodic
(quasi periodic, almost periodic, recurrent, pseudo recurrent) motions, then under
conditions of Theorem 11.8 the non-autonomous Navier-Stokes equation (11.8))
admits a unique periodic (quasi periodic, almost periodic, recurrent, pseudo recur-
rent) solution y(wt) and every other solution of this equation is asymptotic peri-
odic (asymptotic quasi periodic, asymptotic almost periodic, asymptotic recurrent,
asymptotic pseudo recurrent).

Proof. Let v € T' be a function from Theorem 11.8, then according this theorem
we have ¢(t,v(w),w) = v(wt) for all t € Ry and w € Q and, consequently, the
solution ¢(¢,v(w),w) is periodic (quasi periodic, almost periodic, recurrent). Let
o(t, z,w) be a arbitrary solution of equation (11.8), then taking into consideration
the inequality (11.51) we conclude that (¢, x,w) is asymptotic periodic (asymp-
totic quasi periodic, asymptotic almost periodic, asymptotic recurrent, asymptotic
pseudo recurrent). 0

11.4 Uniform averaging for a finite interval

We shall be dealing with the non-autonomous Navier-Stokes equation
u +cAu+ eB(wt)(u,u) = ef (wt), (11.56)

where € € [0,£0], A is linear and B(w) is a bilinear operator, f is a forcing term.

Eristence of partial averaged. Below we will suppose that B(w) = Bp(w) +
Bi(w) (Bo, By € C(Q,L*(E, F)) for all w €  and the average of Bi(w) is equal to
0, that is,

t

1
lim —= [ Bi(wr)dr =0 (11.57)

t—oo 0

uniformly with respect to w € Q.

Remark 11.4 1. The condition (11.57) is fulfilled if a dynamical system (Q, R, o)
is strictly ergodic, i.e. on Q exists a unique invariant w.r.t. (Q,R, o) measure p.
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2. According to Lemma 5.1 from [104] the equality (11.57) takes place if and
only if there exists a positive continuous on Ry function k with tlim k(t) = 0 such
that

1 t
0
forallwe Q andt e Ry.

The bilinear operator By € C(2, L?(E, F)) satisfies the condition
Re(Bo(w)(u,v),w) = —Re(Bo(w)(u,w), v) (11.59)

for all u,v € E and w € F.

The forcing term f(w) = fo(w) + f1 (w) for all w € Q (fo, f1 € C(2, X)) and
the function f; has the average which is equal to 0, i.e. there exists a positive
continuous on Ry function k; with tli)rgo k1(t) = 0 such that

I%/0 ki (wr)dr|x < ki(t) (11.60)

forall we Q and t € Ry
Along with equation (11.56) we consider also the partial averaged equation

u + Az + eBo(wt)(u, u) = e fo(wt). (11.61)

If we introduce the ”slow time” 7 := et (¢ > 0), then the equations (11.56) and
(11.61) can be written in the following way

u’—l—Au—i—B(wg)(u,u) :f(wg) (11.62)
and
ﬂ’+Aﬂ+Bo(wg)(a,a) = fo(wg). (11.63)

We will consider the mild solutions «(¢) and @(t) of the equations (11.62) and
(11.63), i.e. u,u € C([0,T], E) and satisfy the following integral equations

u(r) = e ATy 4 /OT e_A(T_S)(_B(wS)(u(S)7u(s)) + f(wz))ds, (11.64)
and
a(r) = e~ + /OT e_A<T—s>(_BO(w§)(g(s), a(s)) + fo(wz))ds. (11.65)

Denote by (7, z,w,€) (@(7,x,w,€)) a unique solution of equation (11.64) (re-
spectively (11.65)). According to Theorem 11.4 the cocycle (-, -, -, &) ((-, -, €)),
generated by equation (11.64) (respectively (11.65)), has an absorbing ball
B[0, Ry] (B[0, Ro]) in E, where Ry := UL (R, .= Iooly " This means that for
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every ball B[0, R] (respectively B[0, R]) there exists a positive number L = L(R)
(respectively L = L(R)) such that

U(t,w,e)B[0, R] € B[0, Ro] (11.66)

(U(t,w,e)B[0, R] C B0, Ry)) (11.67)

for all t > L (t > L),e € [0,g0] and w € Q, where U(t,w,e) := o(t,-,w,e)
Ut,w,e) = @(t,-,w,e).

According to Theorem 11.4 the cocycle ¢(-,-,-,¢) (@(,,-,€)) is uniformly
bounded for t > 0, that is, for every ball B[0, R1] (B[0, R1]) there exists a ball

B[0, Rs] (B[0, Rs]) such that

U(t,w,)B[0, Ry] € B[O, Ro] (11.68)

(U(t,w,e)B[0, Ry] C B[0, Rs)) (11.69)

for all t > 0,e € [0, 0] and w € 2.
Let C(Rx E, E) be the space of all continuous functions f : Rx £ — E equipped
with compact open topology and let F C C(R x E, E).

Theorem 11.9 Let L > 0 be arbitrary but fized. If p(0,z,w,e) = (0, x,w, &) =
x € B[0, Ry, that is, the initial points coincide and belong to the absorbing ball of
equation (11.63) and the condition (11.32) is fulfilled, then the following relation
takes place

sup{|o(t, 7, w,e) — p(t,r,w,e)|lp : 0<t<L, |z|g < Ro, we Q} — 0 (11.70)

as € — 0.

Proof. The proof below goes along the same lines as the proofs of the correspond-
ing results from [140],[199] and [200]. We set v(t) = o(t,z,w,e) — @(t,x,w,¢).
Subtracting the equation (11.64) from the equation (11.65), we obtain

oft) = / =94 B(w ) (0(s), (s, 7, 0,€))

E
B(wz)(tﬁ(s,x,w,s),v(s)))ds—/0 e<t—s>ABl(w§)(¢(s,x,w,s),
w(s,x,w,s))ds—k/t =41 (ws)ds (11.71)
0
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According to Theorem 11.4 |p(t, z,w, €)|, |p(t, z,w, )| < 7o for all ¢ > 0, where
o = max{ -+ thl “{;” }. In view of (11.71) v(t) satisfies the inequality

|E<|/ DB (0(s), pls, 7,0,2) +
B )(@(s,7,,€), o(5)))dslz + | / B, () (p5,2,,2),
@(s,x,w,e))ds|E+|/ =941 (b2)ds|p | (11.72)
0 &

for all ¢ € [0, L]. By (11.11) and (11.12) we see that the first term on the right-hand
side of (11.72) is less than

¢
210K Cp / =aU=5) (¢ — )91y (s) | mdls . (11.73)

0
We now show that the sum of the second and third terms in (11.72) tends to

0 as € — 0 uniformly w.r.t. ¢t € [0, L], |z] < Ry and w € Q. Before estimating the
second term, we must integrate it by parts. We have

t
/ e~ (t=9)Ap, (wz)(cﬁ(s, W), §(s, z,w)ds =
0

etA /t Bi(w S)(@(s 2,w), 3(s, ,w)ds + (11.74)
/ Ae= (= S)A/ B (w (1,2,w), ¢(T, 2, w)drds.
Hence
[ B 00,00 2 <
[ B 00,0, 200, )l + (11.75)
| [ e [ B prnw). otrawirds <
“Hho(e) 4 T (e) = efe),
where
) 1= sup{] / Bu(w ) (@(s,2,w), ¢ls, 2,0)ds| s

w €, |z[p < Ro, OgtgL}.
(11.76)
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According to Lemma 6.13 k2(¢) — 0 as € — 0, because according to Theorems
11.5 and 11.3 the family of functions K := {¢(,z,w) : |z|p < Ry, w € Q} is
equicontinuous on R;.

We begin with the third term. Integrating by part in s and taking into account
the inequalities (11.11)-(11.12), (11.16)-(11.17) and (11.59) we find

t
|/ eI (w d8|E At/ filw d8—|—

/ Aelt— S)A/ filw des|E < ||eATHXHE|/ fi(w ds|X+

[ 1A / fiw?)dslx

tf
< Kt'=Pie “tkl /K YL=B2g=alt=)p, (2 %ygq, (11.77)
3

Let « € [0,1),v € (0,1) and 3 € [0,2). Since

t t

-) < sup t%k1(=)+ sup t%k1(t) <
0<t<ev € ev <t<L

t%k
1(5
k1 (0) + L% (¢¥™') - 0ase — 0

and

t ev t
/sl’ﬁkl(f)ds:/ slfﬁ/ﬁ(f)dw/ s Pk (2)ds (11.78)
0 € 0 € v €

v(2-5) (120 _ cr(2-9))
< v—1
_k1(0)2_6 +/€(E —2—ﬁ
EU(2_B) v_1 (L2_ﬁ — EV(Q_B))
_k1(0)2_6 + k(") 55 ase — 0
uniformly w.r.t. ¢ € [0, L] and w € €2, then
t
sup | [ e®94f (w)ds|p — 0 as e — 0. (11.79)
o<t<rL Jo €
Thus,
t
lv(@®)|e < C(e) + D/ (t —s)"*u(s)|rds (11.80)
0

for all t € [0, L], where C(e) := Ke **(L'=%1 + L'=P2)k; (£) + ¢(e) - 0 ase — 0
and D := 2R,CpK.
We now use the known inequality [188, Ch.7]. If

<a+b/ u(s)ds, 0 < <1, (11.81)
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then
u(t) < aGg([bT(B)]YPt), (11.82)

where G, (z) is a monotone function, while I'(3) is a gamma function.
In our case we have

lv(t)|e < C(e)Ga([bL ()] Pt) < (11.83)
C(e)Ga(p(B))YPL) == d(e) - 0 (B :=1—a; € (0,1])

as € — 0 uniformly w.r.t. w € Q, z € B[0, Rg] and ¢ € [0, L] for every L > 0. The
theorem is proved. O

11.5 The global averaging principle for Navier-Stokes equations

Let Q be a compact metric space, (2,R, o) be a dynamical system on Q, F be a
Banach space and (E, ¢, (Q,R,0)) be a cocycle on (2, R, o) with fiber E.

Definition 11.4 A family of nonempty compact sets { I, | w € Q} (I, C E)

is called a local attractor (local forward attractor) if the followings conditions are
fulfilled:

(1)
I=J{l : weq}

is compact;

(2)

O (t 1o w) = I

Y Tw o(t,w)
for all t € Ry and w € §;
(3) there exists Ry > 0 such that I C B(0, Ry) :={z € E| |z| < Rp} and

lim sup 6(@@73[03}%0]’@)71) =0

=00 ,eq

(respectively lim sup B(p(t, B0, Ro],w), L¢) = 0)

=00 ,eq

Theorem 11.10 Let A be a compact metric space, E be a banach space and
©x (A € A) be a cocycle on (Q,R,0) with fiber E. Suppose that the following
conditions are fulfilled:

(1) the cocycle ¢y, admits a local forward attractor,
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(2) the following relation takes place

mp () == sup{|pa(t, z,w) — px, (t,z,w)| :
0<t<Lwe,|z| <Ry} —0 (11.84)

as A — Ao for every positive number L;
(8) every cocycle py is asymptotically compact.

Then the next statements are valid:

a. there exists a positive number p such that for all A € B[Ao,u] := {\ € A
PN\, Ao) < p} the cocycle @y admits in B[0, Ro] a forward attractor {I, : w €
0}

b.

sup B(IX, 1)) — 0

wrtw
weN

as A — Ao.

Proof. Let p > 0 be an arbitrary small number such that B[I*°, p| C B[0, Ro]. We
choose L = L(%) according to the condition
p
3]
for all w € Q and t > L(§). Now we choose eg = ¢o(L) so that m(\) < £ for all
A E B[)\(), 80].

Let t; := L, then we have ¢, (t1,2z,w) € B[IS;’I, 2] and pa(t,r,w) €
B[0, Ry]. We take the point z1 := @y (t1,2,w) as the initial point and we con-

@, (t, B0, Ro),w) C B[,

sider @y (¢, z1,wt1) on the segment [0, L],
Pro (1, wt1); @At 21, wth) = Ea(t palts, 7, w), wt1) = ea(t + 1, 2, w).

On this segment @y (¢, 21, wt1) and @y, (t, 21, wt;) will diverge by the value less than
£. Since oy, (t, 21, wt) € B[Isgl, 2], we get px(2t1, 2, w) € Bllat,, %”]

If we take the point x5 := @) (2t1,z,w) as the initial one, then we see that the
situation is similar to that occurred at the previous step.

Repeating this process, we arrive at a conclusion that ¢y (¢, z,w) € B[, p] C
B(0, Ry) for all t > L(§) and w € €. Since the cocycle ¢, is asymptotic compact
then it admits a forward attractor {I, : w € Q} such that I* := J{I) : w €
Q) C B[I, p] and, consequently, 3(I*,1*) — 0 as A — Ao.

Below we proved the inclusion @) (¢, B[0, Ro],w) € B[I)?, 2] for all t > L and
w € Q and, consequently, we obtain

ox(t, B0, Ro],w) C BT, g] (11.85)
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for all t > L and w € (). Taking onto consideration that

= (U ea(r. B0, Rol, o (=7,w)) (11.86)

t>0T12>t

from (11.85) and (11.86) it follows that I} C B[I°, p] forallw € Qand A € B[\o, &
and, consequently, sug B(I), 1)) — 0 as A — Ag. The theorem is proved. 0
we

Remark 11.5 1. The second condition of Theorem 11.10 is fulfilled, for example,
if the space E is finite-dimensional and the mapping ¢ : Ry X E X Q x A — E,
defined by the equality o(t,x,w, ) := p\(t,z,w), is continuous.

In fact, if we suppose that it is not true, then there exist Ly > 0, A\ — Ao, = €
B0, Ryl, t; € [0, Lo] and wy, € Q2 such that

lox, (ks Ty Wh) — O (tks T, Wi )| > €0 > 0. (11.87)

Since the sets B[0, Ro],Q and [0, Lg] are compacts, we can suppose that the se-
quences {zy}, {tx} and {wy} are convergent. Denote by to := hm te, To : hm T
and wq = hm wy. Passing to limit in the equality (11.87) and takmg into account
the contlnulty of the mapping ¢ we obtain 0 > g¢. The obtained contradiction prove
our statement.

2. Under the conditions of Theorem 11.10 if we suppose that the cocycle ¢y,
admits a compact global forward attractor {I2° : w € Q}, i.e.

hm sup B, (t, B0, R],w), I,:) =0

t—00 ,eq

for every R > 0, then should be naturally to hope that for the A sufficiently close to
Ao the cocycle oy also will admits a compact global forward attractor {I : w € Q}
in the small neighborhood of I1*°. Unfortunately, generally speaking, this assertion
s not true.

In fact, let g be a cocycle (dynamical system) generated by the equation 2’ =
—z and @) be a cocycle generated by the equation ' = —z + Az (A > 0). It is
clear that the cocycle ¢y (¢5) admits a compact global attractor 1 = {0} (I* =
[~A~1/2,A71/2]). In the small neighborhood of the attractor I° = {0} the cocycle

A ( for small \) admits a local (but not global) attractor I* = {0}.

Theorem 11.11  Let A be a compact metric space, (2, R, o) be a dynamical system
on the compact metric space Q, E be a Banach space and @y (A € A) be a cocycle
on (R, o) with fiber E. Suppose that the following conditions are fulfilled:

(1) the cocycle vy, admits a compact global forward attractor;
(2) the following relation takes place

mL()‘) = Sup{|<p>\(t7wi) — Pxo (tvwi” :
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0<t<L, weQ, [z[<Ro}—0

as A — Ao for every positive number L;
(3) every cocycle oy admits a compact global attractor {I}) : w € Q};
(4) the set I :=J{I* : X\ € A} is bounded in E.

Then the following equality

lim sup B(I), 1)) =0
A=20 wen

is fulfilled and, in particularly,

: A T
Alinioﬂ(f i )—O.

Proof. Suppose that the conditions of the theorem are fulfilled. According to the
condition 4. there exists a positive number Ry such that I C B(0, Ry). Reasoning
as in Theorem 11.10 for all p > 0 we will find a L = L(£) > 0 and dp = do(p) > 0
such that

oa(t, I3, w) C B[, pl

s Lwo

for all t > L and w € ) and, consequently,
I3 = oAt Iy(—rw) 0(—t,w)) € B[I2°, p]

for all w € Q and p(A, A\g) < dp. The theorem is proved. O

Theorem 11.12 Let ¢ € (0,e9), Q be compact and connected and ¢. ( ¢:) be a
cocycle generated by the equation (11.56) (respectively by the equation (11.61)).
Suppose that the following conditions are fulfilled:

(1) B(w) := Bo(w) + B1(w) (w € ), Bo,B1 € C(Q, L*(E,F));

(2) the bilinear forms B and Bq satisfy the condition (11.19);

(8) the average of Bi(w) is equal to 0, i.e. tlg(r)lo 7 fot Bi(ws)ds = 0 uniformly w.r.t.
w € Q;

(4) the bilinear form By satisfies the condition (11.32);

(5) the cocycles w. and @e (€ € (0,£0])) are asymptotically compact .

Then the following statements are true:

a. for every e € (0,g9]) and w € Q the set I5, :=={x € E : the solution ¢.(t,z,w)
of equation (11.57) is defined and bounded on R} (respectively IS, := {x €
E | the solution ¢.(t,x,w) of equation (11.61) is defined and bounded on R})
is nonempty, compact and connected;

b. the cocycle v (@) admits a compact global attractor {I5 : w € Q} (respectively
{If : weQ});
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c. the set I¢ (respectively I¢) is compact and connected;

d. the set I .= \J{I° : ¢ € [0,e0]} (respectively I := \J{I° : e € [0,&0]},
where I¢ := |J{I5 : w € Q}) is compact, where I¢ := J{I5 : w € Q},
I°=10=J{I? : weQ} and {I° : w e Q} is a compact global attractor of
equation (11.61), when € = 1;

e. 515% B(I¢,1°) = 0, where 3 is a semi-distance of Hausdorff;

I If a dynamical system (, R, o) is periodic, i.e. there exists wy € 0 such that
woT = wp and Q = {wot : t€[0,7)}, then

lim sup{B(I:,1°)} = 0.

e=04,eq

Proof. Let € € (0,£0), 2 be compact and connected and . ( @.) be a cocycle
generated by the equation (11.56) (respectively by the equation (11.61)), then we
have

ve(t, x,w) = p(et, x,w, €) (11.88)
(respectively @.(t,z,w) = @(et, x,w, )

for all t € Ry, € E and w € Q, where ¢(-,-,-, &) (respectively @(-,-,-,€)) is a
cocycle generated by the equation (11.62) (respectively (11.63)). From the equality
(11.88) it follows that {I5 : w € Q} (respectively {I : w € Q},) is a compact
global attractor of the equation (11.62) (respectively (11.63)). Now to finish the
proof of theorem it is sufficient to apply Theorems 11.9, 11.11, 7.7 and Lemmas 7.3,
7.4. The theorem is proved. O
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Chapter 12

Global attractors of V-monotone
dynamical systems

Differential equations with monotone right hand side make one of the most studied
classes of nonlinear equations (see, for example, [30], [185], [240], [316], [333] and
the literature quoted there).

The problem of existence of almost periodic solutions of monotone nonlinear
almost periodic equation has been studied by many authors (see [113], [114], [184],
[189], [238], [316], [333] and others).

The purpose of this chapter is to study the global attractors of general V- mono-
tone non-autonomous dynamical systems and their applications to different classes
of differential equations (ODEs, ODEs with impulse, some classes of evolutionary
partial differential equations).

For autonomous equations an analogous problem was studied before (see, for
example, [20], [43]7[314])7 but for non-autonomous dynamical systems this problem
is considered for the first time in our book.

12.1 Global attractors of V-monotone NDS

Lemma 12.1 Let (X,S4,m) be a compactly k-dissipative dynamical system with
the Levinson’s center J. Then the dynamical system (X X X,Sy, 7 x 7) (where
mxm(t, (x1,22)) := (7(t,x1), 7(t, 22)) for allt € S and x1,x2 € X ) is also compactly
k-dissipative and J x J is its Levinson’s center.

Proof. Let (X,S4,m) be a compactly k-dissipative dynamical system. Then there
exists a nonempty compact K C X such that

lim B(x'M,K) =0 (12.1)

t——+oo

for every M € C(X). Let K/ := K x K and M’ € C(X x X). Then from the
equality (12.1) follows that

lim B((r x 7)'M’, K') =0

t——+o0

385
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and, consequently, (X x X,S;, 7 x m) is compactly k-dissipative and the set J' :=
O(K') is its Levinson’s center. We note that Q(K x K) C Q(K) x Q(K) and,
consequently J' C J x J, because J = Q(K). On the other hand, the set J x J is a
compact invariant set for the dynamical system (X x X, S, 7 x ) and, consequently,
J x J C J' because J' is a maximal compact invariant set in (X x X,S,, 7w x 7).
The Lemma is proved. g

Let © be a compact topological space , (E, h,2) be locally trivial Banach strat-
ification [29] and |- | be a norm on (E,h, ) co-ordinate with the metric p on E
(that is p(x1, x2) = |21 — z2| for any x1,z2 € X such that h(x1) = h(z2)).

Recall that a non-autonomous dynamical system ((X,T,7), (,S,0),h) is said
to be uniformly stable in positive direction on compacts of X [62], if for arbitrary
e > 0and K C X there is § = d(e, K) > 0 such that the inequality p(z1,z2) <
§ (h(x1) = h(zz)) implies that p(wtzy, wlze) < e for t € TT.

Denote by X xX = {(z1,72) € X x X | h(z1) = h(x2) }.

Definition 12.1 The non-autonomous dynamical system ((X,Sy,n), (©,S, o),
h) is called (see [113], [114] and [333], [238]) V-monotone, if there exists a function
V : XxX — R, with the following properties:

a. V is continuous.
b. V is positively defined, i.e. V(z1,22) = 0 if and only if 21 = x.
c. V(xat,xat) < V(my,29) for all (z1,22) € XxX and t € S;.

Theorem 12.1 Let {((X,S4,7),(Q,S,0),h) be V-monotone and compactly dissi-
pative, then it is uniformly stable in positive direction on compacts from X.

Proof. Let ((X,S4,m),(Q,S,0),h) be a V-monotone non-autonomous dynamical
system and let it be not uniformly stable in positive direction on compacts from X.
Then there are g9 > 0, a sequence {¢,} C S; (¢, — 400 as n — +00), a sequence
8, — 0 (6, > 0), a compact Ko C X and sequences {z},} C K (i = 1,2) such that

plrh, 22) < 8, and p(zlt,,z2t,) > co (12.2)

n? n

for all n € N. Since the dynamical system ((X,Sy,7),(£,S,0),h) is com-
pactly dissipative, then we may suppose without loss of generality that the se-
quences {z}} (i = 1,2) and {zit,} (i = 1,2) are convergent. We denote by

rt = lirf i (i = 1,2) and 7 = lir+n xit, (i = 1,2). According to the in-
n—-+oo n—7Too

equality (12.2) we obtain z' = 2% and #! # 2. On the other hand, in view of V -
monotonicity of ((X,S4,7), (2,S,0), k), we have

V(optn, v2t,) < V(zh x2) (12.3)

n? n
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for all n € N. Passing to limit in (12.3) as n — 400, we obtain the equality z! = 72

which contradicts to the inequality (12.2). This contradiction proves Theorem 12.1.
(]

Corollary 12.1  Let ((X,Sy,7),(2,S,0),h) be a V-monotone compactly dissipa-
tive non-autonomous dynamical system and 0 be minimal. Then:

1. J is uniformly orbitally stable in positive direction, i.e. for € > 0 there is
d(g) > 0 such that the inequality p(x, Jp(z)) < 0 implies that p(7'x, Jy(xty)) < €
fort >0;

2. J is an attractor of compact sets from X, i.e. for e >0 and a compact K C X
there is L(e, K) > 0 such that 7' K, C B(Jy,u,€) for w € Q and t > L(e, K),
where B(M,¢) := {z € X | p(x, Mp(zy) < e}

3. all motions on J can be continued to the left and J is bilaterally distal;

4. Jy = XN J for w € Q and is a connected set if X, is connected, and for
distinct w1 and wa the sets J,, and J,, are homeomorphic;

5. J is formed of recurrent trajectories, and every two arbitrary points xi,x2 €
Juw (w € Q) are mutually recurrent.

Theorem 12.2  Let ((X,S4,7), (,S,0),h) be a V-monotone compactly dissipa-
tive non-autonomous dynamical system, ) be a minimal set and J be its Levinson’s
center. Then

V(ait, zat) = V(z1,22) (12.4)

for all z1,x9 € J such that h(z1) = h(xz).

Proof. Let x1, x5 € J be such that h(z1) = h(z2). Then according to Corollary 12.1
21,29 € Jy (h(z1) = h(ze) = w € Q) are mutually recurrent and, consequently,
the function ¢ € C(S,R) defined by the equality ¢(t) := V(z1t,zot) (¢t € S) is
recurrent. On the other hand, since ((X,S;,7),(2,S,0),h) is V-monotone, we
obtain ¢(t2) < ¢(t1) for all to > 1 (t1,t2 € S). As the function ¢ is recurrent and
monotone, then it is a constant. In fact, if we suppose that there exists to > t;
such that ¢(t2) < &(t1), then in virtue of the recurrence of the function ¢ there
exists a sequence {s,} such that s, — +o0o0 as n — +oo and ¢(s,) — @(t1).
On the other hand, ¢(s,) < ¢(t2) for a sufficiently large n and, consequently,
d(t1) < &(t2) < @(t1). The obtained contradiction proves Theorem 12.2. O

Corollary 12.2 Under the conditions of Theorem 12.2, if a non-autonomous
dynamical system ((X,S4,7),(Q,S,0),h) is strictly monotone, i.e. V(x1t, xat) <
V(z1,22) for allt >0 and (x1,72) € X xX (21 # x2), then J, := J[) X,, consists
of a single point for all w € Q).
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Theorem 12.3  Let ((X,S4+,7),(Q,S,0), h) be a V-monotone compactly dissipa-
tive non-autonomous dynamical system with the compact minimal base 2 and J be
its Levinson’s center. Then for every point x € X, there exists a unique recurrent
point p € J, such that

lim p(xt,pt) =0, (12.5)

t——+o0

i.e. every trajectory of this system is asymptotically recurrent.

Proof. Let w € Q and x € X, be an arbitrary point. Since {(X,S1,7),(£,S, 0),h) is
compactly dissipative, then the semi-trajectory {at | t € S, } is relatively compact.
According to Lemma 22.29 from [32], there exists a recurrent point p € wy NXwu
and a sequence t,, — 400 such that

lim p(aty,pt,) = 0. (12.6)

n—-+o0o

According to Theorem 12.1, the non-autonomous dynamical system ((X,S;,7),
(Q,T,0), h) is uniformly stable in positive direction on compact K := {zt | t € ST }.
Let € > 0 and 6 = (e, K) > 0 be chosen out of the uniform stability of K. Then
from equality (12.5) we have p(zt,,pt,) < (¢, K) for all sufficiently large n and,
consequently,

p(x(tn +1),p(tn, +1)) <e

for all ¢ > 0 or p(xt,pt) < e for every t > t,, i.e. the equality (12.5) holds.

Thus, we found a recurrent point p € w; () X, satisfying the equality (12.5). It
is clear that p € J,. Now we will prove that point p with the property (12.5) is
unique. Let us suppose that p1,ps € J,, and

ti}Tm plat,pit) =0 (12.7)

for ¢ = 1,2. Then according to Corollary 12.1 the points p; and ps are mutually
recurrent. In particular, there exists a sequence t,, — 400 such that

Jm pitn = pi (1 =1,2). (12.8)

On the other hand, from the equality (12.7) we have
nglfm p(P1tn, p2tn) = 0. (12.9)
From (12.8) and (12.9) follows that p; = pa. The theorem is completely proved. O

Corollary 12.3 Under the conditions of Theorem 12.3 the following assertions
hold:
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(1) w-limit set (which is denoted as w, ) of every point x € X is a compact minimal

set.
(2) if x1,220 € Xy (wE Q), then wy, = wyy OF Wy, [we, = 0.

12.2 On the structure of Levinson center of V-monotone NDS

Definition 12.2 (X, p) is called [189] a metric space with segments, if for any
x1,22 € X and «a € [0,1] the intersection of Blx1,ar] (a closed ball with its center
at x and radius ar, where r = p(z1,x2)) and Blza, (1 — a)r] consists of a unique

element S(o,x1,x2).

Definition 12.3 A metric space (X, p) is called [189] strictly-convex, if (X, p) is
a metric space with segments and for any x1,x2,25 € X, 23 # z3 and a € (0,1)
there holds the inequality p(z1,S(a,z2,x3)) < max{p(z1,z2), p(z1,23)}.

Definition 12.4 Let X be a strictly metric-convex space. A subset M of X is
said to be metric-convex, if S(a,x1,22) € M for any a € (0,1) and z1, 22 € M.

We note that every convex closed subset X of the Hilbert space H equipped
with the metric p(x1,z2) = |1 — 22| is strictly metric-convex.

Let x € X. Denote by ®, the family of all entire trajectories of the dynamical
system (X,Sy,7) passing through the point z for t = 0, i.e. v € &, if and only if
7 :S — X is a continuous mapping with the properties: v(0) = x and wiy(1) =
v+ 7) forallt € Sy and 7 € S.

Theorem 12.4  Let ((X,S4,7),(Q,S,0),h) be a V-monotone compactly dissipa-
tive non-autonomous dynamical system, J be its Levinson center and the following
conditions be held:

1. V(x1,22) = V(x2,21) for all (z1,72) € XxX.

2. V(xy,22) < V(xr,x3) + V(xs,z2) for all x1,x2,23 € X with the condition
h(z1) = h(xz2) = h(xs).

3. the space (X,,V,) is strictly metric-conver for all w € Q, where X, =
hl(w) ={zr € X|h(z) =w} (we Q) and V, := V]|x,_ xx,-

Ifye, € O, (1 =1,2) and x1, 22 € J,, (w € Q), then the function~y : S — X (y(t) =
S, vz, (1), 72, (1)) for all t € S) defines an entire trajectory of the dynamical system
(X, S+, 7T) .

Proof. Let w € Q, a €[0,1] and x1, x5 € J,,. We denote by z := S(«, x1,22). Let
Yz; € Py, (1 =1,2). Consider the function v : S — J defined by the equality

V() = S(, Ve, (1), Vo (1)) (12.10)
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for all t € S. We will show that ~ is an entire trajectory of (X,Sy,n) with the
condition v(0) = z. In fact, according to Theorem 12.2

V(mi(t):72(t) = V(zr,22) =d

for all t € S. Since V(y1(¢),v(t)) = ad for all t € S and ((X,S,n), (Y,S,0),h) is
V-monotone, we have

Vn(t+7),7'y(r) = V(r'y(r), 7'y(1)) < V(1(7),7(1)) < ad
and
V(va(t+17),79(7)) = V(r'y2(r), (1)) < V(32(7),7()) < (1 - a)d
and, consequently,
(1) € Sl it +7),72(t + 7))

So, wy(7) =~(t+7) for all T € S and t € S;. Now we will prove that the function
v is continuous. It is clear that « is continuous on S;. Let ty € S, {5 < 0 and
t=1to+h (|h] < d, § >0). Then we have

p(¥(to + h),y(to)) = p(r'oHoIHOThy (—|tg] — 5),
plotltol+3~ (_Ito| — 8)). (12.11)

Passing to limit in (12.11) as h — 0, we obtain %irr%) Y(to + h) = v(to). O
We denote by £ = {a € C(S4+,R4) | a(0) =0, a is strictly increasing}.

Theorem 12.5 Under the conditions of Theorem 12.4, if, in addition, a non-
autonomous dynamical system ((X,Si,7),(%,S,0),h) is boundedly k-dissipative
and there exists a function a € I with the property tlirf a(t) = +oo such that

a(p(x1,x2)) < V(xy,22) for all (z1,72) € X% X, then J,, will be metric-convex for
all w € Q, where J,, := J( X, and J is the Levinson’s center of (X,S4, ).

Proof. Let w € Q, x1,29 € Jy,a € (0,1) and z := S(a,z1,22). We will show
that x € J,. Since J is invariant, there exist entire trajectories y; and s such
that v;(0) = z; (¢ = 1,2) and ;(t) € Jy,w for all t € S. Consider the function
v :S — J defined by the equality (12.10). According to Theorem 12.4, the mapping
v defines an antire trajectory of the dynamical system (X, S, 7) . We note that the
trajectory v is bounded. In fact, by the construction of v we have V(71 (t),~(t)) <
ad, and according to the conditions of Theorem 12.5 we obtain a(p(y(t),v1(t))) <
V(v(t),71(t)) < ad. and, consequently, p(v(t),71(t)) < a~*(ad) for all t € S. Thus,
the trajectory v is bounded and, taking into account that the set v(S) is invariant
and the Levinson’s center J attracts every bounded set from X, we have z € J,,.

The theorem is proved. g
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12.3 Almost periodic solutions of V-monotone systems

Let (X, p) be a metric space.

Definition 12.5 Recall that a function ¢ : S — X is called almost periodic (in
the sense of Bohr), if for every € > 0 there exists a relatively dense subset A. of R
such that

plp(t+1),0(t) <e
forallt € Rand 7 € A..

Lemma 12.2 [238] Let Q be a compact minimal set and M C X be a compact
invariant set of (X,Sy,m). If the non-autonomous dynamical system {((X,Sy, ),
(Q,S,0),h) is distal on M in negative direction, then the mapping w — M, =
M (N X, is continuous with respect to the Hausdorff metric.

Lemma 12.3 Let M C X be a compact invariant set of (X,S4,m). If the non-
autonomous dynamical system ((X,S4,m),(Q,S,0),h) is uniformly stable in posi-
tive direction on compacts from X, then ((X,S4,7), (Q,S,0), h) is distal in negative
direction on the invariant set M.

Proof. We will prove that under the conditions of Lemma 12.3 a compact invariant
set M is distal in negative direction. Really, if we suppose the contrary, then there
exist wg € Q,t, >0, x1 29 (21,22 € M and h(z1) = h(x2)) and 7., € ®,, (i =
1,2) such that

p(7$1 (_tn)v Vo (_tn)) —0

as n — +oo. Let g9 = p(x1,22) > 0 and 09 = (g9, M) > 0 is chosen from the
condition of the uniform stability in positive direction of ((X,S4,7), (2, S,0),h) on
M. Then for sufficiently large n we have

p(A/Il (_t’ﬂ)v Yo (_tn)) < 50

and, consequently,

p(ﬂ-t’)’wl (_tn)7 7rt'ym2 (_tn)) <éo
for all ¢ > 0. In particular, for ¢t = —t,, we have

tn

pla1,2) = p(r*" Yoy (—tn), T Yay (—tn)) < €0 = p(@1, 22).

The obtained contradiction proves the necessary statement. |

Corollary 12.4  Under the conditions of Lemma 12.3, if Q is a compact minimal
set, then the mapping w —— J,, is continuous with respect to the Hausdorff metric.
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This assertion follows from Lemmas 12.2 and 12.3.

Lemma 12.4 Let (M, p) be a compact strictly metric-convezr space and E be a
compact sub-semigroup of isometrics of the semigroup M™ (i.e. E C MM and
p(€x1,€xa) = p(a1,x2) for all x1,x2 € M ). Then there exists a common fixed point
TEM of E,ie £Z)=1T forall§ € E.

Proof. Let xg be an arbitrary point of M . We denote by £(z) = sup p(&(z), zo)

{EE
and
by = mlél{/lf(x) (12.12)
Let {x,} C M be a minimizing sequence for (12.12), i.e.
1
by < l(xy) <o+ — (12.13)
n
for all n € N. Since the set M is compact, we may suppose that the sequence {z,,}
is convergent. Let 2’ = linILl Zn. Then passing to limit in the inequality (12.13),

we obtain ¢(z’) < £y. On the other hand, ¢(z) > ¢y for all x € M and, consequently,
Uz') = bo. Weput M' = {x € M | £(z) = o }. Then M’ # (). The set M’ is
invariant with respect to the semigroup FE, i.e. £(M’) C M’ for all £ € E. In fact,
let n € F and ' € M'. Then

t(n(a’)) = sup p(&(n(z")), z0) < sup p({(2'), z0) = £(z") = Lo
nek {ee
and, consequently, ¢(n(z")) = £o. We will show now that the set M’ contains a
single point. Really, if we suppose the contrary, then there exist z1, 2o € M’ (x1 #
x2). We consider z = S(%,xl,zz), which is an element from M, because M is
strictly metric-convex. Since the semigroup F is compact, then under the conditions
of Lemma 12.4 there exists £ € F such that ¢y < £(z) = p(&(x),z0). On the
other hand, according to the strict metric-convexity of M we have p(&(z),z¢) <
max{p(&(x1),x0), p(€(x2),x0)} < £y and, consequently, £(x) < ¢y. The obtained
contradiction proves that M’ contains a unique point Z. Taking into account the
invariance of the set M’ with respect to the semigroup E, we have £(Z) = Z for all
¢ € E. The Lemma is proved. O

Theorem 12.6 Let ((X,Si,m),(9Q,S,0),h) be a V-monotone bounded k-
dissipative NDS, J be its Levinson’s center and the following conditions be held:

1. V(x1,22) = V(x,21) for all (z1,72) € XxX.
2. V(xy,x2) < V(x1,23) + V(xs,22) for all x1,20,23 € X with the condition
h(xl) = h(xg) = h(l’g)
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3. the space (X,,V,) is strictly metric-conver for all w € Q, where X, =
hlw)={zeX |h(z)=w} (weQ) and V, :=V]x xx,-

Then the set-valued mapping w — J,, admits at least one continuous invariant
section, i.e. there exists a continuous mapping v :  — J with the properties:

h(v(w)) =w and v(o(t,y)) = w(t,v(w)) for allt €S and w € Q.

Proof.  According to Corollary 12.1, under the conditions of Theorem 12.6 the
semi-group dynamical system (X,S,,7) defines on J a group dynamical system
(J,S, 7). Let wg €  be an arbitrary point of Q , J be the Levinson’s center of
the dynamical system (X,S;,7) and E = E(J,S, ) be the Ellis semigroup of the
dynamical system (J,S, ), i.e. E(J,S,7) = {xt |t €S }, where by bar we denote
the close in J7 (J7 is equipped with the topology of Tihonoff). We denote by
E.,, = {¢ € E| &Ju,) C Ju,}- Then under the conditions of Theorem 12.2,
E., # 0 is a compact sub-semigroup of Ellis of the semigroup E. According to
Theorem 12.2, we have V(&(z1),&(x2)) = V(x1,29) for all (z1,22) € Juy X Ju,
and consequently, under the conditions of Theorem 12.6 we have a strictly metric-
convex (with respect to the complete metric V,,, = V|J,, x J,,) compact set
Ju, and a compact semigroup of isometrics E, acting on J,,,. Applying Lemma
12.4, we obtain a common fixed point Z,, € J,,. We denote by ¥ := H(Z,,) =
{Zwot | t €S }. Tt is clear that ¥ is a compactly invariant set of (J, S, 7). Obviously,
Yo = 2N Jwo = {Two }- We will prove that X, := X[ J, contains a single point
Z,. It is evident that X, # 0 for all w € Q, because Q and ¥ are compactly
invariant sets and €2 is minimal. Now we will prove that ¥, contains exactly one
point. If we suppose the contrary, then there exist w € Q and z1,z9 € ¥, such
that x1 # x2. Since the set Q is minimal, then there exists a sequence {t,} — —oco
such that wt,, — wy as n — +o0o. Taking into consideration the compactness of X,
we may suppose that the sequences {z;t,} (i = 1,2) are convergent. We denote
by z = HETOO x;ity. It is clear that z} € 3, and, consequently, z} = x5. On the
other hand, according to Corollary 12.3 the dynamical system (J, S, x) is distal in
negative direction and, consequently, xj # . The obtained contradiction proves
our statement. Thus, we have a compactly invariant set ¥ C J with the following
property X, = X[ J, = {z.} for all w € Q. Now we define a mapping v : Q@ — J
by the following equality: v(w) = z,, for all w € Q. It is easy to verify that v is
a continuous and invariant section of the set-valued mapping h~!. The theorem is
proved. O

Corollary 12.5 Under the conditions of Theorem 12.6 the Levinson’s center of
the dynamical system (X,Sy,m) contains at least one stationary (7 (1 > 0) - pe-
riodic, quasi-periodic, almost periodic) point, if the minimal set Q consists of a
stationary (T (1 > 0) - periodic, quasi-periodic, almost periodic) point.
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Remark 12.1 a. In the proof of Lemma 12.4 we used the well known Favard
method of minimax (see, for example, [151] and [238]).

b. In the second part of the proof of Theorem 12.6 we used some ideas of
Zhikov [238] (Ch.VII) and Shcherbakov [302] (Ch.III).

12.4 Pullback attractors of V-monotone NDS

Let E be a Banach space and (E, ¢, (2, S,0),h) be a cocycle on the state space E.
Denote by X := ExQ, (X,S;, ) a skew-product dynamical system, i.e. m = (p,0)
and ((X,S;,m), (2, S,0),h) is a non-autonomous dynamical system generated by
the cocycle ¢, where h := prqo : X — Q.

Definition 12.6 The cocycle ¢ is called V-monotone (see [113], [114], [238],
[333]), if there exists a continuous function V : E x E x Q — Rt with the following
properties:

a. V(ui,uz,w) >0 for all w € Q and uy,us € Q.

b. V(u1,u2,w) = 0 if and only if u; = us.

C. V((p(t,w,Ul),(ﬂ(t,w,UQ),a'tw) S V(u17u27w) for all Uy, Uy € E)w c O and t c
Si.

Lemma 12.5 The cocycle ¢ is V—monotone if and only if the non-autonomous
dynamical system ((X,Si,7),(Q,S,0),h) generated by the cocycle ¢ is V-
monotone.

Proof. Let ¢ be a V-monotone cocycle. Then we define a mapping V : X xX — Rt
by the equality

V((w,ur), (w,uz)) :=V(ug, ug,w) (12.14)

for all (w,u1), (w,u2) € XxX, where V : Ex ExY — R¥ is the function figuring in
the definition of V-monotone cocycle ¢ and X xX := {(x1,72) € X x X | h(x1) =

From the equality (12.14) and a.-c. follows that V' possesses the following prop-
erties:

i) V(xy1,22) >0 for all (z1,22) € XxX and V (21, 72) = 0 if and only if 21 = z2.
ii) V is continuous.
iii) V(z1t,z2t) < V(21,22) for all (z1,72) € XxX and t € Sy.

The inverse statement is proved by analogy. O

Theorem 12.7 Let ¢ be a V—monotone cocycle admitting a compact pullback
attractor {1, | w € Q } and let exist a function a € K with the property a(r) — +oo
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as v — +0o such that V(uj,us,w) > a(p(ur,u)) for all uy,us € E and w € Q. If
the NDS ((X,S4,7),(Q,S,0),h) generated by the cocycle ¢ is a-condensing, then
it admits a compact global attractor J and J, = I, X {w} for every w € Q, where
Jo=h"NOJ.

Proof. First step: we will prove that under the conditions of Theorem 12.7 all
trajectory of the dynamical system (X,Sy,7) are positively compact. Really, let
z € X (z:=(u,w)) and q := (p,w) € J, := I, X {w} be an arbitrary point. Then
in virtue of the V' —monotonicity of the cocycle ¢ we have

V(p(t,u,w), p(t, p,w), o1w) < V(u, p,w) (12.15)

for all t € S;. From the inequality (12.15) results that {o(¢t,w,u) | ¢t € S } is
bounded. If we suppose that it is not true, then there exists a sequence t,, — +00
such that

n—-+o0o

Under the conditions of Theorem 12.7 from (12.15) and (12.16) follows
a(p((p(tn, u,w), o(tn, p,w)) — +00

as n — +oo. The obtained contradiction proves our assertion.

Taking into consideration the asymptotic compactness of the dynamical
system (X,S;,7) and the boundedness of the positively invariant set M :=
{(o(t,w,u),oew) | t € S4 }, we conclude that it is relatively compact. Thus, under
the conditions of Theorem 12.7 every positive semi-trajectory is relatively compact.

Second step: since ¢ admits a compact global pullback attractor, then according
to Theorems 8.4 and 7.2 the set J is asymptotically stable and it is the maximal
compact invariant set of X. We will show that W*¢(J) = X. Really, let x € X be
an arbitrary point. Then its w-limit set w, is nonempty, compact and invariant,
because {zt | t € S} } is relatively compact. Taking into account the maximality
of J, we have w, C J for all x € X and, consequently, W*(J) = X, i.e. J is the
compact global attractor of (X,S;, 7). The theorem is proved. O

12.5 Applications

12.5.1 Finite-dimensional systems

Denote by R™ a real n—dimensional Euclidean space with the scalar product (,)
and the norm | - | generated by the scalar product. Let [R™] be a space of all the
linear mappings A : R™ — R™ equipped with the operational norm.
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Theorem 12.8 Let Q be a compact minimal set, F € C(Q x R*,R™), W €
C (2, [R™]) and the following conditions be held:

1.

2.

3.
/.

the matriz-function W is positively defined, i.e. (W (w)u,u) € R for all w €
Q, u € R™ and there exists a positive constant a such that (W (w)u,u) > alu|?
for allw € Q and u € R™.

the function t — W (ow) is differentiable for every w € Q and W(w) €
C(Q, [R™]), where W (w) := LW (ow)|1=0-

(W (w)(u—2)+ W (w)(F(w,u) — F(w,v)),u—v) <0 for allw € Q and u,v € R™.
there exist a positive constant r and a function ¢ : [r,+00) — (0,400) such that

(W(w)u+ W(w)F(w,u),u) < —c(u]) for all |u| > r.
Then the equation

v = F(u,ow) (12.17)

generates a cocycle p on R™ which admits a compact global attractor I = {1, | w €

Q}

s D RO =R

with the following properties:

1, is a nonempty, compact and convex subset of R™ for every w € Q.

I=J{1, | we€ Q} is connected.

the mapping w — 1, is continuous with respect to the metric of Hausdorff.

I ={l, | weQ} is invariant, i.e. o(t,w,l,) = I, for allw € Q and t € R,..

tEI-Poo Blp(t,ow)M,1,) =0 for all M € C(R™) and w € 2.

limsup{ﬁ(go(LM7 ow),I) | w e Q} =0 for any M € C(R™), where I =
—+00

Uil |we Q).

I =A{1, | weQ}is auniform forward attractor i.e.

lim sup ﬁ(g@(t;w)Mv Ia'tw) =0
t—=+00 e

for any M € C(R™).

. the equation (12.17) admits at least one stationary (T—periodic, quasi-periodic,

almost periodic) solution, if the point w € Q is stationary (T—periodic, quasi-
periodic, almost periodic).

Proof. Since the function F € C(Q x R™ R"™), then, according to the theorem of
Peano (see, for example, [186]), the equation (12.17) admits at least one solution
u(t) (t € [0,ty),t, > 0) with the condition u(0) = = for every z € R". We will
show that under the conditions of Theorem 12.8 this solution is unique. In fact,
let u;(t) (i = 1,2) be two solutions of the equation (12.17) defined on [0, o) with
the condition u;(0) = z (i = 1,2). We consider the function (W (wt)uy(t), uz(t)).
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According to the conditions 1. and 3. of Theorem 12.8 we have
alui(t) —uz(t)|* <0

for all t € [0,tg) and, consequently, uy(t) = ua(t) for all t € [0, tp).

Now we will prove that every solution of the equation (12.17) is defined on R.
Let v € R™ and ¢(t, u,w) be the unique solution of the equation (12.17) defined
on [0,t(,)). To prove that t(, ) = +oc it is sufficient to show that the solution
¢(t,u,w) is bounded on [0,%(,,)). We denote by b := max W (w)|| and T3 (u,w) =
{t € [0,tuw)) | lo(t,u,w)| <7} and To(u,w) = [0,t(,0)) \ T1(u,w). It is clear that
the set Th(u,w) is open and, consequently, Ts(u,w) = |U{(ta,?s) | 8 = B8(a) }. For

(e

all t € Th(u,w) there exists o such that t € (to,18) , |¢(ta, u,w)| = |@(t3, u,w)| and
|o(t, u,w)| > 7. Consequently,

alo(t, u,w)* < (W(ow)e(t,u,w), p(t, u,w)) < (12.18)

(W (wte)o(ta, t,w), o(ta, u,w)) < br2.

From the inequality (12.18) follows that |¢(t,u,w)| < \/gr and, consequently,

we obtain sup{|p(t,u,w)| | t € [0,tw)) } < 7o := max{r, \/gr}. Thus, the
equation (12.17) defines a cocycle ¢ on R™.

Let X = R" x Q, (X,Ri,7) be a skew-product dynamical system and
(X,R4,7m),(Q,R,0),h) be the non-autonomous dynamical system generated by
the equation (12.17). Denote by V : X — R™T the function defined by the equal-
ity V(u,w) = (W(w)u,u) for all (u,w) € X := R™ x Q. If |p(t, u,w)| > r for all
t € (t1,12) C Ry, then

%V(atw,w(t,u,w)) = (W (ow)e(t,u,w), p(t, u,w))+

<W(UW)F(Utw7 (p(t, uvw))v (p(t, u7w)> < _C(‘w(t7u7w)‘) <0.

In view of Theorem 5.3 the non-autonomous dynamical system ((X,Ry, ),
(Q,R,0),h) admits a compact global attractor.

Let V : XxX — RT be the function defined by the equality V(w,u1,uz) :=
(W (w)(u1 — uz),u; — uz). Then
d .
%V(Utu'“ (p(tv Uur, UJ), (p(tv Uz, w)) = <W(Utw)(¢(ta Uy, w) -
@(ta UQ,UJ)), (p(tv Ut, w) - (,O(t, U2, w)> +
<W(0tw)(F(Uwﬂ go(t7u17w)) -

F(ow, p(t,uz,w))) et ur,w) — ot uz,w)) <0
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and, consequently, V(ow,p(t,ur,w), p(t,uz,w)) < V(w,uj,uz) for all w €
Q, up,us € R" and t € Ry. It is easy to verify that the function V satisfies
all the conditions of Theorems 12.4, 12.5 and the statements a.-h. follow from
Corollary 12.1, Theorems 12.4, 12.5 and Lemma 12.4. The theorem is proved. [

Example 12.1 As an example that illustrates this theorem we can consider the
following equation

u' = g(u) + flow),
where f € C(Q,R) and
(w+1)? Ju< -1
g9(u) = 0 <1

—(u—=1)%), u>1.

Example 12.2 Let us consider the equation
2" +p(x)r’ + ax = f(ow),

where p € C(R,R), f € C(,R) and «a is a positive number. Denote by y :=
2’ 4 F(z), where F(z) := [ p(s)ds. Then we obtain the system

(12.19)

Theorem 12.9 Suppose the following conditions hold:

1. p(x) >0 for all z € R.
2. there exist positive numbers v and k such that p(z) > k for all |x| > r.

Then the non-autonomous dynamical system generated by (12.19) is compactly
dissipative and V —monotone.

Proof. Let X := Q x R and ((X,R4,7),(,R,0),h) be the non-autonomous
dynamical system generated by (12.19). We define the function V : X — R* by
the equality

1
V(w,2,y) =y —yF (@) + ;F*(2) + az”.
Then

%V(ﬂt (w,2,9)|e=0 = —p(2)ly — F(2)]* — axF(z) + (2y — F(2))f(w).
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According to [270] (see the proof of Theorem 12.1.2), there exists R > 0 such
that LV (7t (w,z,y))li=0 < 0 for all z* + y* > R? and V(w,z,y) — +oo as
22 + 32 — 4o0. In view of Theorem 5.3 the non-autonomous dynamical system
(X, Ry, 7m), (R, 0),h) is compactly dissipative.

Let V : XxX — Rt be the function defined by the equality
V((u1,w), (uz,w)) := (u1 — uz),u1 — uz). Then

%V(Utw, Pt ur,w), p(t ug,w)) = —(21(t) — 22(8) [F(21(2) — F(z2(2))] <0

for all t € R, where z;(t) = prip(t,u;,w) (i = 1,2), and, consequently,
V(rt(uy,w), mt(uz,w)) < V((ur,w), (uz,w)) for all ¢ € RT. To finish the proof

it is sufficient to refer to Theorem 12.8. The theorem is proved. |

12.5.2 Caratheodory’s differential equations

Let us consider now the equation (12.17) with the right hand side f satisfying the
conditions of Caratheodory (see, for example,[292]). The space of all Caratheodory*s
functions we denote by €(R x R™ R™). Topology on this space is defined by the
family of semi-norms (see [292])

k
dim (f) = max |f(t, x)|dt.

—k lz[<m

This space is metrizable, and on €(R x R™ R") there can be defined a dynamical
system of translations (€(R x R™,R™),R, o).
We consider the equation

dx

— = f(t 12.2

b fa, (12.20)
where f € €(R x R™,R™), and the family of equations

dx

— =g(t 12.21

dt g( 7‘:6)7 ( )

where g € H(f) :={fr | T € R }, and f; is a 7—translation of the function f w.r.t.
the variable ¢, i.e. f,(t,z) := f(t+ 7,2) for all t € R and € R™ and by bar is
denoted the closure in the space €(R x R™ R™). Denote by ¢(t, z, g) the solution of
equation the (12.21) with the initial condition ¢(0, g, z) = . Then ¢ is a cocycle on
R" (see, for example [292]) with the base H(f). Hence, we may apply the general
results from section 1-4 to the cocycle ¢ generated by the equation (12.20) with a
Caratheodory‘s right hand side and obtain some results for this type of equations.
For instance, the following assertion holds.

Theorem 12.10 Let f € €(R x R™, R™) be an almost periodic function in t € R
(in the sense of Stepanoff [238]) uniformly w.r.t. x on compacts from R™, i.e. for
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every € > 0 and compact K C R"™ the set

1
TlefK) = {r € R| [ max|f(t+7+s.0)~ e+ s5,0)ds << )
0 xr

is relatively dense on R. Suppose that

1. (f(t,z1) — f(t,z2), 21 — x2) <O for allt € R and 1,22 € R™.
2. there exists a positive constant r and a function ¢ : [r,+00) — (0,400) such
that (f(t,u),u) < —c(|u|) for all |u] > r.

Then on R™ the equation (12.20) generates a cocycle ¢ which admits a compact
global attractor I ={I, | g € H(f) } with the following properties:

1, is a nonempty, compact and convexr subset of R for every g € H(f).
I={I; | g€ H(f) } is connected.

the mapping g — I4 is continuous with respect to the metric of Hausdorff.
I={I,| g€ H(f)} is invariant, i.e. @(t,g,1y) = I,,4 for all g € H(f) and
teRy.

ti}g_nooﬁ(cp(t,a—tg)M, I;) =0 for all M € C(R™) and g € H(f).

I tETmsup{ﬂ(w(t,a_tg)M,I) | g € H(f) } = 0 for any M € C(R™), where

I'=U{l, ge H(f) }-
g. I={ly | g€ H(f) } is a uniform forward attractor, i.e.

&0 =R

®

lim sup G(p(t,9)M,1I54) =0
b=t gen(f)
for any M € C(R™).

h. the equation (12.20) admits at least one stationary (T—periodic, quasi-periodic,
almost periodic) solution, if the function f € €(R x R™ R™) is stationary
(T—periodic, quasi-periodic, almost periodic) in t € R uniformly w.r.t. = on
compacts from R™.

Proof. This theorem is proved using the same arguments that we used in the proof
of Theorem 12.8. O

12.5.3 ODEs with impulse

Let {tx}rez be a two-sided sequence of real numbers, p : R — R" be a continuously
differentiable on every interval (tg, tx+1) function, continuous to the right in every
point ¢t = tx, bounded on R, almost periodic in the sense of Stepanoff and

pl(t) = Z Skétkd

keZ

where si := p(tr +0) — p(tx — 0).
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Consider the equation with impulse

dx

E = f(t, ZL') + Z Sk(stk
kEZ

or, what is equivalent,

d

d—f = f(t,x) + ' (t) (12.22)
and paralelly consider the family of equations

d

= = g(t.2) + () (12.23)

where (g,q) € H(f,p) := {(f+,p:)|T € R} and by bar we denote the closure in the
product-space €(R x R™ R™) x €(R,R").

Denote by ¢(t,, g,q) the unique solution of the equation (12.23) (see [170] and
[279]) satisfying the initial condition ¢(0,z,g,q) = . This solution is continuous
on every interval (¢x,tr+1) and continuous to the right in every point ¢ = t) (see
[170] and [279]).

By the transformation

z:=y+q(t) (12.24)
we can bring the equation (12.23) to the equation

Y = glty (o) (12.25)

Theorem 12.11 Let f € C(R x R",R"™) be a Bohr’s almost periodic function in
t € R uniformly with respect to x on every compact from R™ and p € €(R,R™) be a
Stepanoff ’s almost periodic function. Suppose that (f(t,x1) — f(t,22),21 — 22) <0
for allt € R and that there exist positive numbers a, L1, Lo and r such that

(f(t.x),2) < —Lfe|**" and |f(t,2)| < Lofa|*

for allt € R and |z| > r (x € R").
Then the equation (12.22) admits a compact global attractor {Ii4 4 | (9,q9) €
H(f,p) } with the following properties:

a. Iig.q) is a nonempty, compact and conver subset of R" for every (g,q) € H(f,p).

b. I =U{Igq | (9.9) € H(f,p) } is disconnected.

c. I={Igq |(g9,9) € H(f,p) } is invariant, i.e. p(t,14q),9,q) = Ly, (g.q for all
(9,9) € H(f,p) and t € Ry.

d. lim Be(t,01(g,a)) M, Lig,q) =0 for all M € C(R") and (9,q) € H(f,9)-

e. lim sup{B(e(t,0-¢(9,9))M, 1) | (9,9) € H(f,p) } =0 for any M € C(R"),

where I = U{I(4,q) | (9,9) € H(f,p) }.
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fI={I;| g€ H(f)} is a uniform forward attractor ,i.e.

tilgloo (9>q)S€uI£)(f7p) Blelt 0, M, o (g’q)) B
for any M € C(R™).

g. the equation (12.22) admits at least one stationary (T - periodic, quasi-periodic,
almost periodic in the sense of Stepanoff) solution, if the function (f,p) €
CR x R",R") x €(R,R") is stationary (T - periodic, quasi-periodic, almost
periodic in t € R) uniformly w.r.t. © on compacts of R™.

Proof. Let ¢(t,x,g,q) be the cocycle generated by the family of equations (12.23)
and @(t,y, g,q) be the cocycle generated by the family of equations (12.25). Then
we have the following equality

o(t,z,9,q) = q(t) + &tz — q(0),9,9)). (12.26)
We will show that it is possible to apply Theorem12.10 to the equation
dy

Really,
(ft,y1 +p(t) — f(t,y2 +p(t), y1 — y2)

for all t € R and y1,y2 € R, and

(ft,y+p(t),y) = (f(ty +p{),y +p(t) = (f(t,y +p(t),p() < (12.27)

— Ly + p(t)|*T + La|lpll |y + p(t)|*

for all t € R and |y + p(¢t)| > r, where ||p|| := sup{|p(¢)| | t € R }. Taking into
account the fact that the function p is bounded on R, from (12.27) we obtain the
existence of positive numbers R (that sufficiently large) and L?, LY such that

(ft,y+p(),y) < —LIly|*"" and (f(t,y + p(t))) < L|y|*

for all t € R and |y| > R. To finish the proof of the theorem it is sufficient to apply
Theorem 12.10 and take into consideration the relations (12.24) and (12.26). The
theorem is proved. O

12.5.4 FEwvolution equations with monotone operators

Let H be a real Hilbert space with the inner product (,),|-| = /{,) and E be a
reflexive Banach space contained in H algebraically and topologically. Furthermore,
let F be dense in H, and here H can be identified with a subspace of the dual E’
of E and (,) can be extended by continuity to E’ X E.
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We consider the initial value problem

u'(t) + Au(t) = f(ow) (12.28)

u(0) = u, (12.29)
where A: E — E’ is bounded (generally nonlinear),
|Au|p < Clult ' + K,u€ B,p>1,
coercive,
(Au,u) > aluly,,u € E,a >0,
monotone,
(Auy — Aug,ug —ug) > 0,u1,us € E,

and semi-continuous (see [240]).
A nonlinear ”elliptic” operator

u =0 on 0D,

where D is a bounded domain in R™, ¢(-), is an increasing function satisfying

Bl =0, clé[? <D & (&) < CIEP (forall ¢ >2),

i=1

and provides an example with H = L*(D), E = Wy*(D), E' = W=4(D), p' =
P
' 1The following result is established in [240] (Ch.2 and Ch.4). If z € H and
feCc,E) p = p%l, then there exists a unique solution ¢ € C(Ry, H) of
(12.28) — (12.29).
We denote by ¢(-, u,w) the unique solution of (12.28) and (12.29). According
to [187], ¢(-,u,w) is a continuous cocycle on H.

Theorem 12.12  Suppose that the operator A satisfies the conditions above and
the cocycle ¢ generated by the equation (12.28) is asymptotically compact. Then the
equation (12.28) admits a compact global attractor I = {I,, | w € Q } possessing the
following properties:

a. 1, is a nonempty, compact and conver subset of H for every w € €.
b. I =U{L, | weQ} is connected.
c. the mapping w — 1, is continuous with respect to the metric of Hausdorff.
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d. I={l,|weQ} isinvariant, i.e. p(t,I,,w) = Iy, for alw € Q andt € Ry.

e. tiigrnoo Blp(t,o_w)M,1,) =0 for all M € C(H) and w € Q.

I tgg_noosup{ﬁ(w(t,atw)M,Iﬂ weN} =0 for any M € C(H), where I =
U{lo | weN}.

g I={l, | we}isauniform forward attractor ,i.e.

lim sup B(p(t,w)M, I,,) =0
t—=+00 ,eQ

for any M € C(H).

h. the equation (12.28) admits at least one stationary (T - periodic, quasi-periodic,
almost periodic) solution, if the point w € Q is stationary (T - periodic, quasi-
periodic, almost periodic).

Proof. Let X := H x Q, (X,Ri,7) be a skew-product dynamical system and
(X,R4,7), (Q,R,0),h) be a non-autonomous dynamical system generated by the
equation (12.28). Denote by V — R™ the function defined by the equality V(w,u) :=
(u,u) for all (u,w) € X = H x Q. If |p(t,u,w)| > r = (@)ﬁ (where ||f] :=
max{|f(w)| | w € N }) for all ¢t € (¢1,t2) C R4, then

I V(0w olt, 1) = (Alp(t, ), olt,u,0))
< ~alp(t,u, )P + | fllp(t,u,0)] < 0.

In view of Theorem 5.3 the non-autonomous dynamical system ((X,Ry, ),
(Q,R,0),h) admits a compact global attractor.

Let V : XxX — R* be a function defined by the equality V(w,u1,us) :=
(u; — ug,u; — uz). Then

V(ow, o(t, u1,w), o(t, uz,w))

S

<%((p(t, ul?"d) - @(tvu?vw)% @(tvuhw) - (p(f, u27w>>

2
2<A(90(t7w7u1>> - A(QD(LUQ,W)), @(tvuhw) - (p(t, u27w>> <0

and, consequently, V(oiww,(t,ui,w),o(t,uz,w)) < V(w,ui,uz) for all w €
Q, up,us € H and t € R,.. It is easy to verify that the function V' satisfies all the
conditions of Theorems 12.4, 12.5 and the statements a.-h. follow from Theorems
12.4, 12.5, 12.6 and Corollary 12.5. The theorem is proved. O

Remark 12.2  If the injection of E into H is compact, then the cocycle ¢ gener-
ated by the equation (12.28), evidently, is asymptotically compact.
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Example 12.3 A typical example of the equation of the type (12.28) is the
equation

) "9  ou
= ; 6$i¢(8—$i) + flow), ulap =0 (12.30)

no 9

with "nonlinear Laplacian” Au = 7" | 52-¢(2%), where ¢(-) is an increasing func-

tion satisfying the condition

el < Go(&) < Clef
i=1

for all |¢| > 2 and ¢|_11 = 0, provides an example with H = L*(D),E =
Wol’p(D), E = Wb (D), p = p%l. It is possible to verify (see, for example,
[240],[30] and [20]) that the "nonlinear Laplacian” satisfies all the conditions of
Theorem 12.12 and, consequently, (12.30) admits a compact global attractors with
the properties a.-h. We note that the attractor of the equation (12.30) is not trivial,
i.e. the set I, is not single point set, at least for certain w € €.

Remark 12.3 If the operator A := Y !, %q&(%) is uniformly elliptic, i.e.
célP < DT L&) < CIEP (for all € € R™), then the set I, is the single point
set for all w € Q (for autonomous systems see [314], Ch.III), because in this case
the non-autonomous dynamical system generated by the equation (12.50) is strictly
monotone.
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Chapter 13

Linear almost periodic dynamical systems

13.1 Bounded motions of linear systems

Assume that X and Y are complete metric spaces, R (Z) is the group of real
numbers (integers), S=RorS=7Z,S; ={se€S|s>0},S_. ={seS|s <0},
and T = S;,S_ or S. Let (X, T,7) ((Y,S,0)) be a semigroup (group) dynamical
system on X (Y).

Recall that a triple ((X,T,n),(Y,S,0),h), where h is a homomorphism of
(X, T,7) onto (Y,S, ), is called [69] a non-autonomous dynamical system.

Definition 13.1 ((X,T,n),(Y,S,0),h) is said [32,333] to be distal on Sy in
the fiber X, := {x € X | h(z) = y} if inf{p(x1t,29t) | ¢ € Sy} > 0 for all
1,2 € Xy,xl 75 x9.

For group non-autonomous dynamical systems the distalness on S_ and S on
the fiber X, can be defined likewise.

Definition 13.2 A non-autonomous system is said to be distal on S;(S_,S) if it
is distal in every fiber X,y € Y.

Assume that (X;, T,7;) is a dynamical system on X;,i = 1,...,k; let X :=
X1 X ... x X, and let 7 := (71, ..., k) : X X T — X be defined by the formula

Tr(xvt) = (ﬂ-l(xlvt)w'vﬂ-k(xk7t))
forallt € T and z := (z1, ..., x%) € X.

Definition 13.3 The dynamical system (X, T, 7), where X := X; X ... x X} and
7= (71, ..., Tk ), is called the direct product of the dynamical systems (X;, T, 7;),i =
1,...,k and denoted by (X1, T, m1)X, ..., (Xk, T, 7).

fX,=X,i=1,...k and m;, = m,i = 1, ..., k, then

(X,T,7) x (X,T,7) x ... x (X,T,7) := (X*T,).

407
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The direct product of group dynamical systems is defined likewise.

Definition 13.4 The points z1,...,xx € X are said to be jointly recurrent if the
point (z1,...,x3) € X¥ is recurrent in the dynamical system (X" T, ).

Lemma 13.1 [32,333]. The following assertions hold.

(1) Assume that X is compact and (Y,S,o) is minimal. If the group non-
autonomous dynamical system ((X,S,7),(Y,S, o), h) is distal on S (S_), then
it is distal on S.
(2) Assume that X is compact, (Y,S, o) is minimal, andy € Y. Then the following
conditions are equivalent :
(a) the group non-autonomous system ((X,S,n),(Y,S,o),h) is distal on S in
the fiber Xy;
(b) for any points x1,...,xx € X, where k is any positive integer > 2, the point
(w1, ..., x1) € X* is recurrent in (X*,S, 7).

Let C(S, X) be the space of all continuous maps ¢ : S — X equipped with the
compact-open topology and let (C(S, X),S, o) be the dynamical system of transla-
tions (shifts) on C(S, X). Let d be a metric on C(S, X) consistent with its topology
(for example, the Bebutov metric).

Lemma 13.2 [282]. Let (X,Sy,7) be a semigroup dynamical system and assume
that for any t € Sy the map w' : X — X is a homeomorphism and 7 is the map of
X X S toX defined by the equality

~ W(l‘,t), (xvt) GXXS-H
w(x,t) = o
(=) (), (x,t)e X xS_.
Then the triple (X,S, ) is a group dynamical system.
Lemma 13.3 [32]. Assume that ((X,Sy,n),(Y,S,0),h) is a non-autonomous
dynamical system, Y is compact, (Y,S,0) is minimal, and o € X, has a relatively

compact semi-trajectory {xot | t € Sy}. Then one can find a recurrent point x €
Wz, (x € Xy) and a sequence t, — +00 such that p(zoty, xt,) — 0 as n — +o0.

Recall that a dynamical system (X, S, 7) is said to be asymptotically compact if
for any bounded positively invariant set B C X there is a non-empty compact set
K C X such that

. ligrn sup{p(zt,K) | x € B} = 0.

Remark 13.1 (i) Assume that © € X is such that {xt | t € S;} is bounded and
(X,S4,7) is asymptotically compact. Then {xt | t € S;} is relatively compact.
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(ii) Let M C X be bounded and invariant. Then M is relatively compact if the
dynamical system (X, S, ) is asymptotically compact. In particular, if x € X and
v € @, is such that y(S) is bounded, then ~(S) is relatively compact, where ®,, is a
set of all entire trajectories of (X,Sy, ) passing through x at t = 0.

If X := ExY,m:= (p,0), that is, 7((u,y), t) := (p(t,z,y),0(t,y)) for all (u,y) €
ExY and t € S, then the non-autonomous dynamical system (X, T, «), (Y, S, o), h),
where h := pry : X — Y, is called [275] a skew product over (Y,S, o) with the fiber
E.

Let (X,h,Y) be a locally trivial Banach fiber bundle [28].

Recall that a non-autonomous dynamical system (X, T, ), (Y,S, o), h) is said
[275], [33] to be linear if the map 7t : Xy — Xy is linear for every t € Tand y € Y.

If (X, T,n),(Y,S,0),h) is a skew product over (Y,S, o) with the fiber E, then
it is linear if and only if FE is a Banach space and the map ¢(t,-,y) : £ — E is
linear for every y € Y and t € T.

Throughout the rest of this section we assume that Y is compact, the dynamical
system (Y, S, o) is minimal, X = E x Y, E is a Banach space with the norm |- |, the
non-autonomous dynamical system (X, T, x), (Y,S, o), h) is linear, 7 = (¢, 0), and
h = prs.

Let F C E x Y be a closed vectorial subset of the trivial fiber bundle (E x
Y, pro,Y) that is positively invariant relative to (X, T, 7). We put

B = {(z,y) € F | sup|p(t,z,y)| : t €84 < +oo}.

The set B~ is defined likewise. If ((X,Si,),(Y,S,0),h) is a semigroup non-
autonomous dynamical system, then B is the set of all points of F' with the follow-
ing property: there is an entire trajectory of the dynamical system (F,S., )
bounded on S that passes through this point. We put BS := B*()X, and
B, := B X,y €Y.

Theorem 13.1  The following conditions are equivalent :
(i) there is an M > 0 such that
lo(t, z, y)| < M| (13.1)
for all (x,y) € BT (B~,B) and t € S4(S_,S);
(i) BT (B~,B) is closed in F.

Proof. We prove this theorem in the case when T = S, . In the case when T =S_
or T =S it can be proved in a similar way. We claim that (i) implies (ii). Assume
that (z,y) € BT. Then there is an (z,,y,) € BT such that (z,,y,) — (z,y) as
n — 4o00. By condition (i), the inequality

|<p(t773n7yn)| < M|$n| (132)
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is valid for alln = 1,2, ... and t € S;. Passing to the limit in (13.2) as n — 400, we
obtain that |p(t, z,y)| < M|z| for all t € Sy, that is, (z,y) € BT.
Now we claim that (ii) implies (i). Let BT be closed and let y € Y. We put

d(y) = sup{|e(t,z,y)| : t €Sy, (z,y) € B, x| <1} (13.3)

We claim that the function d : Y — Ry defined by formula (13.3) is lower semi-
continuous. Assume the contrary. Then there are ¢ > 0,y € Y, and y,, — y such
that

lim d(y,) =d(y) —e. (13.4)

n—-+o0o

Formula (13.3) implies that there are |z,| < 1 and {t,} C St ((xy,y) € BT) such
that

n—-+o0o
Therefore, for € > 0 one can find a k such that the inequality
€
4

is valid for all n > k. Since the map ¢(ty, x,) : Y — X is continuous, there is an
n = n(k) such that

e (tn, 2, y)| = d(y)| < (13.5)

[t Ty yn) — P(tks Tk, y)| < Z (13.6)
for all n > n(k). Inequalities (13.5) and (13.6) imply that
d) = [tz )l < 2 (13.7)
for all n > n(k). Hence,
d(y) — d(yn) < % (13.8)
for all n > n(k). On the other hand, formula (13.4) implies that
d(y) — d(yn) > 3~ (13.9)

4
if n is sufficiently large.

Inequality (13.9) contradicts (13.8). This contradiction proves that d : Y — R
is lower semi-continuous. Hence, this function has a set of points of continuity
D C Y of the type Gs. Let p € D, then there exists positive numbers 6, and M,
such that d(y) < M, for all

y € Blp, oyl :={yeY |ply,p) <} CY.

Since Y is minimal, there are negative numbers ti,...,t, such that Y =
U, o(ti, Blp,6p)) (see [238, p.134]). We put L := max{|t;| : i = 1,..,m}.
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We claim that the family of operators {n | ¢ € [0, L]} is uniformly continuous, that
is, for any € > 0 there is a d(¢) > 0 such that |z| < § implies that |zt| < € for all

€ [0, L]. Assume the contrary. Then there are g > 0,6, | 0,|z,| < 0n,yn €Y,
and ¢,, € [0, L] such that

|o(tns Tn, Yn)| = 0. (13.10)

Since Y and [0, L] are compact, we can assume that the sequences {y,} and {t,}

are convergent. Put yo = lim gy, and ¢y := lim ¢,. Passing to the limit in
n—-+oo n—-+4oo

(13.10) as m — +o00, we obtain 0 > £¢. The last inequality contradicts the choice of
€. This contradiction proves the above assertion.
If a > 0 is such that |o(t,z,y)| <1 for all t € [0, L], |z| < o, and y € Y, then

lo(t, 2, y)| < oz (13.11)

forall t € [0,L],z € E, and y € Y. Assume that ¢ € Y,y € B[p,d,], and ¢; are such
that ¢ = yt;. Then

lo(t, =, q)| = |o(t, , yts)| = [p(t + ti, o(—ti, , yts), y)| =

SO(_tb x, ytl)
|§0(_t17x7ytz>||¢(t+tl7 7y)|
lo(—ti, z, yt;)|

The set BT is positively invariant and contains (z,q). Therefore, BT con-

(13.12)

tains 7 (z,q), where 7% (z,q) = (p(—t:,7,q),0(~ti,q)). Hence, 7 (z,q) =
(¢(_t17x7Q)vU(_t’Laq)) € B:; and

w(_th xz, ytz)
lp(=ti, z, yti)], y)|

lo(t + s, Yl < My (13.13)

for all ¢ > L. On the other hand, inequality (13.11) implies that
lo(—ti, ,yti)] < o™z (13.14)

for all # € E. Formulas (13.12)-(13.14) imply that |o(¢,z,q)| < M|z| for all t € Sy
and z € E, where M = o' max{1, M, }. This completes the proof of the theorerfil

Lemma 13.4 Assume that ((X,S4,7),(Y,S,0),h) is a linear non-autonomous
dynamical system, (X,Sy,7) is asymptotic compact, and there is an M > 0 such
that

[yv(#)] < Mlz| (13.15)

for all v € O,y (x,y) € B, and t € S. Then the set &g := | J{P(oy) | (z,y) €
B, |z| < 1} is relatively compact in C(S, X).
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Proof.  Consider the set K := {v(t) | t € S,y € ®p} C B. It is obvious that K
is invariant. By (13.15), it is bounded. Since (X,S;,7) is asymptotic compact,
K is relatively compact (see remark 13.1). We claim that the family of functions
®y C C(S, X) is equicontinuous. Assume the contrary. Then there are €9 > 0,0, |
0,{t{}(i =1,2), and {y,} C ®g such that |t} —t2| < 4, and

Y (ts) = (t2)] > €o. (13.16)

Without loss of generality we can assume that t2 —n > t.. Then inequality
(13.16) implies that

|7 2y — x| > €0 (13.17)
for all n = 1,2, ..., where 7, := t2 — ¢}, and x, := yt}). Since {z,} C K, we can
assume that the sequence {x,} converges. Let z¢ = lilf Z,,. Passing to the limit

n—-1+0oo

in inequality (13.17) as n — 400, we obtain the inequality 0 > ¢, which contradicts
the choice of ¢¢. To complete the proof of the lemma, it is sufficient to apply the
Arzela—Ascoli- theorem. O

Theorem 13.2  Assume that ((X,S4,7),(Y,S,0),h) is a linear non-autonomous
dynamical system, (X,Sy,7) is asymptotic compact, and there is an M > 0 such
that inequality (13.15) is valid for all v € ®(, ), (z,y) € B, and t € S. Then the
following assertions hold:

(i) Any two different entire trajectories y1 and v2 (h(v1(0)) = h(72(0))) are jointly
recurrent;
(i) For any (x,y) € B the set ®(, ) consists of a single entire recurrent trajectory;
(111) B is closed in F;
w ,S4,m) induces a group dynamical system (B,S, ) on B;
) (X,Sy ind d ical B,S B
v) For any y € Y the set B, is finite-dimensional and dim B, does not depend
y Y
onyeY.

Proof. Assume that (z,y) € B, and let v € ®(, ) be bounded on S. By Lemma
13.4, the set H(y) := {7 | 7 €S} is compact in C(S,X), since v, € P, (),
where v, is the shift of v by 7 and the bar denotes closure in C(S,X). Con-
sider the group non-autonomous dynamical system ((H (), S, \), (Y, S, o), h), where
(H(7),S,A) is the dynamical system of shifts on H(7) induced by the Bebutov’s
system (C(S,X),S,0) and p : H(y) — Y is the map defined by the equality
w(v) = h(1(0)). Under the conditions of Theorem 13.2 (see also inequality (13.15))
the non-autonomous dynamical system ((H(7),S, A), (Y,S, o), 1) is negatively dis-
tal, that is, inf{dA(¢t,v1), A\(t,72)) : t € S_} > 0 for any v1,72 € H(7y) such that
M # 72 and p(¢1) = p(i). By Lemma 1 in [238, p.104], (H(7),S,)), (Y;S,0), h)
is distal on S. Therefore, y; and . are jointly recurrent. In particular, they are
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recurrent. Moreover, by Lemma 13.1, any two entire trajectories 71 € @,y and
Y2 € ®(,,y) are jointly recurrent.

We claim that for any (x,y) € B the set ®(, ,y consists of a single entire recurrent
trajectory. Assume the contrary. Then there are 1,72 € ®(; ) such that v # 2.
Putting y(t) := 71 (t)—~2(t), we obtain a recurrent function y # 0 such that v(t) = 0
for all ¢t € S, which is impossible.

Now let (z,y) € B. Then there is an (z,,,y,) € B such that (z,,y,) — (z,y).
Let v, be the (unique) entire trajectory of (F,S;,7) bounded on S and satisfying
the condition v, (0) = (zn, yn). By Lemma 13.4, we can assume that the sequence
{¥n} converges in C(S, X). Inequality (13.15) implies that v = nEIEoo v is an entire
trajectory of (F,Sy,7) bounded on S. Moreover, v(0) = (x,y). Thus, v € ®(,
whence (z,y) € B.

Y)»

Since B is closed and invariant, (X, S, 7) induces a dynamical system (B, S, )
on B, and 7'B = B for all ¢t € S;. By assertion (ii) of the theorem, 7! : B — B (¢ €
S,) is a one-to-one map and (7!)~1(b) = v,(—t) for all t € S; and b € B, where
{%w} = ®,. Lemma 13.4 implies that 7' : B — B is a homeomorphism. To prove
assertion (iv), it is sufficient to apply Lemma 13.2.

We now prove the last assertion of the theorem. Since (X,S;, ) is asymptotic
compact, K := {(z,y) | (z,y) € B,|z| < 1,y € Y} is compact. Therefore, every
linear subspace B, of X, := E x {y} is finite-dimensional. Let y € Y and let
z1,...,x € B, be a basis in B,. Then Lemma 13.1 implies that the points 1, ..., 2%
are jointly recurrent. Let ¢ be an arbitrary point of Y. Since Y is minimal, there is
a sequence {t,} C S such that yt,, — g and w(¢,,x;) — & (i =1,...,k) asn — +o0,
where &1, ..., &, € By and the points &1, ..., § are jointly recurrent.

We claim that &7, ...,&; are linearly independent. Assume the contrary. Then
there are constants ¢y, ..., ¢ such that c1&1 + ... + cxéx = 0 and Zle lei| # 0. Since
(&1,..y&k) € H(x1,...,xx) and (21, ..., xg) is recurrent, there is a {7,,} C S such that
qrn — y and w(&;, 1) — z; (i =1,..., k) as n — +o0o. Therefore,

11+ ... Fepxp = nEIEOOTF(Tn, 11+ ..+ cpé) = 0.

The last relation contradicts the choice of x4, ..., zx. Thus, dimB, > dim B, for all
g € Y. Since Y is minimal, the reverse inequality also holds. Hence, dim B, = dimB,
for all ¢ € Y, which completes the proof of the theorem. O

Theorem 13.3 Let ((X,Sy,n),(Y,S,0),h) be a linear non-autonomous
dynamical system and assume that (X,Sy,m) is asymptotic compact. Then the
following conditions are equivalent :

(i) there is an M > 0 such that (15.15) is valid for all v € ®(, ), (z,y) € B, and
tes;
(ii) B is closed in F.
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Proof. By Theorem 13.2; the theorem will be proved if we prove that (ii) implies
(i). By Theorem 13.1, there is an M > 0 such that (13.1) is valid for all (z,y) € B
and t € S;. Since B is invariant, for any (z,y) € B and v € ®(,,, the inequality

()] > M| (13.18)

is valid for all ¢ € S_. Repeating the arguments used in Lemma 13.4, we can show
that H(y) := {7y, | 7 € S} is compact in C(S, X). Consider the group dynamical
system ((H(7),S, A), (Y, S, o), u) (see the proof of Theorem 13.2). Inequality (13.18)
implies that the non-autonomous system (H(v), S, \), (Y,S, ), 1), is distal on S_.
By Lemma 13.1, v is recurrent. Therefore,

sup{[y(t)| : t € S} =sup{h(t)] : t€S;} < Mlz|

for all v € ®(,,) and (x,y) € B. Hence, condition (i) holds and the theorem is
proved. 0

Theorem 13.4 Let {((X,Sy,n),(Y,S,0),h) be a linear non-autonomous
dynamical system. Assume that (X,S,,7) is asymptotic compact and B is closed.
Then

(i) B is closed, and
(ii) for any (x,y) € BT there is a recurrent point (x,y) € B such that

Jm et 20,y) — @t 2, y)) = 0.

Proof. Assume that BT is closed. By Theorem 13.1, there is an M > 0 such
that (13.1) is valid for all (z,y) € BT and ¢ € S;. Assume that (z,y) € B C BT.
Then inequality (13.1) implies that (13.18) is valid for all £ € S_ and v € ®(, ).
Repeating the arguments used in the proof of Theorem 13.3, we obtain (13.15) for
all v € ®(,,), (z,y) € B and t € S. To complete the proof of the first assertion of
the theorem, it is sufficient to apply Theorem 13.2.

Now we prove the second assertion of the theorem. Let (zo,y) € B*t. Since
(X,S,,m) is asymptotic compact, the semi-trajectory {mt(zo,y) | t € Sy} of the
point (g, y) is relatively compact. Therefore, w(g, ) # 0 is compact and invariant.
By Lemma 13.3, one can find a recurrent point (x,y) € w(z,,) and a sequence
t,, — +oo such that

lim |o(tn, zo,y) — @(tn,z,y)| = 0. (13.19)

n—-+oo
Inequality (13.15) implies that
lo(t, 2o, y) — ot 2, y)| < Mp(tn, To,y) — @(tn, 2, y)| (13.20)

for all ¢ > t,. Formulas (13.19) and (13.20) imply the desired assertion, which
completes the proof of the theorem. O
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Remark 13.2  The second assertion of Theorem 13.3 remains true even if we do
not assume that BT is closed.

We conclude this section with a condition under which a linear non-autonomous
system is asymptotic compact.

Let P : X — X be a projection of the vector bundle, that is, P, := P|x,
projection in X, for every y € Y. Then P is said to be completely continuous if
P(M) is relatively compact for any bounded set M C X.

Lemma 13.5 Let ((X,Sy,7),(Y,S,0),h) be a linear non-autonomous dynamical
system. Assume that the maps ©* := 7(t,-) : X — X can be represented as sums
w(t,z) == m(t,x) + mo(t,x) for all t € Sy and x € X, and that the following
conditions hold.

(i) |m1(t,z)] < m(t,r) for allt € Sy and v € X, where m : R2 — Ry and for
every r > 0 the function m(t,r) tends to zero as t — +oo.

(i) The maps ma(t,-) : X — X (t > 0) are conditionally completely continuous,
that is, mo(t, A) is relatively compact for any t > 0 and any bounded positively
wwvariant set A C X.

Then the dynamical system (X,S4, ) is asymptotically compact.

Proof. Let A C X be a bounded positively invariant set. Then A = L T(A) :=
{mtA |t € S,}. Since Y is compact and (X, h,Y) is local trivial, there is an r > 0
such that A C {x € X : |z| < r}. We claim that for any {zx} C A and ¢, — +0o0
the sequence {xty} is relatively compact. We can cover M := {zt)} with a finite
e-net for any ¢ > 0. Assume that ¢ > 0 and [ > 0 are such that m(l,r) < 5. We
represent M as the union M |J My, where M; := {xktk}zlzl,Mg = {rrtr } 2 p141
and ki := max{k | t; < [}. The set M, is a subset of 7/(X+(A)) whose elements
can be represented in the form 7 (¢, 2) +m2(t, z) (z € X7 (A)). Since (I, X1 (4)) is
relatively compact, we can cover it with a finite (§)-net. For any y € 71 (I, X7 (A))
there is an x € Y1(A4) such that y = m(l,z) and |y| = |m(l,2)] < m(l,r) <
5. Therefore, the zero section © of the vector bundle (X,h,Y) is an (§)-net of
m1(l, 2% (A)). Since Y is compact and (X, h,Y) is local trivial, the zero section © is
compact. Hence, My and M are covered by the e-net 6 J M. Since © is compact
and the space Y is complete, M = {z;t;}72, is relatively compact. We complete
the proof by applying Lemma 1.3. ]

Corollary 13.1 Let ((X,S4,nm),(Y,S,0),h) be a linear non-autonomous
dynamical system and let P : X — X be a completely continuous projection.
Assume that there are positive numbers N and v such that |7tQ(z)] < Ne "t|z]
forallz € X and t € Sy, where Q : X — X and Qy := Q|x, = I, — P, for all
yeY (I,:=idx,). Then (X,Sy,m) is asymptotic compact.
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Proof. To deduce this corollary from Lemma 13.5, it is sufficient to observe that
7(t,x) = mi(t,z) + ma(t,z) for all z € X and t € S, where m (¢, z) := 7' Q(z) and
ma(t, ) := 7wt P(z). Under the hypotheses of Corollary 13.1, for every ¢ > 0 the map
ma(t, ) := wtP is completely continuous and |my(¢,z)| < Ne "t|z|. Hence, Lemma
13.5 is applicable. O

Remark 13.3 In the proofs of Lemma 13.5 and Corollary 13.1 we used only the
compactness of Y. Hence, these statements are also valid in the case when the
dynamical system (Y, S, o) is not minimal.

13.2 Bounded solutions of linear equations

Let [E] be the Banach space of all bounded linear operators that act on a Banach
space F equipped with the operator norm. Let A be a complete metric space of
closed linear operators that act on F (for example, A = [E]or A ={A4o+ B | B €
[E]}, where Ay is a closed operator that acts on F). Let C'(R, A) be the space of all
continuous operator-valued functions A : R — A equipped with the compact-open
topology and let (C(R, A),R,0) be the dynamical system of shifts on C'(R, A).

Linear ordinary differential equations. Let A = [E] and consider the dif-
ferential equation

u' = At)u, (13.21)

where A € C(R, [E]). Consider the H-class of equation (13.21), that is, the family
of equations

v = B(t)v, (13.22)

with B € H(A) :={A, | T € R}, A, (t) = A(t+7), and t € R, where the bar denotes
closure in C(R, [E]). Let ¢(t, v, B) be the solution of equation (13.22) that satisfies
the condition ¢(0,v, B) = v.

We put Y := H(A) and denote the dynamical system of shifts on H(A) by
(Y,R,0). We put X := F x Y and define a dynamical system on X by set-
ting w(t, (v,B)) = (¢(t,v,B),B) for all (v,B) € E xY and ¢ € R. Then
(X,R,7),(Y,R,0),h) is a linear group non-autonomous dynamical system, where
h = pro : X — Y. Applying the results of section 13.1 to this system, we obtain
the following assertions.

Lemma 13.6 [51, 60]

(i) The map (t,u, A) — p(t,u,A) of R x E x C(R,[E]) to E is continuous, and
(ii) the map A— U(-, A) of C(R,[E]) to C(R,[E]) is continuous, where U(t, A) is
the Cauchy’s operator [132] of equation (13.21).
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Theorem 13.5 Assume that A € C(R, [E]) is recurrent (that is, H(A) is a com-
pact minimal set of (C(R, [E]),R,0)). Then the following conditions are equivalent:

(a) the set
B*(B,B) = {(0,B) € Ex H(A) | s |plt,v, B)| < +oo} (13.23)
teR; (R_,R)

is closed in E x H(A), and
(b) there is a positive number M such that

lp(t,v, B)| < M|v| (13.24)
for all t € Ry(R_,R) and (v, B) € Bt (B™,B).

Corollary 13.2 Let A € C(R,[E]) be recurrent. Then the following assertions
are equivalent :

(i) all solutions of all equations (158.22) are bounded on Ry (R™,R), and
(i1) there is an M > 0 such that (18.24) is valid for all v € E,B € H(A), and
t € Ry (R_,R).

Theorem 13.6 Assume that A € C(R,[E]) is recurrent, the linear non-
autonomous dynamical system generated by equation (13.21) is asymptotic compact,
and all solutions of all equations (13.22) are bounded on Ry. Then

(i) there is an M > 0 such that (13.24) is valid for all t € Ry,v € E and
B e H(A),

(ii) the set B defined by formula (13.23) is closed in E x H(A),

(iii) all solutions of all equations (13.22) bounded on R are recurrent,

(iv) for any B € H(A) equation (13.22) has only a finite number ng of solutions
that are linearly independent and bounded on R, and np = na for all B €
H(A),

(v) for any vo € E and B € H(A) there is a (v, B) € B such that

lim [(t,v0, B) — ¢t v, B)| =0,

t—

that is, any solution of any equation (13.22) is asymptotic recurrent.

We now formulate some sufficient conditions for the asymptotic compactness of
the linear non-autonomous dynamical system generated by equation (13.21).

Theorem 13.7 Let A € C(R,[E)]), A(t) = A1(t)+ Aa(t) for allt € R, and assume
that H(A;),i = 1,2, are compact and the following conditions hold.

(i) The zero solution of the equation

u = Ai(t)u (13.25)
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is uniformly asymptotically stable, that is, there are positive numbers N and v
such that

|U(t, AU (1, Ay)|| < Ne~v(=7) (13.26)

forallt > 7 (t,7 € R), where U(t, A1) is the Cauchy’s operator of the equation
(13.25).

(ii) The family of operators {Aa(t) | t > 0} is uniformly completely continuous, that
is, for any bounded set A € E the set {Aa(t)A | t > 0} is relatively compact.

Then the linear non-autonomous dynamical system generated by equation
(13.21) is asymptotic compact.

Proof. Let B € H(A). Then there are {t,} C R and B; € H(4;), i = 1,2, such
that B(t) = Bi(t) + Ba(t) and B;(t) = ngg}oo A;(t +t,). Note that
t
o(t,v,B) =U(t, B1)v +/0 U(t, B1)U~1(r, B1)Ba2(1)p(T, v, B)dT. (13.27)
By Lemma 13.6,
U(t, Bi) = nllgloo Ult, Air, ), Air, (1) == Ai(t + tn),
and the equality
U(t, A1, U 1(7, A1r,,)) = Ut + tpn, AU L(T + tp, A1)
and inequality (13.26) imply that
|U (¢, B)U™1(r, By)|| < Ne~ (=7 (13.28)

for all t > 7 and By € H(A;). By Lemma 13.5, Theorem 13.7 will be proved if we
can prove that the set

{/0 U(t, B1)U~1(r, B1)B2(1)p(7,v, B)dr | (v,B) € A}

is relatively compact for every ¢ > 0 and every bounded positively invariant set
AC FE xY. We put

Ky :={Ba2(t)p(t,v,B) | t € Ry, (v, B) € A}.
Then
/0 U(t,B1)U1(7, B1)Ba(1)(7,v, B)dT (13.29)

et-conv{U(t,B1)U"1(r,B1)w | 0< 7 <t, By ec H(A),w e Ku}.
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Since H(A;), H(A), and K4 are compact sets, formula (13.29), condition (ii)
of Theorem 13.7, and Lemma 13.6 imply that |J{U (¢, B1)U"1(7,B1)w | 0 < 7 <
t,By € H(A1),w € K4} is compact, which completes the proof of the theorem. [

Theorem 13.8 Let H(A) be compact and assume that there is a finite-
dimensional projection P € [E] such that

(i) the family of projections {P(t) | t € R}, where P(t) := U(t, A)PU1(t, A), is
relatively compact in [E], and
(i1) there are positive numbers N and v such that

U (t, A)QU ™ (7, A)|| < Ne~(=7)
for allt > 1, where Q :=1— P.

Then the linear non-autonomous dynamical system generated by equation
(13.21) is asymptotically compact.

Proof.  Since the family of projections {P(t) | ¢ € R} is relatively compact,
we can assume that the sequence {P(t,)} converges. Let P(B) := 111_{1 P(ty).

We claim that the family H := {P(¢) | t € R} is uniformly completely continu-
ous, where the bar denotes closure in [E]. Indeed, let A be a bounded subset of
E{z,} C{QA| Q € H}, and &, | 0. Then there are ¢, € R and v,, € A such
that p(zn, P(tn)vn) < &,. Since the sequence {P(t,)} is relatively compact, we can
assume that it converges. Let L := nEToo P(ty). Then L is completely continuous,

which implies that the sequence {z),} := {Lwv,} is relatively compact. Note that
P(Tn,77,) < p(wn, P(tn)vn) + p(P(tn)vn, Lvn) < €5 + || P(tn) — L|on],

which implies that p(z,,z]) — 0 as n — +oo. Hence, {z,} is relatively compact.
Assume that B € H(A) and {t,} C R are such that

B= lim A, P(B):= lim P(4,,),

n—-+o0o n—-+oo

where P(A;,) := Ul(ty, A)PU*(t,, A). The assertions proved above imply that
the family {P(B) | B € H(A)} is uniformly completely continuous. Note that
Q(B) = lim_Q(Ar,), where Q(B) i= I — P(B) and Q(4y,) = I — P(4,,).

Moreover, condition (ii) of Theorem 13.8 implies that
1U(t, A, )QA)U (1, Ay, || < N7 (13.30)

for all ¢ > 7. Passing to the limit in (13.30) as n — +oo0 and taking Lemma 13.6
into account, we obtain that

|U(t, B)Q(B)U (7, B)|| < Ne~*!=™)
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for all t > 7 and B € H(A). We complete the proof of the theorem by observing
that U(t, B)Q(B) + U(t, B)P(B) = U(t, B) and applying Lemma 13.5. O

Linear functional-differential equations. Let r > 0,C([a,b],R™) be the
Banach space of all continuous functions ¢ : [a,b] — R™ with the norm sup. For
[a,b] ;= [-r,0] we put C := C([-r,0,R"). Let c€ R,a >0, and u € C([c —r,c +
al, R™). We define u; € C for any ¢ € [c, c+ a] by the relation u:(0) := u(t+6), —r >
6 > 0. Let 2 = A(C,R™) be the Banach space of all linear operators that act from
C — R"™ equipped with the operator norm, let C(R,2l) be the space of all operator-
valued functions A : R — 20 with the compact-open topology, and let (C'(R,2),R, o)
be the dynamical system of shifts on C(R, A). Let H(A) := {A, | 7 € R}, where
2 -is the shift of the operator-valued function 2 by 7 and the bar denotes closure
in C(R,2A).

Consider the linear functional-differential equation with delay

u = A(t)uy (13.31)
along with the family of equations
v =B(t)vy, (13.32)

where B € H (). Let (¢, v,B) be the solution of equation (13.32) satisfying the
condition ¢(0,v,B) = v and defined for all ¢ > 0. Let Y := H(2) and denote
the dynamical system of shifts on H(2A) by (Y,R,0). Let X := C x Y and let
7 := (p,0) be the dynamical system on X defined by the equality 7 (7, (v,B)) :=
(p(7,v,8B),%B,). The non-autonomous system ((X,R4, ), (Y,R,),h)(h = pry :
X —Y) is linear.

Lemma 13.7 Let H(A) be compact in C(R, ). Then the linear non-autonomous
dynamical system {(X,Ry,7), (Y,R,0),h) generated by equation (13.31) is com-
pletely continuous, that is, for any bounded set A C X there is anl = [(A) > 0
such that ©' A is relatively compact.

Proof. This follows from general properties of solutions of linear functional- differ-
ential equations with delay (see, for example, [175], Lemmas 2.2.3 and 3.6.1) since
Y = H(2) is compact. O

Applying the results obtained in section 13.1 to the linear non-autonomous
dynamical system generated by equation (13.31), we obtain the following assertions.

Theorem 13.9 Let A € C(R,2) be recurrent. Then the following conditions are
equivalent :

(i) all solutions of all equations (18.32) are bounded on R,
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(ii) there is a positive number M such that |o(t,v, B)| < M|v| for allt > 0,v € C,
and B € H(A).

Theorem 13.10 Let A € C(R,2) be recurrent, and assume that all solutions of
all equations (13.32) are bounded on Ry. Then

(i) the set of all the solutions of all equations (13.32) that are bounded on R is
closed in C(R,C) x H(A),
(ii) all the solutions of all equations (13.32) that are bounded on R are recurrent,
(iii) for any B € H(A) equation (13.32) has only a finite number np of solutions
that are linearly independent and bounded on R, and np = na for all B €
H(A).

(i) all solutions of all equations (13.32) are asymptotic recurrent.

Now consider the neutral functional-differential equation

d
dt
where A € C(R,2) and the operator D € 2 is atomic at zero [175, p.67]. Like
(13.31), equation (13.33) generates a linear non-autonomous dynamical system

(X, Ry,m),(Y,R,0),h), where X :=C xY, Y := H(A), and 7 := (¢, 0).

Lemma 13.8 Let H(A) be compact, and assume that the operator D is sta-
ble, that 1is, the zero solution of the homogeneous difference equation Dy, = 0 is
uniformly asymptotically stable [175]. Then the linear non-autonomous dynamical
system (X, Ry, m), (Y, R, o), h) generated by equation (13.33) is asymptotically com-
pact.

Proof. This follows from Theorem 12.3.2 and Lemma 12.4.1 in [175], since ¥ =
H(A) is compact. O

Therefore, Theorems 13.9 and 13.10 hold for equations (13.33).

Linear partial differential equations. Consider the differential equation
(13.21) with unbounded coefficients. Let A € C(R, A), where A is a complete metric
space of linear closed operators that act on E (for example, A := {Ao+B | B € [E]},
where Ag is a closed operator that acts on E). Consider the H-class (13.22) of
equation (13.21), where B € H(A). We assume that the following conditions are
fulfilled for equation (13.21) and its H-class:

(i) for any v € F and B € H(A) equation (13.22) has precisely one solution
©(0,v, B) that is defined on R, and satisfies the condition ¢(0,v, B) = v;

(ii) the map ¢ : (t,v,B) — ¢(t,v, B) is continuous in the topology of Ry x E x
C(R, 2A);
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(iii) for every ¢t € Ry the map U(t,-) : H(A) — [E] is continuous, where U(t, B)
is the Cauchy’s operator of equation (13.22), that is, U(t, B)v := ¢(t, v, B) for
allt e Ry and v € F.

Under the above assumptions equation (13.21) generates a linear non-
autonomous dynamical system to which the results obtained in section 13.1 can
be applied. Therefore, Theorems 13.5 and 13.6 hold in this case.

In conclusion we consider a partial differential equation that satisfies conditions

(i)-(iii).

Example 13.1 A closed linear operator A : D(A) — E with dense domain D(A)
is said [188] to be sectorial if one can find a ¢ € (0, %), an M > 1, and a real number
a such that the sector

Susi={\ ] Jarg (A= )| < 7, A £ a}

lies in the resolvent set p(A) of A and ||[(A] — A) 7| < M|\ —a|~! for all A € S, 4.
An important class of sectorial operators is formed by elliptic operators [188], [202].
Consider the differential equation

u = (A1 + As(t))u, (13.34)
where A; is a sectorial operator that does not depend on ¢t € R, and A5 € C(R, [E]).

The results of [238], [188] imply that equation (13.34) satisfies conditions (i)-(iii).
Therefore, analogies of Theorems 13.5 and 13.6 hold for equation (13.34).

Remark 13.4 Statements similar to Theorems 13.5 and 13.6 hold for difference
equations and can be deduced from the results of section 13.1 by applying these
results to linear non-autonomous dynamical systems with discrete time generated by
the corresponding difference equations.

13.3 Finite-dimensional systems

Throughout this section we assume that the Banach space E is finite-dimensional
and its norm | - | is induced by the scalar product (-,-), that is, |- |? := (-,-). We
propose several conditions for equations (13.21) in a finite-dimensional space that
are equivalent to the uniform bistability of the zero solution of equation (13.21), and
prove that the uniform Lyapunov stability of the zero solution of equation (13.21)
implies that there is a frame of solutions of equation (13.21) bounded on R whose
Gram determinant is separated from zero.

Let z1,...,x% be a set of vectors in E. Let us recall [23] that the Gram de-
terminant T'(xq,...,x) of the vectors x1,...,xx is defined to be the determinant
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(i, z;) i‘cj:r The Gram determinant of the vectors z1, ...,y is no-negative, and

equals zero only if the vectors z1, ..., xj are linearly dependent.

Theorem 13.11  The following assertions are equivalent:

(i) there is an M > 0 such that (13.23) is valid for allt € R and (x,y) € B;
(ii) B is closed;
(1ii) B is a subbundle of F, that is, B is closed and there is a k such that dimB, = k
forallyeY;
(iv) all the motions in F that are non-trivial and bounded on R are separated from
zero, that is, inf{ |¢(t,z,y)| : t € R} >0 for any (x,y) € B such that x # 0;
(v) one can find a yo € Y and a basis &1, ..., & € By, such that

égﬂgf(&? v liit) == a >0, (13.35)

where & = (zi,Y0),t = 1,...,k and I'(&q, ..., &k; t) is the Gram determinant of
the vectors m(t,&) € ExY,i=1,.., k.

Proof. Assertions (i) and (ii) are equivalent by Theorem 13.1. By Theorems 13.1
and 13.2, (ii) implies (iii) (the reverse implication is obvious). The equivalence of
conditions (iii) and (iv) follows from [33], Theorem 8.22.

Assume that (iv) is fulfilled, let yo € Y, and let &1, ...,&; € B, be a basis in B.
We claim that (13.35) holds. Assume the contrary. Then one can find a {¢,} C R
such that |t,|] — 400 and I'(&y,...,&k;tn) — 0 as n — +4oo. Since all non-zero
motions in F' are separated from zero, Lemma 13.1 implies that &;,...,& and y
are jointly recurrent. Without loss of generality, we can assume that the sequences
{r(tn,&)},i=1,....k and {o(t,,y)} are convergent.

Let

7= lim 7(t,,&), i=1,....k, ¢g:= lim o(tn,yo).

n—-+4oo n—-+oo

Then
F(’)’]l, ,nk) = nEIfmF(W(tnvgl)v 77T(tn7£k)) =0.

Hence, 71, ..., n are linearly dependent. Repeating the above argument, we deduce
from the last fact that &i,...,& are linearly dependent, which contradicts their
choice. Hence, (iv) implies (v).

We claim that (v) implies (iv). First, we prove that for any ¢ € Y one can find
a basis 11, ..., mg such that T'(n1, ..., mk;t) > a > 0. Indeed, since Y is minimal, there
is a sequence {t,,} C R such that (¢, yo) — ¢. Since &1, ..., k € By, we can assume
that the sequences {m(t,,&)},i = 1,...,k are convergent. Let n; := nEr_Ew T(tn, &)-
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Then 7y, ...,mr € By and

for all t € R. Therefore, 11, ...,n are linearly independent. Hence, ngy := dimB, >
Ny, = dimB,,. Since Y is minimal, the reverse inequality also holds. Therefore,
ng = Ny, for all ¢ € Y. This implies that ny,...,m is a basis in B,;. Thus, we
have shown that for any ¢ € Y there is a basis 01, ..., n € B, that satisfies condition
(13.36). For any g € Y and (z, ¢) € B, we have inf{ |p(¢,z,¢)| : t € R} > 0. Indeed,
if we assume the contrary, then there are (zo,q) € By, zo # 0, and |¢,,| — +o0 such
that

lp(tn, z0,y)| — 0 (13.37)

as n — +o00. Let n{, ..., 7}, be a basis in By, and let 1 = (20, ¢). Then (13.37) implies
that

C(nitny ey Nptn) — 0. (13.38)

Since 1, ..., m, and , 7, ..., 7}, are two bases in By, there is a non-degenerate linear
transformation that transforms the first basis into the second, and vice versa. For-
mula (13.38) implies that a similar relation holds for the basis 71, ...,m, which
contradicts inequality (13.36). This contradiction completes the proof of the impli-
cation (v)== (iv). The theorem is proved. O

Applying Theorem 13.11 to the linear non-autonomous dynamical system gen-

erated by equation (13.21), we obtain the following assertion.

Theorem 13.12 Let A € C(R,[E]) be recurrent. Then the following conditions
are equivalent:

(a) the set B := {(u,B) € ExH(A) | sup |p(t,u, B)| < 400} is closed in Ex H(A);
teR
(b) there is a positive number M such that
lp(t, u, B)| < M|u| (13.39)

for allt € R and (u, B) € B;

(c) B is closed and all fibres B have the same dimension, that is, all the equations
(13.22) have the same number of solutions that are linearly independent and
bounded on R;

(d) all non-trivial solutions of all equations in the H-class (13.22) bounded on R
are separated from zero, that is,

tlgﬂg|<p(t,u,B)| >0 (13.40)

for all (u, B) € B,u # 0;
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(e) there is a basis ©1,...,0k(k = dimBa and Ba := {(u,A) | (u,A) € B}) that
consists of solutions of equation (13.21) bounded on R and satisfies the condition
L(p1, .y pk5t) > 0 for all t € R, where T'(p1,..., ki t) == [{pi(t), p; )} ;=1 s
the Gram determinant of 1, ..., Pk.

Corollary 13.3 Let A € C(R,[E]) be recurrent. Then the following conditions
are equivalent:

(i) all solutions of all equations from the H-class (13.22) are bounded on R,

(ii) there is an M > 0 such that |p(t,u, B)| < M|u| for allt € R and u € F;

(iii) all non-zero solutions of all equations from the H-class (13.22) are bounded
on R and separated from zero, that is, (13.40) is valid for all (u, B) € B such
that u # 0;

(iv) there are positive numbers C and such that ||U(t,A)|| < C for all t € R and
inf{|det U(t,A)] : t € R} = «, where U(t,A) is the Cauchy operator of
equation (13.21).

Proof. This follows from Theorem 13.12, since (1, ..., on;t) = |det U(t, A)|?,
where ¢1, ..., @, are the column-vectors of the matrix U(t, A). O

Remark 13.5 The equivalence of conditions (i) and (i) was established in [39],
[204]. The implication (iv)== (i) sharpens a result in [204].

Theorem 13.13 Assume that all solutions of all equations from the H-class
(15.22) are bounded on Ry. Then there is an M > 0 such that |¢(t, u, B)| < M]u|
for allt € R and (u, B) € B, that is, B is closed.

Proof. This follows from Theorems 13.1 and 13.4. (]
In conclusion we consider examples that illustrate the above results.

Example 13.2 Let a € C(R,R) be the Bohr almost periodic function defined by
the equality

= 1 t
= i 13.41
alt) I;O Qk+ 122 Mok 1 (13.41)
and let
h(t) := /t a(s)ds = i 2 sin? t
“Jo S 2k )2 2(2k+ 1)

Note that a(t + t,) — —a(t) uniformly on R, where ¢, := (2n + 1)!!. Therefore,
—a € H(a) := {a; | 7 € R}. Using the inequality |sint| > %[¢| with |t| < 1, we
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obtain that

o 1 t t2 1
h(t) = in’ > ———
®) kzzo 2k + )2 20k +1) = 2 3 (2k + 1)5/2

S t2/ ds £223/2 1 12 — oo
—_ = = —
- 8 |s‘2%(\ﬂ_1) (2S+ 1)5/2 24|t|3/2 6\/§

as |t| — 4o00. This implies that the module of all non-zero solutions of the equation
¥ =a(t)x (13.42)
tend to +00 as [t| — +oo, whereas those of the equation
y' = b(t)y, (13.43)

with b:= —a € H(a) tend to zero.

The above example is a slight modification of the well-known example of Favard
(see [137, p.435] or [150]). Our case differs from Favard’s example in that the
solutions of equation (13.43) are not only bounded on R, but they tend to zero as
|t| — 400. Thus, a non-zero solution of equation (13.43) is asymptotically stable,
but the zero solution of equation (13.42) is not, even though a € H(b).

Example 13.3 Assume that a € C(R,R) is defined by the formula a(t) := —1 +
sint?, t € R. For equation (13.42) the sets

BT :={(z,b) |7 €R, b€ H(a)} =R x H(a),
B:={(0,b) | b€ H(a)} U{(z,0) | z € R},
where 6 € C(R,R) is the function identically equal to zero, are closed. Thus, the

recurrence of A in Theorem 13.12 (Theorem 13.13) is a sufficient condition, but this
condition is not necessary.

13.4 Relationship between different types of stability

In 1962 W. Hahn [168] posed the problem of whether asymptotic stability implies
uniform stability for linear equation

= A(t)x (z € R") (13.44)

with almost periodic coefficients. C. C. Conley and R. K. Miller [123] gave a negative
answer to this by constructing a scalar equation 2’ = a(t)x with the property that
every solution ¢(t,x,a) — 0 as ¢ — 400, but the null solution is not uniformly
stable (see also [89]). From the results of R. J. Sacker and G. R. Sell [275] and
I. U. Bronshteyn [33, p.141] follows, that for linear system (13.44) with recurrent
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(in particular, almost periodic) matrix from asymptotic stability of null solution of
system (13.44) and all system

2 = B(t)z, (13.45)

where B € H(A) := {A; : 7 € R}, A, is the translation of matrix A on 7 and by
bar is denoted the closure in the topology of uniform convergence uniform on every
compact from R, follows the uniform stability of null solution of system (13.44).
Finally we note that from results of author [65] follows the validity of above men-
tioned result for arbitrary system (13.44) with compact matrix (i.e. when H(A) is
compact). Below we study the relationship between the asymptotic stability and
uniform stability of null solution of system (13.44) in the arbitrary Banach space.

Our main result is that for linear system (13.44) with recurrent coefficients in
the arbitrary Banach space the following statement takes place: if the null solution
of equation (13.44) and all the equation (13.45) are asymptotically stable, then the
null solution of equation (13.44) is uniformly stable.

From the theorem of Banach-Steinhauss follows that point dissipativity and
compact dissipativity are equivalent for autonomous linear system. One example of
linear autonomous dynamical system which is compact dissipative, but is not local
dissipative, is constructed in the section 1.6 (see examplel.8).

Theorem 13.14 Let ((X,S4,7),(Y,S,0),h) be a linear non-autonomous
dynamical system and the following conditions hold:

1.'Y is compact and minimal (i.e. Y = H(y):={yt : t €S} forallyeYY );
2. for any x € X there exists C, > 0 such that

|2t| < Cy (13.46)

forallt e Sy;

3. the mapping y — |7} |
= 7'|x,, for everyt € Sy.

| is continuous, where ||z || is a norm of linear operator

Then there exists M > 0 such that the inequality
|7tz| < M|z| (13.47)

takes place for allt € Sy and x € X.

Proof. From condition 2. and theorem of Banach-Steinhauss follows the uniform
boundedness of the family of linear operators {r, : t € S;} for every y € Y, i.e.
for any y € Y there exists M, > 0 such that ||z} || < M, for allt € S;. We put

d(y) :==sup{||=} || : t €S;} (13.48)
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and claim that the function d : ¥ — Ry, defined by equality (13.48) be lower-
semicontinuous, i.e. liminf d(y,) > d(y) for all y € Y and {y,} — y. Suppose that
Yn—Y

it is not true, then there exist y € Y, {y,} and £ > 0 such that
liminf d(y,) = d(y) — e. (13.49)
Yn—Y

From the equality (13.48) follows d(y) = nEIEm |7y || for some sequence {t,} C Sy
and, consequently, there exists k such that

€
4

for all n > k. According to continuity of mapping y — ||7} || there exists n(k) such
that

[y Il = d(y)| < (13.50)

[l

n

3
= llmy Nl < 3 (13.51)

for all n > n(k). From (13.50) and (13.51) follows

ld(y) — s ]Il < 5 (13.52)
for all n > n(k). From inequality (13.52) results
€
ld(y) = d(yn)l < 5 (13.53)

for all n > n(k). Inequality (13.53) contradicts (13.49). This contradiction proves
that d : Y — R, is lower semi-continuous. Hence, this function has a set of points
of continuity D C Y of the type Gs. Let p € D, then there exist a positive numbers
dp and M, such that d(y) < M, for all y € Blp,0,] ={y € Y | p(y,p) <dp} C Y.

Since Y is minimal, there are negative numbers t¢1,ts,...,t,, such that ¥ =
UL, o(S[p,0,,ti)  (see [238, p.134]). We put L := max{t;|i = 1,2,...,m}.
Assume that m € Y,y € Blp, d,] and t; are such that m = yt;. Then

|lt] = |mythi (m (2))| < MpClal (13.54)
for all z € X and t > L, where

C:= max{maX{Hﬂ'y_ti

lyeY},i=1,2,...,m}.

We claim that the family of operators {n* : ¢ € [0,L]} is uniformly continuous,
that is, for any e > 0 there is a §(¢) > 0 such that |z| < ¢ implies |zt| < ¢ for all
t € [0, L]. Assume the contrary. Then there are 9 > 0,5, — 0 (3, > 0), |2,| < dn
and ¢,, € [0, L] such that

|Tntn| > €o. (13.55)

Since (X, h,Y) is locally trivial Banach fiber bundle and Y is compact, then the
zero section © = {6, : y € Y} of (X,h,Y) is compact and, consequently, we can



Linear almost periodic dynamical systems 429

assume that the sequences {z,} and {¢,} are convergent. Put xg = hIE Z, and
n—-1+0oo
tg = lir}rl tn, then 2o = 6y, (yo = h(zo)). Passing to the limit in (13.55) as
n—-rroo

n — 400, we obtain 0 = |zgtg| > £9. The last inequality contradicts the choice of
go. This contradiction proves the above assertion. If v > 0 is such that |7tz <1
for all |z| <+ and ¢ € [0, L], then

1
|zt] < —|x| (13.4.12)
gl

for all t € [0,L] and z € X. We put M := max{y~!, M,,C}, then from (13.54) and
(13.4.12) follows the inequality (13.47) for all ¢ > 0 and « € X. The theorem is
proved. O

Remark 13.6 a. If the fiber bundle (X,h,Y) is finite-dimensional, then the
condition 3. of Theorem 15.14 holds.

b. Let X := E x Y, where E is a Banach space and 7 := (p,0), i.e. wix =
(p(t,u,y),oty) for all t € Sy and z := (u,y) € X = E x Y. Then the condition
3. of Theorem 18.14 holds, if for every t € S; the mapping U(t,-) : Y — [E] is
continuous, where U(t,y)u = p(t,u,y) for any (t,u,y) € Sy x E XY and [E] is
a Banach space of all continuous operators acting onto E and equipped with the

operational norm.

Theorem 13.15 Let ((X,S;,n),(Y,S,0),h) be a linear non-autonomous
dynamical system, Y be a compact minimal set and the mapping y +— ||xl] be
continuous for each t € Si.. Then from point dissipativity of ((X,S+,7),(Y,S,0),h)
follows its compact dissipativity.

Proof. Assume that the conditions of Theorem 13.15 are fulfilled and the non-
autonomous dynamical system ((X,S,,7), (Y,S, o), h) is point dissipative, then ac-
cording to Theorem 2.36 for every = € X there exists a constant C';, > 0 such that
the inequality (13.46) takes place for all x € X and ¢t € S. Next to complete the
proof of Theorem 13.15, it is sufficient to refer to Theorems 13.14 and 2.37. O

Linear ordinary differential equations.

Let A be a complete metric space of linear operators that act on Banach space
E and C(R, A) be a space of all continuous operator-functions A : R — A equipped
with open-compact topology and (C(R, A),R, o) be a dynamical system of shifts on
C(R,A).

Let A = [E] and consider the linear differential equation
u=Alt)u (13.56)

where A € C(R, A). Along with equation (13.56), we shall also consider its H—class,
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that is, the family of equations
o' =B(tv (13.57)

where B € H(A) :=={A, : 7€ R}, A (t) = A(t +7) (t € R) and the bar denotes
closure in C(R,A). Let ¢(t,u,B) be the solution of equation (13.57) that satis-
fies the condition ¢(0,v,B) = v. We put Y := H(A) and denote the dynamical
system of shifts on H(A) by (Y,R, o), then the triple (X,R4,7), (Y,R,0),h) is a
linear non-autonomous dynamical system, where X := E x Y, 7 := (p,0) ( ie.
(T, (v,B)) := (¢(7,v, B), B;) and h := pro : X — Y. Applying Theorem 13.15 to
this system, we obtain the following assertion.

Theorem 13.16 Let A € C(R,A) be recurrent (i.e. H(A) is compact minimal
set of (C(R,A),R,0) ) and the zero solution of equation (13.56) and all equation
(13.57) are asymptotically stable, i.e. tliin lo(t,v,B)] = 0 for all v € E and

B € H(A). Then the zero solution of equation (15.56) is uniformly stable, i.e. there
exists M > 0 such that |o(t,v, B)| < M|v| for all t > 0,v € E and B € H(A).

Proof. According to Lemma 2 [60] the mapping B — ¢(t, -, B) from H(A) into [E]
is continuous for all ¢ € R. To finish the proof of the theorem it suffices to refer to
Theorem 13.14. g

Linear Partial differential equations. Let A be some complete metric
space of linear closed operators acting into Banach space £ ( for example A =
{Ao + B|B € [E]}, where Ay is a closed operator that acts on E). We assume that
the following conditions are fulfilled for equation (13.56) and its H— class (13.57):

a. for any v € E and B € H(A) equation (13.57) has exactly one solution that is
defined on R and satisfies the condition (0, v, B) = v;

b. the mapping ¢ : (¢,v, B) — ¢(t,v, B) is continuous in the topology of Ry X
E x C(R;A);

c. for every t € Ry the mapping U(¢,-) : H(A) — [E] is continuous, where U(t,-)
is the Cauchy’s operator of equation (13.57), i.e. U(t,B)v := ¢(t,v,B) (t €
R4,v € E and €H(A) ).

Under the above assumptions the equation (13.56) generates a linear non-
autonomous dynamical system ((X,R4,m),(Y,R,0),h), where X = Ex Y,7 =
(p,0) and h := pro : X — Y. Applying Theorem 13.15 to this system, we will
obtain the analogue of Theorem 13.16 for different classes of partial differential
equations.

We will consider an example of partial differential equation which satisfies the
above conditions a.-c. Let H be a Hilbert space with a scalar product (-,:) =
|12, D(R,, M) be a set of all infinite differentiable and finite into R functions with
values into H.
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Denote by (C(R, [H]), R, o) a dynamical system of shifts on C(R, [H]). Consider
the equation

/KU(t)a (1)) + (A)u(t), o(t))]dt = 0, (13.58)

Ry

along with the family of equations

[ttt ) + (B, s =0, (13.59)

Ry

where B € H(A) := {A;|r € R}, A, (t) := (t + 7) and the bar denotes closure in
C(R, [H]).

The function v € C(R,H) is called a solution of equation (13.58), if (13.58)
takes place for all ¢ € D(R4, H).

Assume that the operator A(t) is self-adjoint. Let (H(A),R, o) be a dynamical
system of shifts on H(A), ¢(t,v, B) be a solution of equation (13.59) with condition
©(0,v,B) = v, X = H x H(A), X be a set of all the points (u, B) € X such that
through point v € H passes a solution ¢(t,u, A) of equation (13.58) defined on
R,. According to Lemma 2.21 [92] the set X is closed in X. In virtue of Lemma
2.22 [92] the triple (X,R, ) is a dynamical system on X ( where 7 := (i, 0))
and {(X,Ry,7),(Y,R,0),h) is a linear non-autonomous dynamical system, where
h:=pry: X — Y = H(A). Applying the results from [5] it is possible to show that
for every ¢ the mapping B +— U(t,B) ( where U(t, B)v := ¢(t,v, B)) from H(A)
into [H] is continuous and, consequently, for this system is applicable Theorem
13.14. Thus the following assertion takes place.

Theorem 13.17 Let A € C(R, [H]) be recurrent and the zero solution of equation
(13.56) and all equation (13.57) are asymptotically stable, i.e. , 1151_1 lp(t,v,B)| =0
forallv € E and B € H(A). Then the zero solution of equation (13.56) is uniformly
stable, i.e. there exists M > 0 such that |@(t,v, B)| < M|v| for allt > 0,v € H and
Be H(A).

We will give the example of limit problem reducing to equation of type (13.58).
Let €2 be a bounded domain in R”, I" be frontier of 2,Q =Ry xQ and S =Ry xT.
Consider in @ the first initial limit problem for equation

0
= =L (ulmo = ¢ uls = 0), (13.60)

where
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The operator A(t) according to theorem of Riesz is defined by equality

(At 0) = — / 13 iyt ) 2 22

dx; Ox;
. J %
Q 3,7=1

+ a(t, r)upldz.

If a;j(t,x) = aji(t,x) and the functions a;;(¢,z) and a(t,z) are recurrent (almost
periodic) with respect to ¢t € R uniformly with respect to z € , then for equation
(13.60) it is applicable Theorem 13.17, if H = W (Q)

Linear functional-differential equations. Denote by 2 = A(C,R") a
Banach space of all linear continuous operators acting from C := C([—r, 0], R™) into
R™, equipped by operational norm. Consider the equation

u=Alt)u; (13.61)

where A € C(R, ). We put H(A) := {A; : 7 € R}, A (t) := A(¢t + 7) and the bar
denotes closure in the topology of uniform convergence on every compact from R.
Along with equation (13.61) we also consider the family of equations

u = B(t)us (13.62)

where B € H(A). Let (v, B) be a solution of equation (13.62) with condition
vo(v,B) = v, defined on Ry. We put Y := H(A) and denote by (Y,R,0) a
dynamical system of shifts on H(A). Let X :=C x Y and 7 := (¢,0) a dynamical
system on X, defined by equality (¢, (v, B)) := (¢, (v, B), B;). A non-autonomous
dynamical system ((X,R4,7),(Y,R,0),h) (h := pro : X — Y) is linear. The
following assertion takes place.

Lemma 13.9 Let H(A) be compact in C(R,2l), then the non-autonomous
dynamical system ((X,Ry,m), (Y,R,0),h) generated by equation (13.61) is com-
pletely continuous.

Proof. Let B C C = C[—r,0] be a bounded set and ¢ > r. According to the
continuity of mapping ¢ : Ry x C x H(A) — C and compactness of H(A) there
exists a positive number M such that |p,(v,B)| < M and |B(t)e¢,(v,B)| < M
for all 7 € [0,t],B € H(A) and v € B, and, consequently, |o(7,v,B)| < M for
all 7 € [0,t],B € H(A) and v € B, i.e. the family of functions {¢;(v,B) : B €
H(A),v € B} (for t > r) is uniformly continuous on [—r,0]. Therefore this family
of functions is relatively compact. The Lemma is proved. (I

Theorem 13.18 Let H(A) be compact. Then the following assertion are equiva-
lent:

(1) for any B € H(A) the zero solution of equation (13.62) is asymptotically stable,
i.e. , ligl |ot(v, B)| =0 for allv € C and B € H(A);
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(2) the zero solution of equation (13.61) is uniformly asymptotically stable, i.e.
there are the positive numbers N and v such that o (v, B)] < Ne=“t|v| for all
t>0,veC and B € H(A).

Proof. Let ((X,R4,7),(Y,R,0),h) be a linear non-autonomous dynamical system,
generated by equation (13.61). According to Lemma 13.9 this system is completely
continuous and to finish the proof it is sufficiently to refer to Theorems 2.38 and
6.10. 0

Consider the neutral functional differential equation

iDZEt = A(t):ct

13.
7 , (13.63)

where A € C(R,2) and D € 2 is non-atomic at zero operator [175, p.67]. As well
as in the case of equation (13.61), the equation (13.63) generates a linear dynamical
system ((X,Ry,7),(Y,R,0),h), where X := C xY,Y := H(A) and 7 := (p,0).
The following statement takes place.

Lemma 13.10 Let H(A) be compact and the operator D is stable, i.e. the zero
solution of homogeneous difference equation Dy = 0 is uniformly asymptotically
stable. Then a linear non-autonomous dynamical system (X,Ry,7), (Y,R,0), h),
generated by equation (13.63), is asymptotically compact.

Proof. According to [179] (see, p.119, formula (5.18)) the mapping ¢, (-, B) : C — C
can be written as

@i(-, B) = S¢(-) + Us(+, B)

for all B € H(A), where Uy(-, B) is conditionally completely continuous for ¢ > r
and there exist constants N > 0, > 0 such that [|S¢|]| < Ne “!(t > 0). To finish
the proof of Lemma 13.10 it is sufficiently to refer to Theorem 2.22. O

Theorem 13.19 Let A € C(R, Q) be recurrent (i.e. H(A) is compact minimal in
the dynamical system of shifts (C(R,20),R, o) ) and D is stable, then the following
assertions are equivalent:

(1) the zero solution of equation (13.61) and all equation

d

dt

where B € H(A), are asymptotically stable, i.e. tlirgl lpe(v, B)| = 0 for all
veCand B e H(A) (pi(v, B) is a solution of equation (13.64) with condition
4100(1}’ B) = ’U);
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(2) the zero solution of equation (13.63) is uniformly exponentially stable, i.e. there
are a positive numbers N and v such that |@¢(v, B)| < Ne “tv| for allt > 0,v €
C and B € H(A).

Proof. Let ((X,R4,7),(Y,R,0),h) be a linear non-autonomous dynamical system,
generated by equation (13.63). According to Lemma 13.10 this system is asymp-
totically compact. To finish the proof of Theorem 13.19 it is sufficiently to refer to
Theorems 2.38 and 1.25. The theorem is proved. ([l

13.5 Linear a-condensing systems

Let A(t) be a continuous n x n matrix-function and H(A) be the family of all matrix-
functions B = liIf Ay, where {t,} C R, A, (t) = A(t, +t) and the convergence
At — B is uniform on every compact subset of R. The following result is well
known.

Theorem 13.20 [275,33,65] Let A be a bounded and uniformly continuous
matriz-function on R, then the following conditions are equivalent:

1. The trivial solution of equation
¥ = A(t)x (13.65)

is uniformly exponentially stable.
2. The trivial solution of equation (13.65) is uniformly asymptotically stable.
3. The trivial solution of equation (13.65) and every equation

y =B(t)y (Be H(A)) (13.66)
is asymptotically stable.

For equations in infinite-dimensional spaces conditions 1., 2., and 3. are not
equivalent; see example 1.8 and also [81, 121, 249]. However, in the general infinite-
dimensional case condition 1. implies condition 2., and condition 2. implies condi-
tion 3.

Linear non-autonomous dynamical systems satisfying one of the conditions 1.,
or 2., or 3. are studied in [81]; see also Chapter 2 (section 2.11). We will show that
if the operator corresponding to the the Cauchy’s problem for (13.65) satisfies some
compactness condition, then condition 3 implies condition 1 (see Theorems 13.23
and 13.24).

For recurrent (almost periodic) systems this result is made precise in Theorems
13.25 and 13.26. Applications of this result to different classes of linear evolution
equations (ordinary linear differential equations in a Banach space, retarded and
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neutral functional differential equations, some classes of evolution partial differential
equations) are given.

Assume that X and Y are complete metric spaces, R is the set of real numbers,
Z is the set of integer numbers, S=Ror Z, Sy ={t€S : t >0}and S_ = {t €
S|t < 0}.

Recall that a dynamical system (X,S;,7) is said to be conditionally (-
condensing [179] if there exists to > 0 such that B(7' B) < 8(B) for all bounded sets
B in X with 8(B) > 0. The dynamical system (X, S, ) is said to be 3-condensing
if it is conditionally 8-condensing and the set 7% B is bounded for all bounded sets
BCX.

According to Lemma 2.3.5 in [179, p.15] and Lemma 3.3 in [82] the conditional
condensing dynamical system (X,S,,7) is asymptotically compact.

Let E be a metric space, X := ExY, AC X,and 4, :={x € A: prox = y}.
Then A =U{A, :y € Y}. Let A, := priA, and A = U{A, : y € Y}. Note that if
the space Y is compact, then a set A C X is bounded in X if and only if the set A
is bounded in E.

Lemma 13.11  The equality a(A) = a(A) takes place for all bounded sets A C X,

where a(A) and a(A) are the Kuratowskii’s measure of non-compactness for the sets
ACX and ACE.

Proof. Let e > 0and A be abounded subset in X, then there are sets Ay, Ao, ..., A,
such that A = U{4; : 4 = 1,2,...,n} and diam A; < a(A) + ¢. Note that A =
U{4; : i = 1,2,...,n} and diam A; < diam A4; < a(A) + ¢, and consequently,
a(A) < a(A).

Let € be a positive constant, A be a bounded set in X, A = U{flk k=
1,2,...,m} and diam A, < a(A) + . Since Y is compact, there are sets
Y1,Ys,..., Yy such that YUY, U---UY, =Y and diamY; < ¢ (j = 1,2,...4).
Let A; = pri ' (A;) N A, and

Agj = pry H(pra(pry H(A) N A) DY) N A
Note that A;; C A; x Y;, and that
diam A;; < diam A; + diamY; < a(A) + ¢ + ¢ = a(A) + 2¢.

Since A = U{A;; :i=1,2,...,n,j = 1,2,..., £}, it follows that a(A) < a(A) and

a(A) = a(A). which concludes the present proof. O

Definition 13.5 A cocycle (E, ¢, (Y,,0)) is called conditionally a-condensing
if there exists tg > 0 such that for any bounded set B C FE the inequality
a(p(te, B,Y)) < a(B) holds if a(B) > 0. The cocycle ¢ is called a-condensing if
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it is a conditional a-condensing cocycle and the set p(tg, B,Y) = U{p(to,u,Y)|u €
B,y € Y} is bounded for all bounded set B C E.

Definition 13.6 A cocycle ¢ is called conditional a-contraction of order k €
[0,1), if there exists typ > 0 such that for any bounded set B C FE for
which ¢(tg, B,Y) = We(to,u,Y)lu € B,y € Y} is bounded the inequality
a(p(te, B,Y)) < ka(B) holds. The cocycle ¢ is called a-contraction if it is a condi-
tional a-contraction cocycle and the set ¢(tg, B,Y) = U{p(to,u,Y)|u € B,y € Y}
is bounded for all bounded sets B C E.

Lemma 13.12 Let Y be compact and the cocycle ¢ be a-condensing. Then
the skew-product dynamical system (X,Sy,7), generated by the cocycle p, is a-
condensing too.

Proof. Let A C X be a bounded subset, to > 0 and «(A) > 0, then

ﬂ(to,A) = U{ﬂ'(to,Ay|y S Y}
= U{(¢(to, Ay, y), yt)ly €Y} C p(to, 4,Y) x Y. (13.67)

Since A is bounded, A is also bounded in E and according to the condition of
the lemma the set o(tg, A,Y) is bounded and, consequently, 7 (¢, A) is bounded.
According to Lemma 13.11 and (13.67) we have

a(m(to, 4)) = a(U{(¢(to, Ay, y), yto)ly € Y3}) < alo(to, A,Y)) < a(4) = a(4).

The lemma is proved. O

Theorem 13.21 Let E be a Banach space, ¢ be a cocycle on (Y,S, o) with fiber
E and the following conditions be fulfilled:

(1) o(t,u,y) = P(t,u,y) +y(t,u,y) for allt €S, u€ E andy €Y.

(2) There exists a function m : R2 — Ry satisfying the condition m(t,r) — 0 as
t — 400 (for every r > 0) such that | (t,u1,y) — Y(t, uz, y)| < mt,r)|ur — uz|
for allt € Sy, u1,ug € B[0,r] andy €Y.

(3) v(t, A,Y) is compact for all bounded A C X and t > 0.

Then the cocycle  is an a-contraction.

Proof. Let ¢ > 0 and A be a bounded set in F, then there are sets Ay, As, ..., A,
such that A = U{A4; : i =1,2,...,n} and diam A; < a(A) +¢ for i =1,2,...,n.
Since Y is compact, then there are a sets Y7, Ys,...,Y,, such that YyUY>U---UY,, =
Y with condition diamY; < ¢ forall j =1,2,...,m.
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Let r := diam A and ¢y be a positive number such that m(tg,r) < 1. We note
that
SD(th Aa Y) g w(t07 A7 Y) + ’y(t()? Aa Y)
= U{’l/)(to, Ai7 }/J)|IL = 17 23 s 7”7] = 17 27 ©0y m} + ’Y(t()v A? Y) (1368)
According to the conditions of Theorem 13.21, a(y(to, A,Y)) = 0 and
diam (g, A;, y) < m(tg,r) diam A;
for all y € Y. Thus we have

[P (to, w1, y1) — ¥ (to, uz, y2)| < [P(to, ur, y1) — ¥ (to, u2, y1)|
+h(to, u2,y1) — ¥(to, uz,y2)| (13.69)
and, consequently,
diam ¥ (to, 4, y) < m(to,r) diam A; + diam ¢ (to, uz,Y;) forall yeY;. (13.70)
Since Y is compact, from (13.69)-(13.70) follows the inequality
diam ¢ (to, 4;,Y;) < m(to,r) diam A; < m(to,r)(a(A) +¢)

and, consequently, a(p(to, 4,Y)) < m(tg,r)a(A). The theorem is proved. O

13.6 Exponential stable systems

Theorem 13.22 Let ((X,S;,w),(Y,S,0),h) be a linear non-autonomous
dynamical system, Y be a compact set. Then the following conditions are equiv-
alent:

1. The non-autonomous dynamical system ((X,Sy, ), (Y,S, o), h) is uniformly ex-
ponentially stable, i.e. there exist two positive constants N and v such that
|7(t,z)] < Ne “!|z| for allt € Sy and z € X.

2. |7t — 0 as t — +oo, where ||7t| = sup{|rtz|: z € X, |z| < 1}.

3. The non-autonomous dynamical system (X,Sy, ), (Y,S,0),h) is locally dissi-
pative.

Proof.  According to Theorem 2.38, conditions 1. and 3. are equivalent. Now we
will prove that the conditions 1. and 2. are equivalent. It is clear that from 1.
follows 2. According to condition 2. there exists L > 0 such that

|7t < 1 (13.71)

for all t > L. We claim that the family of operators {7* : ¢ € [0, L]} is uniformly
continuous, that is, for any € > 0 there is a §(¢) > 0 such that |z| < ¢ implies
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|zt] < e for all ¢ € [0,L]. On the contrary, assume that there are g > 0, 6, > 0
with 6, — 0, |z,| < &, and t,, € [0, L] such that

|Zntn| > e0. (13.72)

Since (X, h,Y) is a locally trivial Banach fiber bundle and Y is compact, the zero
section © = {0, : y € Y,0, € X,,|0,] = 0} of (X,h,Y) is compact and, con-
sequently, we can assume that the sequences {z,} and {t,} are convergent. Put
xo = lim =z, and t¢ = lim ¢,, then o0 = 6,, (yo = h(xo)). Passing to the

n—-+4oo n—-+o0o

limit in (13.72) as n — 400, we obtain 0 = |zgtg| > £9. This last inequality contra-
dicts the choice of €y, and hence proves the above assertion. If v > 0 is such that
|mtz| <1 for all |z| <~ and t € [0, L], then

1
|| < ;|:17| (13.73)

for all t € [0,L] and 2 € X. We put M := max{y~!,1}, then from (13.71) and
(13.73) follows

7wt < M 13.74
[

for all t > 0 and # € X. Consider the function m(t) := ||x'||. We note that
m(t+7) <m(t)m(r) for all t,7 € S; and m(t) < M for all t € S} and m(t) — 0 as
t — 400. According to Lemma 2.19 there exist positive numbers N and v such that
m(t) < Ne ! forall t € Sy. Thus |7 (t,z)| < ||7t|||z| < Ne “!|z| for all t € S; and
z € X. The theorem is proved. O

Let B := {z € X : 3y € ®, such that sup|y(t)| < +oo}.
tes

Theorem 13.23 Let ((X,S;,w),(Y,S,0),h) be a linear non-autonomous
dynamical system, Y be compact and (X,Sy,7) be conditionally a-condensing.
Then the following assertions are equivalent:

(1) The non-autonomous dynamical system ((X,S;,m),(Y,S,0),h) is point dissi-
pative and this system doesn’t admit non-trivial bounded trajectories on 'S, i.e.
BCoO={0,:yeY,0,cX,,|0,] =0}

(2) The non-autonomous dynamical system (X, S4, ), (Y,S,0), h) is uniformly ex-
ponentially stable.

Proof. Denote by © = {0, :y €Y,0, € X,,|0,] = 0} the zero section of the vector
fibering (X, h,Y"). Since (X, h,Y) is locally trivial and Y is compact, the zero section
O is compact and an invariant set of the dynamical system (X,S;, 7). Taking
into account that the dynamical system (X,S;,7) is conditionally a-condensing,
according to Theorem 2.4.8 [179] the set O is orbitally stable and in particular there
exists a positive constant N such that |zt| < N|z| for all t € S; and = € X. By
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virtue of Theorem 2.38 the dynamical system (X,S,,7) is compact dissipative and
according to Theorem 2.38 (X, Sy, ) is local dissipative. It follows from Theorem
13.22 that (X,S4,7) is uniformly exponentially stable.

Let now the non-autonomous dynamical system ((X,S;,7), (Y,S,0), k) be uni-
formly exponentially stable, then according to Theorem 13.22 it is locally dissipa-
tive. Let J be its Levinson’s centre (i.e. maximal compact invariant set of dynamical
system (X,Sy,7)) . We note that according to the linearity of non-autonomous
dynamical system ((X,S;,n),(Y,S,0),h) we have J = ©. Let ¢ be a entire
bounded trajectory of dynamical system (X,S;,7) . Since the non-autonomous
dynamical system ((X,S,n),(Y,S,0),h) is conditionally a-condensing, in partic-
ularly, it is asymptotically compact and the set M = ¢(S) is relatively compact. In
fact, the set M is invariant Q(M) = M and in view of Lemma 3.3 [82] the set M is
relatively compact. We note that ¢(S) C J = © because J is the maximal compact
invariant set of (X,S;, ). The theorem is proved. O

Remark 13.7 Theorem A in [277) implies a version of Theorem 13.23 under
slightly stronger assumptions.

Theorem 13.24 Let ((X,S;,n),(Y,S,0),h) be a linear non-autonomous
dynamical system, Y be compact and (X,S4,m) be completely continuous, i.e. for
any bounded set A C X there exists a positive number £ such that 7*(A) is relatively
compact. Then the following assertions are equivalent:

1. The non-autonomous dynamical system ((X,S1,7), (Y,S, o), h) is uniformly ex-
ponentially stable.
2. thfP |7tz =0 for all z € X.

Proof. Tt is clear that condition 1 implies 2. Now we will show that condition 1
follows from 2. According to Theorem 2.38 the non-autonomous dynamical system
((X,S4,7m), (Y,S,0),h) is point dissipative. Since the dynamical system (X,S;, )
is completely continuous, by virtue of Theorem 2.38 the dynamical system (X, S, )
is locally dissipative. To prove the theorem it is sufficient to refer to Theorem 13.22]

13.7 Linear system with a minimal base

In this section we study a linear system ((X,Sy,7), (Y,S,0),h) with compact minimal
base (Y,S, o).

Theorem 13.25 Let ((X,S4,7),(Y,S,0),h) be a linear non-autonomous
dynamical system and the following conditions hold:

(1) Y is compact and minimal.
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(2) The dynamical system (X,Sy,7) is asymptotically compact.

(8) The mapping y — ||z | is continuous, where ||z is the norm of the linear
operator 71';/ =7t|x,, for everyt € Sy or (X,Sy, ) is a skew-product dynamical
system.

Then the non-autonomous dynamical system ((X,S4,n),(Y,S,0),h) is uni-
formly exponentially stable if and only if
lim |7'z| =0 (13.75)

t——+oo

forallz € X.

Proof. Tt is clear that from uniform exponential stability of the non-autonomous
dynamical system ((X,S;,7), (Y,S, o), h) follows the equality (13.75).

From condition (13.75) and minimality of (Y, S, &) by virtue of Theorem 13.14 it
follows that for the non-autonomous dynamical system ((X,S;, ), (Y,S,0), h) the
inequality

|n(t, )| < M|z| (13.76)

holds for all t € S; and z € X. According to Theorem 2.38 this system is com-
pact dissipative. Since the dynamical system (X,S;,7) is asymptotically com-
pact, to finish the proof of the Theorem it is sufficient to remark that accord-
ing to Theorem 2.13 [86] every compact dissipative and asymptotically compact
dynamical system is local dissipative. Thus a linear non-autonomous dynamical
system ((X,Sy,7),(Y,S,0),h) is local dissipative and, consequently, it is uniform
exponentially stable. The theorem is proved. (I

Theorem 13.26  Suppose that the following conditions are satisfied:

(1) A dynamical system (Y,S,c)is compact and minimal.

(2) A linear non-autonomous dynamical system ((X,Sy, ), (Y,S,0),h) is genera-
ted by cocycle ¢ (i.e. X =E XY, m=(p,0) andh=pro: X —Y).

(8) The dynamical system (X,Sy,7) is conditionally a-condensing.

(4) There exists a positive number M such that |p(t,u,y)] < M|u| for allt € Y
and t € S;.

Then there are two wvectorial positively invariant sub-fiberings (X% h,Y) and
(X5, h,Y) of (X,h,Y) such that:

a. Xy =X)+X; and X)NX; =0, forally €Y, where 6, = (0,y) € X = ExY
and 0 is the zero in the Banach space E.

b. The vector sub-fibering (X°, h,Y) is finite dimensional, invariant (i.e. ' X% =
X9 for all t € Sy ) and every trajectory of the dynamical system (X,Sy,m)
belonging to X° is recurrent.



Linear almost periodic dynamical systems 441

c. There exist two positive numbers N and v such that |o(t,u,y)| < Ne "t|u] for
all (u,y) € X® and t € Sy.

Proof. Let X := B, then according to Theorem 13.2, statement b. holds. Denote
by P, the projection of X, := h~!(y) to B, := BNh~!(y), then P,(u,y) = (P(y)u,y)
forallu € E,P?(y) = P(y) and the mapping P : Y — [E] (y — P(y)) is continuous,
where by [E] denotes the set of all linear continuous operators acting on E. Now we
set X := Q(y)X, and X° := U{X; :y € Y}, where Q(y) := Idg — P(y). We will
show that X is closed in X. In fact, let {z,} = {(un, yn)} € X*® and 29 = (ug, yo) =
nh_)rrgo xpn. Note that Py, (zo) = (P(yo)uo,yo) = (nh_)n;o P(Yn)tn, yo) = (0,y0) = Oy,
and, consequently, zg € X C X*.

Let (X*,S;,7) be the dynamical system induced by (X,S;,w). It is clear
that under the conditions of Theorem 13.26 the dynamical system (X*,S;, ) is
asymptotically compact and every positive semi-trajectory is relatively compact
and, consequently, tlirgo |n(t,z)| = 0 for all € X*® because the dynamical system
(X*,S4,m) doesn’t have a non-trivial entire trajectory bounded on S. In fact, if
we suppose that it is not true, then there exist zo = (uo,yo) and ¢, — 400 such
that: |ug| # 0, ngrilooﬂ(tn,x) = xo and through point zy pass a non-trivial entire
trajectory bounded on S. This contradiction proves the necessary assertion. Thus
we can apply Theorem 2.38 according which there exist two positive constants N
and v such that |¢(¢,u,y)| < Ne "*|u] for all (u,y) € X* and ¢t € S;. The theorem
is proved. O

13.8 Some classes of uniformly exponentially stable equations

Let A be a complete metric space of linear operators that act on a Banach space E
and C(R, A) be the space of all continuous operator-functions A : R — A equipped
with the open-compact topology and (C(R,A),R, o) be the dynamical system of
shifts on C(RR, A).

Linear ordinary differential equations. Let A = [E] and consider the linear
differential equation

u = A(t)u, (13.77)

where A € C(R, A). Along with equation (13.77), we shall also consider its H-class,
that is, the family of equations

v' = B(t)v, (13.78)

where B € H(A) := {A;: 7 € R}, A.(t) = A(t + 7) (¢t € R), and the bar denotes
closure in C(R,A). Let ¢(t,u, B) be the solution of equation (13.78) that satis-
fies the condition ¢(0,u, B) = u. We put Y := H(A) and denote the dynamical
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system of shifts on H(A) by (Y,R,0). Then the triple (X,Ry,7),(Y,R,0),h) is
a linear non-autonomous dynamical system, where X := E XY, m := (p,0); i.e.,
w((0, B),7) = (plr, v, B), B,) amd h := pra - X — Y).

Lemma 13.13 [51,60]

(i) The mapping (t,u, A) — @(t,u, A) of R x E x C(R,[E]) to E is continuous,
and

(i1) the mapping A — U(-, A) of C(R, [E]) to C(R,[E]) is continuous, where U (-, A)
is the Cauchy’s operator [132] of equation (15.77).

Theorem 13.27 Let A € C(R,A) be compact (i.e. H(A) is a compact set of
(C(R,A),R,0) ), then the following conditions are equivalent:

1. The trivial solution of equation (13.77) is uniformly exponentially stable, i.e.
there exist positive numbers N and v such that |U(t, AU(r, A)~|| < Ne=(=7)
forallt > T.

2. There exist positive numbers N and v such that |U(t, B)U (1, B)~!|| < Ne=(¢=7)
for allt > 7 and B € H(A).

3. 1;1£m_is_up{|\U(t, B)|: Be H(A)} =0.

Proof. Applying Theorem 13.22 to the non-autonomous system ((X,R, ),
(YR,0), h), generated by equation (13.77), we obtain the equivalence of conditions
2. and 3. According to Lemma 3 [60] conditions 1. and 2. are equivalent. The
theorem is proved. O

Theorem 13.28 Let A € C(R,A) be recurrent with respect tot € S (i.e. H(A)
is a compact and minimal set of (C(R,A),R,0) ), the non-autonomous system
(X,Ry,m), (Y,R,0),h) generated by equation (15.77) is asymptotically compact.
Then the following conditions are equivalent:

1. The trivial solution of equation (13.77) is uniformly exponentially stable, i.e.
there exist positive numbers N and v such that |U(t, AYU(r, A) || < Ne=(t=7)

forallt > 1.
2. limsup |¢(t,u, B)| =0 for every uw € E and B € H(A).
t——+o0

Proof.  According to Lemma 13.13 the mapping U(¢,-) : [E] — [E] is continuous
and, consequently, the mapping B +— ||U(t, B)|| is also continuous for every ¢ € S.
Now applying Theorem 13.22 to non-autonomous system ((X,Ry,7),(Y,R,0),h)
generated by equation (13.77), we obtain the equivalence of conditions 1. and 2.
The theorem is proved. g
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We now formulate some sufficient conditions for the a— condensedness (in par-
ticular, asymptotic compactness) of the linear non-autonomous dynamical system
generated by equation (13.77).

Theorem 13.29 Let A € C(R,[E]), A(t) = Ai(t) + Ax(t) for all t € R, and
assume that H(A;) (i = 1,2) are compact and the following conditions hold:

(i) The zero solution of the equation
u = Ai(t)u (13.79)

is uniformly asymptotically stable, that is, there are positive numbers N and v
such that

|U(t, AU (1, Ay)|| < Ne7v (=7 (13.80)

for allt > 7 (t,7 € R), where U(t, A1) is the Cauchy’s operator of equation
(13.79).

(ii) The family of operators {Az(t) : t > 0} is uniformly completely continuous, that
is, for any bounded set A C E the set {A2(t)A : t > 0} is relatively compact.

Then the linear non-autonomous dynamical system generated by equation
(13.77) is an a-contraction.

Proof. First of all we note that the set ¢(t,A,Y) is bounded for every ¢t > 0
and bounded set A C E. Let B € H(A). Then there are {¢,} C S such that
B(t) = B1(t) + Ba(t) and B;(t) = . 1131 A;(t +t,). Note that

o(t,v, B) = U(t, By)v + /0 Ut BOU- (. By) Ba(r (. v, B)dr.
By Lemma 13.13,
U(t, Bi) = tlieroo U(t, Air,), A, () = Ai(t +tn),
and the equality
U(t, Ay, UM (1, Are,) = Ut + t, AU HT + tn, Ay)
and inequality (13.80) imply that
|U(t, B))U (7, By)|| < Ne (=7 (13.81)

for all t > 7 and B; € H(A1). Theorem 13.29 will be proved if we can prove that
the set

{/0 U(t, By)U~(r, By)Bs(r) (7,0, B)dr : (v, B) € A}
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is relatively compact for every ¢t > 0 and every bounded positively invariant set
ACEXxY. We put

KY = {By(1)o(r,v,B) : 7 € [0,t], (v, B) € A}

and we note that the set K% is compact. Really, the set ¢([0,¢], A) = U{p(7,v, B) :
7 € [0,t],(v,B) € A} is bounded because |o(7,v, B)| < eMir for all 7 € [0,1]
and (v,B) € A, where r = sup{|v| : 3B € H(A), such that (v,B) € A} and
M = sup{||A(t)|| : t € S}. Then

t

/ U(t, B1)U (7, By)Ba(7)p(T,v, B)dr (13.82)
0

€ tconv{U(t, B))U *(r,B))w:0< 7 <t,B; € H(A),w € K',}.

Since H (A1), H(A), and K are compact sets, then formula (13.82), condition (ii)
of Theorem 13.29, and Lemma 13.13 imply that {U(t, B1)U (7, By)w : 0 < 7 <
t,B1 € H(A;),w € K4} is compact, which completes the proof of the theorem. [

Theorem 13.30 Let H(A) be compact and assume that there is a finite-
dimensional projection P € [E| such that

(i) the family of projections {P(t) : t € R}, where P(t) := U(t, A)PU (¢, A), is
relatively compact in [E|, and
(i1) there are positive numbers N and v such that

U, AQUH(r, A)|| < Ne~ (=7
for allt > 7, where Q :=1— P.

Then the linear non-autonomous dynamical system generated by equation
(13.77) is an a-contraction.

Proof.  Since the family of projections P(t) = U(t, A)PU~L(t, A) is relatively
compact in [F], the family H = {P(¢) : t € R} is uniformly completely continuous,
where the bar denotes closure in [E]. Indeed, let A be a bounded subset of E,
{zn} C {QA: Q@ € H}, and &, | 0. Then there are ¢, € R and v, € A such
that |x, — P(t,)v,| < &5, Since the sequence {P(t,)} is relatively compact, we can
assume that it converges. Let L := nEIEw P(ty). Then L is completely continuous,

which implies that the sequence {z/,} = {Lv,} is relatively compact. Note that
|2y — 2| < |zn — P(ta)vn| + [P(tn)vn — Lon| < en + |P(tn) — Lllval,

which implies that |z, — x],| — 0 as n — +o00. Hence, {x,} is relatively compact.
Assume that B € H(A) and {t,} C R are such that

B= lim A, ,P(B)= lim P(4,,),

n—-+4oo n—-+oo
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where P(A:,) = U(t,, A)YPU(t,, A). The assertions proved above imply that the
family {P(B) : B € H(A)} is uniformly completely continuous. Note that Q(B) =
11111 Q(A:,), where Q(B) := I — P(B) and Q(A:,) = I — P(A;,). Moreover,

condition (ii) of Theorem 13.30 implies that
U (¢, A, )QU (7, Ay, )| < Nem (=) (13.83)

for all ¢ > 7. Passing to the limit in (13.83) as n — +oo and taking into account
Lemma 13.13, we obtain that

|U(t, B)QU " (r,B)|| < Ne~!=7)

for all t > 7 and B € H(A). We complete the proof of the theorem by observing
that U(t, B)Q(B) + U(t, B)P(B) = U(t, B) and applying Theorem 13.21. O

Theorem 13.31  Suppose that the following conditions are satisfied:

(1) The operator-function A € C(R,[E]) is recurrent with respect to t € R.

(2) The linear non-autonomous dynamical system {((X,S;,m),(Y,S,o),h) gener-
ated by equation (13.77) is conditionally a-condensing.

(8) the trivial solution of equation (13.77) is uniformly stable in the positive direc-
tion, i.e. there exist a positive number M such that

U, AU (r, A)|| < M (13.84)
forallt > 1.

Then there are two wvectorial positively invariant sub-fibers (X°, h,Y) and
(X5, h,Y) of (X,h,Y) such that:
a. Xy =X)+X; and X)NX; =0, forally €Y, where 6, = (0,y) € X = ExY
and 0 is the zero in the Banach space E.
b. The vectorial sub-fiber (X°, h,Y) is finite dimensional, invariant (i.e. Tt X% =
X9 for all t € Sy ) and every trajectory of a dynamical system (X,Sy,m) be-
longing to X° is recurrent.

c. There exist two positive numbers N and v such that |p(t,u, B)] < Ne™"t|u| for
all (u, B) € X® and t € S4, where ¢(t,u, B) :=U(t, B)u.

Proof. Assume that B € H(A) and {t,,} C R are such that B = liar_l A, , then
condition (3) of Theorem 13.31 implies that
|U(t, A, )U (7, A )| < N (13.85)

for all ¢ > 7. Passing to the limit in (13.85) as n — +o0o and taking into account
Lemma 13.13, we obtain that

\U(t, BYU (7, B)|| < N
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for all t > 7 and B € H(A) and, consequently,
[U(t,B)[| <N

for all t > 0 and B € H(A). Now to finish the proof of Theorem 13.31 it is
sufficiently to refer on Theorem 13.26. O

Linear partial differential equations. Let A be some complete metric space
of linear closed operators acting into Banach space £ ( for example A = {Ay +
C|C € [E]}, where A is a closed operator that acts on E). We assume that the
following conditions are fulfilled for equation (13.77) and its H— class (13.78):

a. for any v € E and B € H(A) equation (13.78) has exactly one mild solution
o(t,v, B) (i.e. ¢(-,v,B) is continuous, defined on R and satisfies of equation

o(t,v,B) =U(t, B)v + /Ot U(t —7,B)o(t,v, B)dr. (13.86)

and the condition ¢(0,v, B) = v;

b. the mapping ¢ : (¢,v, B) — ¢(t,v, B) is continuous in the topology of Ry x
E x C(R; A);

c. for every t € Ry the mapping U(t,-) : H(A) — [E] is continuous, where U(t,-)
is the Cauchy’s operator of equation (13.78), i.e. U(t, B)v := (t,v,B) (t €
Ri,ve Fand B e H(A)).

Under the above assumptions the equation (13.77) generates a linear non-
autonomous dynamical system ((X,Ri,7),(Y,R,0),h), where X := Ex Y, 7m =
(¢p,0) and h :=pro : X — Y. Applying the results from the sections 13.6 and 13.7
to this system, we will obtain the analogous assertions for different classes of partial
differential equations.

We will consider examples of partial differential equations which satisfy the
above conditions a.-c.

Example 13.4 Consider the differential equation
u = (A1 + Ax(t))u, (13.87)

where A1 is a sectorial operator that does not depend ont € R, and Ay € C(R, [E]).
The results of [188], [238] imply that equation (13.87) satisfies conditions a.-c.

Example 13.5 Let H be a Hilbert space with a scalar product (-,-) = |- |?,
D(Ry, H) be the set of all infinite differentiable, bounded functions on Ry with
values into H.
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Denote by (C(R, [H]),R, o) a dynamical system of shifts on C(R, [H]). Consider

the equation

/[<U(t)7 (1)) + (At)u(t), o(t))]dt =0, (13.88)

Ry

along with the family of equations

/[<U(t), ' (8)) + (B(t)u(t), o(t))]dt = 0, (13.89)

Ry

where B € H(A) := {A.|T € R}, A, (t) := (t + 7) and the bar denotes closure in
C(R,[H)]).

The function uw € C(R4, H) is called a solution of equation (15.88), if (13.88)
takes place for all p € D(Ry, H).

Let (H(A),R, o) be a dynamical system of shifts on H(A), ¢(t,v, B) be a solution
of (13.89) with condition (0,v, B) = v, X := Hx H(A), X be a set of all the points
(u,B) € X such that through point u € H passes a solution o(t,u, A) of equation
(13.88) defined on Ry. According to Lemma 2.21 in [92] the set X is closed in
X. In virtue of Lemma 2.22 in [92] the triple (X, R, m) is a dynamical system on
X (where m := (p,0) ) and {(X,Ry,7),(Y,R,0),h) is a linear non-autonomous
dynamical system, where h :==pro: X — Y := H(A).

Applying the results from [5] it is possible to show that for every ¢ the mapping
B — U(t,B) (where U(t,B)v := ¢(t,v,B)) from H(A) into [H] is continuous
and, consequently, for this system Theorem 13.22 is applicable. Thus the following
assertion takes place.

Theorem 13.32 Let A € C(R,[H]) be compact, then the following assertion hold:

(1) The trivial solution of equation (13.77) is uniformly exponentially stable, i.e.
there exist positive numbers N and v such that ||U(t, B)|| < Ne™"* for allt > 0
and B € H(A).

(2) limiup{HU(t, B)||: Be H(A)} =0.

Proof. This statement follows directly from Theorem 13.22. ]

Linear functional-differential equations. Consider the equation
u = Alt)uy , (13.90)

where A € C(R,2(). We put H(A) := {A,; : 7 € R}, A.(t) = A(t + 7), where the
bar denotes closure in the topology of uniform convergence on every compact of R.
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Along with equation (13.90) we also consider the family of equations
u' = B(t)u; , (13.91)

where B € H(A). Let (v, B) be a solution of equation (13.91) with condition
vo(v,B) = v defined on R;. We put Y := H(A) and denote by (Y,R, o) the
dynamical system of shifts on H(A). Let X :=CxY and 7 := (¢, o) the dynamical
system on X defined by the equality (7, (v, B)) := (¢-(v,B),B;). The non-
autonomous dynamical system ((X,Ry,7),(Y,R,0),h) (h :=pro : X — Y) is
linear. The following assertion takes place.

Theorem 13.33 Let H(A) be compact. Then the following assertions are equiv-
alent:

(1) For any B € H(A) the zero solution of equation (13.91) is asymptotically stable,
i.e. tli+rn |oe(v, B)] =0 for allv e C and B € H(A)
(2) The zero solution of equation (13.90) is uniformly exponentially stable, i.e.

there are positive numbers N and v such that |pi(v, B)] < Ne “tl| for all
t>0,veC and B € H(A).

Proof.  Let ((X,Ry,w),(Y,R,0),h) be the linear non-autonomous dynamical
system, generated by equation (13.90). According to Lemma 13.9 this system is
completely continuous and to finish the proof it is sufficient to refer to Theorem
13.21. O

Consider the neutral functional differential equation

d

where A € C(R,2() and D € 2 is an operator non-atomic at zero [19, p.67]. As
well as in the case of equation (13.90), the equation (13.92) generates a linear
non-autonomous dynamical system ((X,Ry,7),(Y,R,0),h), where X = C x Y,

Y = H(A) and 7 = (¢, 0). The following statement takes place.

Lemma 13.14 Let H(A) be compact and the operator D is stable; i.e., the zero
solution of the homogeneous difference equation Dy, = 0 is uniformly asymptotically
stable. Then the linear non-autonomous dynamical system (X, R4, m), (Y,R,0),h),
generated by equation (13.92), is conditionally a-condensing.

Proof. According to [20, p.119, formula (5.18)] the mapping ¢:(-, B) : C — C can
be written as

©i(-, B) = S¢(-) + Us(+, B)
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for all B € H(A), where U,(+, B) is conditionally completely continuous for ¢ > r.
Also there exist positive constants N, v such that ||S;|| < Ne ! (¢ > 0). Then the
proof is completed by referring to Theorem 13.23. O

Theorem 13.34 Let A € C(R,2) be recurrent (i.e. H(A) is compact minimal
set in the dynamical system of shifts (C(R,2),R,0) ) and D is stable, then the
following assertions are equivalent:

(1) The zero solution of equation (13.90) and all equations

d

where B € H(A), is asymptotically stable, i.e. tEIqPoo lpt(v, B)| =0 for allv e C
and B € H(A) (¢i(v,B) is the solution of equation (13.93) with condition
po(v, B) = v).

(2) The zero solution of equation (13.92) is uniformly exponentially stable, i.e.
there are positive numbers N and v such that |p(v, B)] < Ne "|v| for all
t>0,veC and B € H(A).

(3) All solutions of all equations (13.93) are bounded on Ry and they don’t have
non-trivial solutions bounded on R .

Proof.  Let ((X,Ry,m),(Y,R,0),h) be the linear non-autonomous dynamical
system, generated by equation (13.92). According to Lemma 13.14 this system
is conditionally o condensing. To finish the proof of Theorem 13.34 it is sufficient
to refer to Theorems 13.23 and 13.26. ]

Theorem 13.35 Let A € C(R,2) be recurrent (i.e. H(A) is compact minimal
in the dynamical system of shifts (C(R,2),R, o) ), D is stable, and all solutions of
all equations (13.93) are bounded on Ry. Let {((X,S4,n),(Y,S,0),h) be the linear
non-autonomous dynamical system generated by equation (13.92), then there are
two positively invariant vector sub-fiberings (X° h,Y) and (X* h,Y) of (X,h,Y)
such that:

a Xy = XS—i—X; anngﬁXyS =0, forally €Y, where 0, = (0,y) € X = ExXY
and 0 is the zero in the Banach space E.

b. The vector subfibering (X°, h,Y) is finite dimensional, invariant (i.e.r!X° =
X0 for all t € Sy ) and every trajectory of a dynamical system (X,S,,7) be-
longing to X° is recurrent.

c. There exist two positive numbers N and v such that |p(v, B)| < Ne “t|v| for
all (v, B) € X?, where p¢(v, B) :=U(t, B)v and U(t, B) is the Cauchy operator
of equation (13.93).
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Proof. Let ((X,Sy,7), (Y,S,0),h) be the linear non-autonomous dynamical system
generated by equation (13.92). In virtue of Lemma 13.14 this non-autonomous
dynamical system is conditionally a-condensing. According to Theorem 13.1 there
exists a positive number M such that |p;(v, B)] < M|v| for all ¢ > 0,v € C and
B € H(A). To finish the proof of Theorem 13.35 it is sufficient to refer to Theorem
13.26. g

13.9 Linear periodic systems

This section is devoted to the study of linear periodic dynamical systems, possessing
the property of uniform exponential stability. It is proved that if the Cauchy’s oper-
ator of these systems possesses a certain compactness property, then the asymptotic
stability implies the uniform exponential stability. We also give the application to
different classes of linear evolution equations, such as ordinary linear differential
equations in the space of Banach, retarded and neutral functional differential equa-
tions, some classes of evolution partial differential equations.

Let A(t) be a 7-periodic continuous n x n matrix-function. It is well-known that
the following three conditions are equivalent:

1. The trivial solution of equation
u = A(t)u (13.94)

is uniformly exponentially stable.
2. The trivial solution of equation (13.94) is uniformly asymptotically stable.
3. The trivial solution of equation (13.94) is asymptotically stable.

For equations in infinite-dimensional spaces the statements 1.-3. are not equiv-
alent, as shown by the examples in [121, 249].

It is clear that in general for the infinite-dimensional case condition 1. implies
2. and 2. implies 3. In this section we show that if the Cauchy operator of equation
(13.94) satisfies some compactness condition, then the condition 3. implies 1. (see
Theorem 13.37 below).

Applications to different classes of linear evolution equations (ordinary linear
differential equations in a Banach space, retarded and neutral functional-differential
equations, some classes of evolutionary partial differential equations) are given.

The exponential dichotomy of asymptotically compact cocycles was studied by
R. Sacker and G. Sell [277]. The general case was studied by C. Chicone and Yu.
Latushkin [117] (see also their references), Yu. Latushkin and R. Schnaubelt [236],
and many other authors.
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13.9.1 Ezxponential stable linear periodic dynamical systems

Let X and Y be complete metric spaces, (X, h,Y") be a locally trivial Banach fiber
bundle over Y [29], [E] be a Banach space of the all linear continuous operators
acting onto Banach space E with the operator norm and U : S; x Y +— [E] be
a mapping with properties: U(0,y) = I, U(t + 7,y) = U(t,o(7,y))U(t,y) for all
y €Y and t,7 € S; and the mapping ¢(-,u,-) : S XY — E (p(t,u,y) :=U(t,y)u)
is continuous for every u € E.

Definition 13.7 A triplet ([E],U, (Y,S,0)) is called a ¢o— cocycle on (Y,S, o)
with fiber [E].

Lemma 13.15 Let ([E],U,(Y,S,0)) be a co— cocycle on (Y,S, o) with fiber [E|
and 'Y be a compact, then the following assertions hold:

(1) For every ¢ > 0 there exists a positive number M (¢) such that ||U(t,y)|| < M(€)
forallt €[0,4] andy € Y;

(2) The mapping ¢ : S x ExY — E  (p(t,u,y) = U(t,y)u) is continuous;

(3) There exist positive numbers N and v such that |U(t,y)|| < Ne*t for allt € S4
andy €Y.

Proof. Let £ > 0 and u € E, then there exists a positive number M (¢, u) such that
|U(t,y)u] < M4, u) for all (¢,y) € [0,¢]xY because the mapping (¢,y) — U(¢,y)u is
continuous. According to principle of uniformly boundedness there exists a positive
number M (¢) such that |U(¢,y)|| < M(¢) for all (¢,y) € [0,4] x Y.

Let now (to,uo,%0) € S+ X E x Y and t,, — to,u, — ug and y, — yo, then we
have

|‘P(tn7unayn) - ‘P(t07uoyy0)|
<@t uns yn) — P(tn, o, yn)| + [0(tn, o, yn) — @(to, uo, yo)|
<NU (tn, yn) (un — wo)|| + [(U(tn, yn) — Ulto, yo))uol- (13.95)

In view of first statement of Lemma 13.15 there exists the positive number M such
that

U (tn, yn)ll < M (13.96)

for all n € N. From inequalities (13.95) and (13.96) follows the continuity of
mapping ¢ : Sy X ExXY — E  (¢(t,u,y) = U(t, y)u).

Denote by a := sup{|U(t,y)| : (t,y) € [0,1] x Y} and let t €Sy, t =n+7(n €
N,7 € [0,1)), then we obtain

I < U@,y U (7, )] < o™ < Ne*!

forallt € Sy and y € Y, where N :=a and v :=Ina. O
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Lemma 13.16 [121, Chapter 9] Let m : Ry +— R, be a positive and continuous
function. If there exists a positive constant M such that m(t + s) < Mm(t) for all
s €[0,1] and t € S4, then f m(t)dt < +oo implies m(t) — 0 as t — +o00.

Theorem 13.36 Let ([E],U, (Y,S,0)) be the Co— cocycle on (Y,S, o) with fiber
[E] and (Y,S,0) be a periodical dynamical system (i.e. there are yo € Y and 7 €
S (7 > 0) such that Y = {yot : 0 <t < 7}). Then the following conditions are
equivalent:

(1)

lim ||U(t,yo0)|| = 0. (13.97)

t——+oo

(ii) There exist positive constants N and v such that for allt €Sy andy €Y,
|0t y)ll < Net (13.98)

(iii) There exists p > 1 such that for allu € E,

+oo
/ |U(t, yo)ulPdt < +oo . (13.99)
0

Proof. We remark that from equality (13.97) follows the condition

lim sup |[|[U(s+n7,yo)l| = 0. (13.100)

n—+00 o< s<r

In fact, by virtue of Lemma 13.15 there exists a positive constant M such that
U,y < M (13.101)
for all s € [0,7] and y € Y. Therefore,
1U(s +n7,90) | = [|U(s, 40)U (07, y0)l| < MU (n7, 0| (13.102)

for all 0 < s < 7. Consequently, from (13.97) and (13.102) results the condition
(13.100).
We will show that under the condition (13.100) the equality

lim sup |U(t,y)|| =0 (13.103)

t=Foyey

holds. In fact, let y € Y then there exists a number s € [0,7) such that y = ygs
and, consequently, for t € Sy (¢t =n7 +1,¢ € [0,7)) we obtain
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IUE )l = Ut yos)|| = IU(nT + £, yos)|
=[[U((n =17+t + s,507)U(T = s, y05)|

< Mmax{ sup ||[U((n—1)7+s,30)|, sup |[|U(n7T+ s,y0)||}- (13.104)
0<s<t 0<s<r
From (13.100) and (13.104) results the equality (13.103). For finishing the proof
that (i) implies (ii) is sufficient to apply Theorem 13.22.
The fact that (i) implies (iii) is obvious. Now we prove that (iii) implies (i).
Indeed, let v € E and we consider the function m(t) = |U(t,yo)ulP (t > 0). We
note that

m(t +s) =|U(t + s,yo)ul” = |U(s, yot)U(t, yo)ul’
SHU(Sa yOt)Hp|U(t7y0)u|p < Mpm(t)

for all t € Sy and s € [0,1], where M :=  sup ||[U(s,y)||. By Lemma 13.16
0<s<1,yeY
m(t) — 0 as t — +o0 and, consequently,
, 1i£_n |U(t,yo)ulP =0 (13.105)

for all u € E. Let now y € Y, then there exists s € [0, 7) such that y = yos and for
t > 7 — s we have

Ut,y)u=U(t,yos)u =U(t — 7+ s,90)U(T — 8, y08)u. (13.106)
From equalities (13.105) and (13.106),
. lir+n |U(t,y)u|” =0 (13.107)

for all w € E and y € Y. According to Theorem 13.1 there exists a positive number
M such that ||U(t,y)|| < M for allt € Sy and y € Y. Let ¢t > 0 and u € E, then
we obtain

t
HU (¢, yo)ul” = / U (¢, yo)ulPds < (13.108)
0

¢

/ Ut — s,908)P|U(s, yo)ulPds
0

<

t —+00
Mp/ |U(s,y0)ulPds < Mp/ |U(s,yo)u|Pds = C,,
0 0

for all ¢ > 0. By virtue of principle of uniformly boundedness there exists a positive
number C' such that

Ut yo)|? < C
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for all ¢ > 0 and, consequently
Ut o)l < Coe™ % =0
as t — 4o00. This completes the present proof. (I

Remark 13.8 a. Theorem 13.36 (the equivalence of assertions (ii) and (iii)) is
a variant of the Datko-Pazy theorem (see [121],[133] and [134]) for the cocycle over
periodic dynamical systems.

b. Periodic, almost periodic and asymptotic almost periodic mild solutions of
imhomogeneous periodic Cauchy’s problems considered recently by C. J. K. Batty,
W.Hutter and F. Rabiger [22] and W. Hutter [191].

Definition 13.8 The operator U(,yp) is called operator of monodromy for 7-
periodic cocycle U(t,y). The number 0 # X\ € C is called multiplicator of operator
of monodromy U (7, yo) if there exists ug € E (ug # 0) such that U(7, yo)uo = Aug
(or, what is the same, U(t + 7, yo)uo = AU (¢, yo)uo for all t € S).

Remark 13.9 a. Condition (13.97) and the equality

lim ||U(nT,yo)| = 0. (13.109)

n—-+oo

are equivalent. We show that (13.109) implies (13.97) as follows. Let now t = nT+
$,0<s <, then U(t,yo) = U(s+nt,yo) = U(s,y0)U(nT,y0) and, consequently,

10t 90l < max [U(s, 5o)ll1U (a7, o)l (13.110)

From conditions (13.109) and (13.110) results (13.97).
b. Condition (13.98) and the inequality

Ut yo)|| < Nie "t (VteSy) (13.111)

are equivalent, where N1 and vy are some positive constants. Indeed, from (13.111),
taking into account (13.106), we obtain (13.98).

c. Condition (13.109) is satisfied if and only if o(U(1,y0)) C D = {z € C:
|z| < 1}, where o(U(T,y0)) is a spectrum of operator of monodromy U(7,yo). In
fact, from (13.98) results that ry(ryy) = ljlmilig(||U(nT, yo)|NY™ < eV < 1,

because U™ (1,y0) = U(nT,y0). If ¥ = Tu(ryo) < 1, then for all e > 0 there exists
an(e) € N such that (|U(nt,y0)|)V/™ < v +¢ for all n > n(e) and, consequently,
|U(n7,y0)|| < (v +¢€)™ for all n > n(e). Thus ||U(nT,y0)|| — 0 as n — +oo.

Theorem 13.37 Let ([E],U, (Y,S,0)) be a co— cocycle on (Y,S, o) with fiber [E],
(Y,S, o) be a periodic dynamical system and U(T,y0) be asymptotically compact (i.e.
if kn — 400 (kn € N), the sequences {un} C E and {U(k,7,yo)un} are bounded;
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then the sequence {U (k,7,yo)un} is relatively compact). Then the following condi-
tions are equivalent

1. Equality (13.97) holds.
2. Forallu e E,
t1i1+n |U(t,y0)u| =0. (13.112)

Proof. Tt is evidently that 1. implies 2. Now, under the conditions of Theorem
13.37 the mapping P := U(T,yo) : E — F is asymptotically compact because P™ =
U(nt,yo). From condition (13.112) according to uniform boundedness principle it
follows that there is a positive constant M such that ||P"|| < M for all n € Z and,
consequently, the set B = U{P"x : |z| < 1,n € Z,} is bounded and P(B) C B.
Since the mapping P is asymptotically compact in virtue of Lemma 1.3 the set

wB) = U P8

n>0m>n

is nonempty, compact, and invariant and w(B) attracts B.
Now we will prove that lir_irrl ||IP"|| = 0. If we suppose the contrary, then there
n—-—+oo

are g9 > 0, {z,}(Jzn] < 1) and np — +oo({ni} C Z4) such that
| P y,| > eo. (13.113)

Since P is asymptotically compact without loss of generality we can suppose that the
sequence { Pz} is convergent. Let T := klim P gy, then T € w(B) and from
——+00
(13.113) we have |Z| > ¢ > 0. According to the invariance of the set w(B) there
exists a beside sequence {wy, }nez C w(B) such that: wy = T and P(w,) = wny1
for all n € Z. We note that
inf |w,| = 0. (13.114)

neZ_

Suppose that it is not true, then there is a positive number ¢ such that
|wn| > £ (13.115)

foralln € Z_. Let p:= klirf W, and {zn} C auy,, where
— 100

oy = (1 U wan

n<0m<n

be a beside sequence such that zo = p and P(z,) = 2,41 for all n € Z. From the
inequality (13.115) results that |z,| > ¢ for all n € Z. On the other hand in view
of (13.112) lirf |wp| = hI_P | P"wg| = 0. The obtained contradiction proves the

equality (13.114).
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Let now n, — —oo and |wy,.| — 0, then wy = P~ "rw,, for all r € N and,
consequently, |wg| = 0 because |wo| < ||P~""|||wy,.| < M|wy,.|. On the other hand
|wo| = |Z| > €0 > 0. The obtained contradiction finishes the proof of our assertion.
The Theorem is proved. O

Remark 13.10 C.Buse wrote several papers [36],[37]and [38] on evolution pe-
riodic processes that are in the spirit of the current section. In particularly, in
[38] it is proved that a trivial solution of equation u'(t) = A(t)u(t) with p—
periodic coefficients on a separable Hilbert space H is uniformly exponentially
stable if the mild solution u,, of a well-posed inhomogeneous Cauchy’s problem
u'(t) = A(t)u(t) + e*z(t > 0),u € R,u(0) = 0 satisfies the following condition

sup sup |u,e(t)] < 400,V € H.
HER >0

13.9.2 Some classes of linear uniformly exponentially stable
periodic differential equations

Let A be the complete metric space of linear operators that act on Banach space E
and C(R, A) be the space of all continuous operator-functions A : R — A equipped
with open-compact topology and (C(R, A),R, o) be the dynamical system of shifts
on C(R,A).

Linear ordinary differential equations. Let A = [FE] and consider the
linear differential equation

u = At)u, (13.116)

where A € C(R,A). Along with equation (13.116), we shall also consider its
H —class, that is, the family of equations

v' = B(t)v, (13.117)

where B € H(A) := {As: s e R}, Ay(t) := A(t + s) (t € R) and the bar denotes
closure in C(R, A). Let ¢(t, u, B) be the solution of equation (13.117) that satisfies
the condition ¢(0,v, B) = v. We put Y := H(A) and denote the dynamical system
of shifts on H(A) by (Y,R, o), then the triple {[E], U, (Y,R, o)) is the linear cocycle
on (Y,R,0), where U(t, B) := ¢(t,-,B) forall t e R and Be Y.

According to Lemma 13.13

(i) The mapping (t,u, A) — @(t,u, A) of R x E x C(R, [E]) to E is continuous, and
(i) the mapping U : A — U(-,A) of C(R,[E]) to C(R,[E]) is continuous, where
U(-, A) is the Cauchy’s operator [93] of equation (13.116).

Theorem 13.38 Let A € C(R,A) be T-periodic (i.e. A(t + 1) = A(t) for all
t € R), then the following conditions are equivalent:
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1. The trivial solution of (13.116) is uniformly exponentially stable, i.e. there exist
positive numbers N and v such that |U(t, AYU(t, A)~Y| < Ne=*=7) for all
t>T.

2. There exist positive numbers N and v such that ||U(t,B)U(r,B)7|| <
Ne v=7) for allt > 7 and B € H(A) = {A,: s € [0,7)}.

3. tEIJPoo U, A)|| = 0.

4. There exists p > 1 such that f0+oo |U(t, A)ulPdt < o0 for allu € E.

Proof.  Applying Theorem 13.36 to the cocycle ([E],U, (Y,R,0)), generated by
equation (13.116) we obtain the equivalence of conditions 2., 3. and 4. According

to Lemma 3 [60] the conditions 1. and 2. are equivalent. The theorem is proved.
|

Theorem 13.39 Let A € C(R,A) be T-periodic and U(r, A) be asymptotically
compact, then the following conditions are equivalent:

(1) The trivial solution of equation (18.116) is uniformly exponentially stable.
(2) . hIJP |U(t, A)u| = 0 for every u € E.

Proof. Applying Theorem 13.37 to non-autonomous system ((X,R4, ),
(Y,R,0),h) generated by equation (13.116), we obtain the equivalence of condi-
tions 1. and 2. The theorem is proved. O

Linear partial differential equations. Let A be some complete metric
space of linear closed operators acting into a Banach space E (for example A =
{Ao + B|B € [E]}, where Ay is a closed operator that acts on E). We assume that
the following conditions are fulfilled for equation (13.116) and its H-class (13.117):

(a) for any v € E and B € H(A) equation (13.117) has exactly one mild solution
defined on Ry and satisfies the condition (0, v, B) = v;

(b) the mapping ¢ : (t,v,B) — @(t,v, B) is continuous in the topology of R x
E x C(R; A);

Under the assumptions above, (13.116) generates a linear cocycle ([E], U, (Y, R, 0)),
where U(t, B) := ¢(t, -, B).

Applying the results from subsections 13.9.1 and 13.9.2 to this cocycle, we will
obtain the analogous assertions for different classes of partial differential equations.

We will consider examples of partial differential equations which satisfy the
above conditions a. and b.

Consider the differential equation

u = (Ao + At))u , (13.118)
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where Ap is a sectorial operator that does not depend on ¢t € R, and A € C(R, [E]).
The results of [122] imply that equation (13.118) satisfies conditions a. and b.
Under the assumptions above, (13.118) generates a linear cocycle ([E],U,
(Y,R,0)), where Y := H(A) and U(¢t, B) := ¢(t,-, B). Applying the results from
subsections 13.9.1 and 13.9.2 to this system, we will obtain the following results.

Theorem 13.40 Let Ay - be the sectorial operator and A € C(R, A) be T -periodic,
then the following conditions are equivalent:

(1) The trivial solution of equation (13.118) is uniformly exponentially stable, i.e.
there exist positive numbers N and v such that |U(t, Ao+ A)U (1, Ag+A) 7| <
Ne ") for all t > 7.

(2) There exist positive numbers N and v such that |U(t, Ag+B)U (1, Ag+B) | <
Ne *(=7) for all t > 7 and B € H(A).

3) tim_[U( 40+ )] =0.

(4) There exists p > 1 such that f0+oo |U(t, Ao + A)u|Pdt < +o0 for all u € E.
(5) o(U(r, Ao + A)) C D.

Theorem 13.41 Let Ay - be the sectorial operator with compact resolvant and
A € C(R,A) be 7 - periodic, then the following conditions are equivalent:

1. The trivial solution of equation (13.118) is uniformly exponentially stable.
2. . hIJP |U(t, Ao + A)u| = 0 for every u € E.
3. |A| < 1 for every multiplicator \ of operator of monodromy U (7, Ag + A).

Proof. Since the sectorial operator Ay admits a compact resolvant, then in view of
Lemma 7.2.2 [122] the operator U(7, Ag + A) is compact and, consequently (see,for
example [328, p.391-396]), every 0 # X € o(U(7, Ag + A)) is a multiplicator for
operator of monodromy U(7, Ag + A). Applying Theorem 13.40 (see also Remark
13.8) to linear cocycle ([E],U, (Y,R,0)) generated by equation (13.118), we obtain
the equivalence of conditions 1., 2. and 3. The theorem is proved. O

Linear functional-differential equations. Let A = 2(C,R™) be the Banach
space of all linear continuous operators acting from C into R™, equipped by operator
norm. Consider the equation

u = Alt)uy , (13.119)

where A € C(R, ). We put H(A) := {A,; : 7 € R}, A (t) := A(¢t + 7) and the bar
denotes the closure in the topology of uniform convergence on compacts of R.
Along with equation (13.119) we also consider the family of equations

u = B(t)ut , (13.120)
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where B € H(A). Let (v, B) be a solution of equation (13.120) with condition
wo(v,B) = v defined on Ry. We put Y := H(A) and denote by (Y,R, o) the
dynamical system of shifts on H(A). Let C := C([-r,0],R"), X :=C xY and
7 := (p,0) the dynamical system on X, defined by the equality = (7, (v, B)) :=
(¢ ( ) B;). The non-autonomous dynamical system ((X,R;,7),(Y,R,0),h)
(h:= : X —Y) is linear. The following assertion takes place.

Lemma 13.17 (93] Let H(A) be compact in C(R, ), then the non-autonomous
dynamical system ((X,Ri,m),(Y,R,0),h) generated by equation (15.119) is com-
pletely continuous, i.e. for every bounded set A C X there exists a positive number
¢ such that ©°A is relatively compact.

Theorem 13.42 Let A be T-periodic. Then the following assertions are equiva-
lent:

(1) The trivial solution of equation (13.119) is uniformly exponentially stable.
(2) . liI_El |U(t, A)u| =0 for every u € E.
(8) |A| < 1 for every multiplicator X of operator of monodromy U(r, A).

Proof.  Let ((X,Ry,w),(Y,R,0),h) be the linear non-autonomous dynamical
system, generated by equation (13.119). According to Lemma 13.17 this system
is completely continuous and, consequently, there exists a number k£ € N such that
Uk(1,40) = U(kT, o) is relatively compact. By virtue of theory of Riesz-Schauder
(see for example [328, p.391-395]) every 0 # X € o(U(r, A)) is a multiplicator of op-
erator of monodromy U (7, A). To finish the proof it is sufficient to refer to Theorems
13.36, 13.37 and Remark 13.8. O

Consider the neutral functional differential equation

where A € C(R,2) and D € 2 is non-atomic at zero operator [175, p.67]. As well
as in the case of equation (13.119), the equation (13.121) generates a linear non-
autonomous dynamical system ((X,Ry,7),(Y,R,0),h), where X = C x Y,Y;=
H(A) and 7 := (p, 0). The following statement holds.

Theorem 13.43 Let A € C(R, ) be T-periodic and D is stable, then the following
assertions are equivalent:

(1) The trivial solution of equation (13.121) is uniformly exponentially stable;
(2) . lirll |U(t, A)u| =0 for every u € E;
(3) |A| < 1 for every multiplier X of operator of monodromy U(r, A).
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Proof.  Let ((X,Ry,7),(Y,R,0),h) be the linear non-autonomous dynamical
system, generated by equation (13.121). According to Lemma 13.10 this system
is asymptotically compact. According to results of [175, Chapter 12] every 0 # \ €
o(U(T,30)) is a multiplier of operator of monodromy U(7,yo). To finish the proof
of Theorem 13.43 it is sufficient to refer to Theorems 13.36, 13.37 and Remark 13.8.
The theorem is proved. O

Remark 13.11 The equivalence of conditions 1. and 8. in Theorem 13.41
(Theorem 13.42, Theorem 13.43) was proved in [188, p.219] (resp. in [188, p.233],
[175, p.365)).



Chapter 14

Triangular maps

Chapter 14 is devoted to the study of quasi-linear triangular maps: chaos, almost
periodic and recurrent solutions, integral manifolds, chaotic sets etc. This problem
is formulated and solved in the framework of non-autonomous dynamical systems
with discrete time. We prove that such systems admit an invariant continuous
section (an invariant manifold). Then, we obtain the conditions of the existence of
a compact global attractor and characterize its structure. We give a criterion for the
existence of almost periodic and recurrent solutions of the quasi-linear triangular
maps. Finally, we prove that quasi-linear maps with chaotic base admits a chaotic
compact invariant set.

This chapter is organized as follows.

In Section 1 we establish the relation between triangular maps and non-
autonomous dynamical systems with discrete time.

In Section 2 we study linear non-autonomous dynamical systems with discrete
time and prove that they admit a unique continuous invariant section — invariant
manifold (Theorem 14.2).

Section 3 is devoted to the study of the existence of invariant sections of quasi-
linear non-autonomous dynamical systems with discrete time (Theorems 14.3 and
14.4).

In Section 4 we prove the existence of compact global attractors of quasi-linear
dynamical systems (Theorems 14.5 and 14.7) and give the description of the struc-
ture of these attractors (Theorems 14.9 and 14.10).

Section 5 is devoted to the study of almost periodic and recurrent solutions of
quasi-linear difference equations (Theorem 14.13 and 14.14).

In section 6 we introduce the notion of pseudo-recurrent solution and prove
that quasi-linear dynamical systems with pseudo-recurrent base admit a pseudo-
recurrent solution (Theorem 14.15).

Section 7 is devoted to the study of chaos in triangular maps and non-
autonomous dynamical systems with discrete time (Theorem 14.17).

461
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14.1 Triangular maps and non-autonomous dynamical systems

Let W and €2 be two complete metric spaces and denote by X := W x () its cartesian

product. Recall (see, for example, [214,222]) that a continuous map F : X — X is

called triangular if there are two continuous maps f: W xQ — W and g : 2 — Q

such that F' = (f,g), i.e. F(z) = F(u,w) = (f(u,w), g(w)) for all z =: (u,w) € X.
Consider a system of difference equations

{umq = f(wn, un) (14.1)

Wn41 = g(wn)7

for all n € Z4, where Z is the set of all non-negative integer numbers.
Along with system (14.1) we consider the family of equations

Unt1 = f(g"w,up) (wE Q), (14.2)

which is equivalent to system (14.1). Let ¢(n, u,w) be a solution of equation (14.2)
passing through the point w € W for n = 0. It is easy to verify that the map
il xWxQ—=W ((n,u,w) — p(n,u,w) ) satisfies the following conditions:

(1) ¢(0,u,w) =u for all u € W;

(2) e(n+m,u,w) = p(n,p(m,u,w),o(m,w)) foralln,m € Z,,u € W and w € Q,
where o(n,w) := g"w;

(3) the map ¢ : Zy x W x Q — W is continuous.

Denote by (£2,Z4,0) the semi-group dynamical system generated by positive
powers of the map g: Q — Q, i.e. o(n,w) = ¢g"w for all n € Z; and w € Q.

Definition 14.1 Recall [102] that a triplet (W, p, (Q,Z4,0)) (or briefly ¢) is
called a cocycle (or non-autonomous dynamical system) over the dynamical system
(Q,Z4,0) with fiber W.

Thus, the reasoning above shows that every triangular map generates a cocycle
and, obviously, vice versa. Taking into consideration this remark we can study
triangular maps in the framework of non-autonomous dynamical systems (cocycles)
with discrete time.

Definition 14.2 A map 7 : Z — § (respectively o : Z — X, where X := W x Q)
is called an entire trajectory of the dynamical system (§2,Z, o) (respectively, of the
skew-product dynamical system (X, Z, ), where 7 := (p,0) and (W, ¢, (Q,Z4,0))
is a cocycle over (2, Z4, o) with fiber W) passing through the point w € Q (respec-
tively, z := (u,w) € X), if v(0) = w (resp. a(0) = z) and y(n + m) = o(m,y(n))
(resp. a(n+m) =m(m,a(n)) for alln € Z and m € Z..
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Denote by @, the set of all the entire trajectories of the semi-group dynamical
system (Q, Z4, o) passing through the point w € Q at the initial moment n = 0 and
D= {P, | we Q}.

Definition 14.3 A map v : Z — W is called an entire trajectory of the cocycle
(W, ,(Q,Z4,0)) passing through the point u € W if there are w € Q and ~,, € ®,,
such that the map o : Z — X (X := W x Q) defined by by the equality « := (v,7,)
is an entire trajectory of the skew-product dynamical system (X,Z,, ), i.e. a € D,

and = := (u,w).

14.2 Linear non-autonomous dynamical systems

Let Q be a compact metric space and (2,Z4,0) be a semi-group dynamical system
on () with discrete time.

Definition 14.4 Recall that a subset A C €2 is called invariant (positively invari-
ant, negatively invariant) if 6”A = A (¢"A C A, A C o™A) for all n € Z, where
o":=o0(n,): Q— Q.

Below we will suppose that the set € is invariant, i.e. ¢ = Q for all n € Z,..
Let E be a finite-dimensional Banach space with the norm |-| and W be a complete
metric space. Denote by L(E) the space of all linear continuous operators on E
and by C(Q, W) the space of all the continuous functions f : Q@ — W endowed with
the compact-open topology, i.e. the uniform convergence on compact subsets in €.
The results of this section will be used in the next sections.

Consider a linear equation

Unt1 = A(d"wu, (weQ, c"w:=0(n,w)) (14.3)
and an in-homogeneous equation
Uny1 = A(c"w)up + flo"w), (14.4)
where A € C(Q, L(F)) and f € C(Q, E).

Definition 14.5 Recall that a linear bounded operator P : E — E is called a
projection, if P? = P, where P2 := Po P.

Definition 14.6 Let U(n,w) be the operator of Cauchy (a solution operator)
of linear equation (14.3). Following [117] we will say that equation (14.3) has an
exponential dichotomy on 2, if there exists a continuous projection valued function
P :Q — L(FE) satisfying:

(1) P(o"w)U(n,w) = U(n,w)P(w);
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(2) Ug(n,w) is inversible as an operator from ImQ(w) to Im@Q(c"w), where
Ug(n,w) :=U(n,w)Q(w);
(3) there exist constants 0 < v < 1 and N > 0 such that

|UP(n,w)|| < N¢" and [[Ug(n,w)™ || < N¢"

for all w € Q and n € Z, where Up(n,w) := U(n,w)P(w).

Let w € Q and v, € ®,. Consider a difference equation

Upt1 = A(7w(n)un + f(1w(n)), (14.5)

and the corresponding homogeneous linear equation
Unt1 = A(Yw())u, (v € Q). (14.6)

Let (X, p) be a metric space with distance p. Denote by C(Z, X) the space of
all the functions f : Z — X equipped with a pointwise topology. This topology can
be metrized. For example, by the equality

X1 d(f1,do)

d(f1, f2) = — 27 1+ dn(f1,da)’

where dp, (f1,dz2) := max{p(f1(k), f2(k)) | & € [-n,n]}, there is defined a distance
on C(Z, X) which generates the pointwise topology.

If z € X and A,B C X, then denote by p(x, A) := inf{p(x,a) | a« € A} and
B(A, B) := sup{p(a, B) | a € A} the semi-distance of Hausdorff.

Theorem 14.1  Suppose that linear equation (14.3) has an exponential dichotomy
on Q. Then for f € C(Q, E) the following statements hold:

(1) the set 1, :== {u € E | Iy, € ®, such that equation (14.5) admits a bounded
solution v, defined on Z with the initial condition 1,,(0) = u} is nonempty and
compact;

(2) o(n, 1y, w) = Ignw) for alln € Zy and w € Q, where p(n,u,w) is a solu-
tion of equation (14.4) with the condition ¢(0,u,w) = u and @(n, M,w) =
{e(n, u,w) [ ue M};

(8) the map w — 1, is upper-semicontinuous, i.e.

lim B(I,,1.,,) =0

w—wo

for every wy € Q, where B is the semi-distance of Hausdorff;
(4) the set I :=J{l, | w € Q} is compact.

Proof. Let w € Q. Since Q is compact and invariant, the set ®, # (. We fix
Yo € ®y,. Under the conditions of Theorem 14.1 equation (14.6) has an exponential
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dichotomy on €2 with the same constants N and ¢ that in equation (14.3). Then
equation (14.5) admits the unique solution v, : Z — E with the condition

1+q 1+q

T llee < NT—_ I/l (14.7)

[Volloo <
where || f]| := sup{|f(w)| | w € Q} and ||Vy]|eo := sup{|vw(n)| | n € Z} (see, for
example, [188,120]). Thus, the set I, is not empty. From the continuity of the
function ¢ : Z4 x E x Q — E and inequality (14.7) follows that the set I, is closed,
bounded and

||<N1+q

£
for all uw € I, and w € €.

The second statement of the theorem follows from the equality Sp(®w) = Py (p,0)
(h € Z), where Sp7v, is an h-translation of the trajectory 7., i.e. Spyw(n) =
Yo(n + h) for all n € Z.

We will prove now the third affirmation. Let wy € Q, wy — wo, ux € I, and
u, — u. To prove our statement it is sufficient to show that v € I,,. Since uy, € I, ,
there is a trajectory =, € P, such that ~,, converges to 7v,, € @, in C(Z,)
and the equation

Unt1 = A, (0))tn + f (Yo (1) (14.8)

has a solution v, with the initial condition v,, (0) = uj and satisfying inequality
(14.7), i

1+4+4¢q 1+gq

Wor ()| < NI lflloe < N3 I/ (14.9)
for all n € Z and k € N. It is clear that the sequence {v,, )} converges for every
n € Z. By Tihonoff’s theorem the sequences {v,, } C C(Z, E) is relatively compact.
From equality (14.8) and inequality (14.9) follows that every limit point of the

sequence {v,, } is a bounded on Z solution of the equation

Un+1 = AV (1)) tn + f (Yo (10))- (14.10)

Taking into account that equation (14.10) admits a unique bounded on Z solution,
we obtain the convergence of the sequence {v,,} in the space C(Z, E). We put

v = hrf V,,- It is easy to see that 14(0) = u and, consequently, u € I,,.
— 100

To prove the fourth affirmation it is sufficient to remark that for every w € Q
the set I, is compact, the map F : w — I, (F(w) := I,,) is upper-semicontinuous
and, consequently, the set I := J{I, | w € Q} = F () is compact. The theorem is
completely proved. O



466 Global Attractors of Non-autonomous Dissipative Dynamical Systems

Lemma 14.1 Letw € Q and~}, € @, (I = 1,2). Under the conditions of Theorem
14.1 we have
W) — 2 ()] < Ng"lul — 2 (14.11)

w

for all n € N, where v, is a bounded on Z solution of the equation

tns1 = AL (n))un + £ (75, (n)) (14.12)
1=1,2).
Proof. Denote v(n) := v}(n) — v2(n), then the sequence v is a bounded on Z,
solution of equation (14.6), because v.(n) = 72(n) = o(n,w) for all n € Z,.
Since equation (14.3) (and, consequently, equation (14.6) too) has an exponential

dichotomy, we have |v(n)| < Ng¢"|v(0)| for all n € Z,. Taking into consideration
that v(0) = u! — u?, we obtain the required statement. The lemma is proved. [

Lemma 14.2  Under the conditions of Theorem 14.1 for every w € ) the set I,
contains a single point u,,.

Proof. Suppose that the statement of the lemma is not true. Then there exists
wo € O such that I, contains at least two points uy, ug (u; # usz). Let v; (i = 1,2) be
a bounded on Z solution of equation (14.10) with the condition v¢,(0) = u; (i = 1,2).
According to inequality (14.11), we have

VA (=n) = v2(~n)| = Ng~"[u’ — ] (14.13)

w

for all n € N. On the other hand, since v/, (I = 1,2) is a bounded on Z solution of

equation (14.12), we have

sup [} (n) — v2(n)] < +oo. (14.14)
nez

Inequalities (14.13) and (14.14) are contradictory. The obtained contradiction
proves our affirmation. The lemma is proved. (I

Theorem 14.2 Under the condition of Theorem 14.1 there exists a unique con-
tinuous function v : Q — E satisfying the following conditions:

a. the equality
v(o(n,w)) = ¢(n,v(w),w)

holds for all n € Z4 and w € Q, where p(n,u,w) is the unique solution of
equation (14.4) with the initial condition (0, u,w) = u.
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1+¢

Il < N3 11l

Proof. This affirmations follows directly from Theorem 14.1 and Lemmas 14.1 and
14.2. g

Definition 14.7 A dynamical system (£2,Z4,0) is said to be invertible, if the

map f := o(1,-) : Q@ — Q is invertible and, consequently, on 2 there is defined a

group dynamical system (9, 7Z,0), where w(—n, ) := (7(n, )L

Remark 14.1 In case the dynamical system (Q,7Z4,0) is invertible, Theorem
14.2 is well known (see, for example, [122]).
14.3 Quasi-linear non-autonomous dynamical systems
Let us consider the following quasi-linear equation

Uny1 = A(0"w)up + f(0"w) + F(o"w, up), (14.15)
where A € C(Q, L(E)), f € C(% E) and F € C(2 x E, E).

Theorem 14.3  Assume that there exist positive numbers L < Lg := ——L~ and

N(1+q)
r < Tpi=€p (1+q)(1 - NLOi—g)_l such that
[1F(w, 21) = F(w, z2)|| < Lz — 22|
for all w € Q and z1,22 € B[Q,r] = {x € E | p(x,Q) < r}, where Q := v(Q),

v € C(Q,E) is the unique function from C(Q, E) figuring in Theorem 14.2 and
€0 = max |F(w,v(w))||. Then there exists a function w € C(2, B[Q,r]) such that

w(c"w) = P(n,w(w),w)

for allm € Zy and w € Q, where (-, u,w) is the unique solution of quasi-linear
equation (14.15) with the initial condition ¥ (0,u,w) = u.

Proof. Let u:= v+ v(c"w). Then from equation (14.15) we get

Unt1 = A(0"w)v, + F(o"w,v + v(o"w)).
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Let 0 <7 < rg and o € C(Q, B[Q,7]), where B[Q,r] :={u € E | p(u,Q) < r}.
Consider the equation

Vng1 = A(0"w)v, + flo"w),

where f(w) := F(w,a(w) 4+ v(w)) for all w € Q. According to Theorem 14.2, there
exists a unique function v, € C(Q, E) with properties a. and b. In virtue of
Theorem 14.2, we have

1
vl < N3 mae [P (@ () + v(e)]

l+gq 1+4
SNTqma)dF( o(w) + (w))fF(w,fy(w))\Jer—_qgleaédF(W,’Y(WW
1 2N
<N—LH ||+N ol €0 < Ny +qL T g0
—q
1
SN +qLOT0+N qEOZTQ
1—g¢q 1-

and, consequently, F(C(€2, B[Q,r0])) C C(Q, B[Q, ro]), where F : C(Q, B]Q,r])) —
C(Q, E) is the map defined by the equality F(a) := v,.

Now we will show that the map F : C(Q, B[@Q,19]) — C(Q, B[Q,ro]) is a Lips-
chitzian one. In fact, according to Theorem 14.2 we have

(1) = Floa)] £ N max| Plw,oa ) + () = Flo 02(6) + ()

1
< Nl—i_—qLISEaXml( w) — az(w)].

We note that NLLZL < N%LO < 1. Thus, the map F is a contraction
and, consequently, by Banach fixed point theorem, there exists a unique function
a € C(Q,B[Q,rg]) such that F(a) = «. To finish the proof of the theorem it is
sufficient to put w : =~y + a. a

We now consider a perturbed quasi-linear equation
Unt1 = A(0"w)up + f(o"w) + AF(0"w, uy), (14.16)
where A € [—Ag, Ao] (Ao > 0) is a small parameter.
Theorem 14.4 Assume that there exist positive numbers r and L such that
|F(w,u1) — F(w,us)| < Llu; — ug

for all w € Q and uy,us € B[Q,r]. Then for A small enough there exists a unique
function vy € C(Q, B]Q,7]) such that

vA(o"w) = Pa(n, va(w),w)
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for allm € Zy and w € Q, where Yx(-,u,w) is the unique solution of equation
(14.16) with the initial condition ¥x(0,u,w) = u. Moreover,

)1\12}) max lva(w) —v(w)| =0, (14.17)

where v € C(w, E) is defined in Theorem 14.2.

Proof. We can prove the existence of vy by a slight modification of the proof of
Theorem 14.3.
To prove (14.17) we note that

[F(w, (@) < [F(w,1a(w)) = F(w, v(w))| + [F(w, v(w))] < Lr + £o.

Denote Ay (w) := vy(w) — v(w) (w € Q). It is easy to see that the sequence
{A)(0"w)}nez is the unique bounded on Z solution of the equation

Zny1 = A(0"w)zy + AF (0" w, vA(0" (w))

and, consequently,

1+g¢

lva(o™w) — v(o"w)| = |A(U”w)|N1— (14.18)
—4q
n n l+4q
X sup [AF(c"w, vy (c"w)| < |)\|N1—(Lr +€0)
neL -4

forall w € Q, n € Z and A € [—Xo, Ao|. Thus, from inequality (14.18) we obtain

1+
vy (w) — v(w)] < |/\|Nﬁ(Lr + &0) (14.19)
for all w € 2 and A € [—Xo, \o]. Passing to limit in inequality (14.19) as A — 0, we
obtain (14.17). O

14.4 Global attractors of quasi-linear triangular systems

Consider a difference equation
Unt1 = f(o"w,up) (w € Q). (14.20)
Denote by p(n, u,w) a unique solution of equation (14.20) with the initial condition

»(0,u,w) = u.

Definition 14.8 Equation (14.20) is said to be dissipative, if there exists a posi-
tive number r such that

lim sup |¢(n,u,w)| < r
n—-+4o0o

forallu € E and w € Q.
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Consider a quasi-linear equation
Upt1 = A(o"w)ug + F(o™w, ug), (14.21)

where A € C(,[E]) and the function F' € C(Q x E, E) satisfies to ”the condition
of smallness”.
Denote by U(k,w) the Cauchy’s matrix for the linear equation

Upt1 = A(o"w)uy.
Theorem 14.5 Suppose that the following conditions hold:
(1) there are positive numbers N and g < 1 such that
U W)l < Mg (n€Zy); (14.22)
(2) |F(w,u)] <C+Dlu| (C>0,0<D<(1—q¢)N~') forallucE andw € Q.

Then equation (14.21) is dissipative.

Proof. Let (-, u,w) be the solution of equation (14.21) passing through the point
u € E for n = 0. According to the formula of the variation of constants (see, for
example, [170] and [188]) we have

n—1
pnu,w) = Ulk,w)u+ 3 Uln —m — 1,w)F(o™w, p(m, u,w)),
m=0

and, consequently,

n—1
lo(n, u,w)| < Ng™|u| + Z "™ Y(C + D|p(m,u,w)|). (14.23)

m=0

We set u(n) := ¢~ "|¢(n,u,w)| and, taking into account (14.23), obtain

n—1 n—1
u(n) < Nlu|+CNg™" >~ ¢7™ + DNg™" Y u(m). (14.24)
m=0 m=0
Denote the right hand side of inequality (14.24) by v(n). Note, that
CN DN DN CN
v(n+1)—v(n) =q¢"— 4+ —u(n) < —wv(n) + —q¢ ",
q q q q
and,hence,
DN CN
v(n+1) < (1 + e )v(n) + Tq_".

From this inequality we obtain

DN =1 CN1—q"!
u(n) < (HT) (1) T%



Triangular maps 471

Therefore,
CN
o(n,u,w)| < (¢+ DN)" " 'gNlu| + q_—l(q"’1 - 1), (14.25)
because v(1) = N|u|. From (14.25) follows that
N
lim sup [p(n, 4, )| < —o
k—+o00 1- q
for all u € F and w € Q. The theorem is proved. (I

Let (E, ¢, (,Z4+,0)) be a cocycle over (2,7, 0) with the fiber E.

Definition 14.9 Recall that a family {I, | w € Q}(I, C E) of nonempty com-
pact subsets is called a compact global attractor of the cocycle ¢, if the following
conditions are fulfilled:

(1) the set [J{I, | w € Q} is relatively compact;
(2) the family I := {I, | w € Q} is invariant with respect to the cocycle ¢, i.e.
p(n, I,,w) = Iy, for allmn € Z; and w € Q;
(3) the equality
lim _sup Alp(n, K,w), 1) = 0

n—+00 4,0

takes place for every K € C(FE), where C(F) is a family of all compacts from
E.

Definition 14.10 A cocycle (E, ¢, (2, T,0)) is said to be dissipative, if there
exists a positive number r such that

lim sup |p(n, u,w)| < r
n—-+4o0o

for all u € E and w € Q.

Theorem 14.6 ([102]) Every dissipative cocycle (E, @, (2, T,0)) admits a com-
pact global attractor {1, | w € Q} such that:

(1) the component I, (w € Q) is connected;
(2) the set I = J{l, | w € Q} is connected, if the space Q also is.

Theorem 14.7  Under the conditions of Theorem 14.5, equation (14.21) (i.e. the
cocycle ¢ generated by equation (14.21)) admits a compact global attractor {I,, | w €
O} with the following properties:

(1) the component I, (w € Q) is connected;
(2) the set I = J{l, | w € Q} is connected, if the space Q also is.
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Proof. This statement follows directly from Theorems 14.5 and 14.6. |

Definition 14.11 Recall that a cocycle (E, ¢, (Q, T, 0)) is said to be convergent,
if it admits a compact global attractor {I, | w € 2} such that every component I,
(w € Q) contains a single point u,, i.e. I, = {uy} (w € Q).

Theorem 14.8 [102, Ch.2] Let (E, ¢, (Q, T, o)) be a cocycle admitting a compact
global attractor I = {1, | w € Q}. If

lim max lp(n,u1, w) — p(n,ug,w)] =0 (14.26)

n=-+00 |us |, Ju | <rweQ

for every r > 0, then the set I, contains a single point for every w € Q.

Theorem 14.9 Let A€ C(Q,[E]) and F € C(2 x E, E) and the following con-
ditions be fulfilled:

(1) there exist positive numbers N and q < 1 such that inequality (14.22) holds;
(2) |F(w,u1) — F(w,u2)| < Llug —us| (0 < L < N1 —¢q)) for all w € Q and
u,us € E.

Then equation (14.21) is convergent, i.e. the cocycle generated by this equation
18 convergent.

Proof. First step. We will prove that under the conditions of Theorem 14.9 equation
(14.21) admits a compact global attractor I = {I,, | w € Q}. In fact,

|F(w,u)| < |F(w,0)] + Llu| < C + Llul

for all u € E, where C' := max{|F(w,0)| | w € Q}. According to Theorems 14.5 and
14.6, the equation (14.21) admits a compact global attractor I = {I,, | w € Q}.

Second step. Let ¢ be the cocycle generated by equation (14.21). In virtue of
the formula of the variation of constants, we have

n—1
p(n,u,w) =U(n,w)u+ Z Un—m-—1,w)F(c™w, p(m,u,w)).
m=0
Consequently,
o(n,ur,w) —o(n,ug,w) = U(n,w)(ug —u2)+
n—1

Z Un—m—1,A)[F(c"w,p(m,u,w)) — F(c™w, p(m, uz,w)].

m=1
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Thus,
|QD(TL,’LL1,LU) - w(n7u27w)| < Nqn(|u1 - U2|

n—1
+La ™'Y a " p(m, i, w) — p(m, us,w)). (14.27)
m=0

Let u(n) := |p(n,u1,w) — p(n, uz,w)|¢". From (14.27) follows that

u(n) < N(|u1 —us| + Lq~ Z_: u(m)). (14.28)
m=0

Denote by v(n) the right hand side of (14.28). The following inequality

v(n+1) —v(n) = LNq¢ 'u(n) < LN¢ *v(n). (14.29)
holds. From (14.29) we obtain

v(n) < (14 LNg " (1)
and, since v(1) = N|uj — us|, we get
u(n) < (14 LNqg Y N|uy — usl. (14.30)
From (14.30) we have
lo(n,ur,w) = p(n, uz,w)| < (¢+ LM)"'qN |uy — ug]

for all uy,us € E and w € Q.
To finish the proof of Theorem 14.9 it is sufficient to refer to Theorem 14.8. The
theorem is proved. O

Remark 14.2  Simple ezamples show that under the conditions of Theorem 14.7
the compact global attractor {1, | w € Q}, generally speaking, is not trivial, i.e. the
component set I, contains more than one point. This statement can be illustrated

by the following example: w,4 = %un + 12;212 .

Theorem 14.10 Let A € C(Q, [E]), F € C(Qx E, E) and the following conditions
be fulfilled:

(1) there are positive numbers N and q < 1 such that
[U(n,w)]| < N¢" (n>0,w e Q);

(2) |Flw,u)|] <M+elul (vueE, we)and0<e<g < ﬁ’.
(8) the restriction Fy of the function F on Q x B[0,rq], where ro := NM%(l -
EQN}%Z)_l, satisfies the condition of Lipschitz with the Lipschitz’s constant

Lip(Fo) < §iriay-
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Then the following statements hold:

a. equation (14.21) admits a compact global attractor I = {1, | w € Q};
b. there exists a continuous function v : Q0 — E satisfying the following conditions:

bi1. the equality

v(o(n,w)) = p(n, v(w),w)

holds for allm € Z4 and w € Q, where p(n,u,w) is the unique solution of
equation (14.21) with the initial condition ¢(0,u,w) = u.
b2.

v(w) €1, forallw e Q.

Proof. The first statement follows directly from Theorems 14.5 and 14.7.

We will prove now the second affirmation. Define an operator F
C(Q, B[0,r0]) — C(Q, E) in the following way. Let a € C(£2, B[0,7¢]), then under
the conditions of Theorem 14.10 we have f(-) := F(-,a(-)) € C(2, B[0,7¢]). Accord-
ing to Theorem 14.2, there exists a unique function v, € C(£2, E) with properties
a. and b. In virtue of Theorem 14.2, we have

1
Il < N max | F(w, a(w)|
1 —q we

< N9+ eollaf) < NEELM + egro) < o
l—q l—gq
and, consequently, F(C (9, B[Q,ro])) C C(£2, B[Q, ro]), where F : C(Q, B[Q,7])) —
C(Q, E) is the map defined by the equality F(a) 1= vq.
Now we will show that the map F : C(2, B[Q,ro]) — C(, B]Q,10]) is Lips-
chitzian. In fact, according to Theorem 14.2 we have

IF (1) = Flan) £ N1 mae [, 00(w) = Pl aa(o)

< NﬂLmax |ag (w) — as(w)].
1-qg weQ

We note that N}%ZL < NLLZLO < 1. Thus, the map F is a contraction and,
consequently, in virtue of the Banach’s fixed point theorem there exists a unique
function w € C(Q, B[Q, ro]) such that F(w) = w. It is easy to see that w satisfies
the first condition. To finish the proof of the theorem it is sufficient to remark that
the set A := | J{A, | w € Q}, where A, := {w(w)} x {w}, is a compact invariant
set in the skew-product dynamical system (X,Z,7) (X := EX Q and 7 := (@, 0))
and J := J{J, | w € Q} is a maximal compact invariant set of this system. Thus,
we have A C J and, consequently, w(w) € I, for all w € Q. a
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Remark 14.3 Under the conditions of Theorem 14.10, dissipativity does not re-

duce to convergence.
We will give an example which confirms this statement.

Example 14.1 Let k € (%, 1). Consider a scalar equation

Unt1 = kuy + aF(uy) , (14.31)
where
2
z- <
Plo)={ 2 for |x| <10
50 + 10[1 — exp(10 — |z|)] for |z| > 10
for k <1 < k4 5a. We can take rg := M, then it is easy to check that for

[e3

equation (14.31) all the conditions of Theorem 14.10 are fulfilled for chosen «, k,
and F. In addition, its Levinson’s center (compact global attractor) contains at
least two fixed points (in fact, there are 3 of them) and, consequently, equation
(14.31) is not convergent.

14.5 Almost periodic and recurrent solutions

Let (X,Z4,7) be a dynamical system, z € X, m € Zy, m >0, > 0.
Denote M, = {{tn} | {xt,} is convergent}.

Theorem 14.11 ([300], [302]) Let (X,Z,7) and (Y,Zy,0) be two dynamical
systems. Assume that h: X — Y is a homomorphism of (X,Z+,m) onto (Y, Z4,0).
If a point x € X is stationary (m-periodic, almost periodic, recurrent), then the point
y = h(x) is also stationary (m-periodic, almost periodic, recurrent) and M, C M,,.

Definition 14.12 A solution ¢(n,u,w) of equation (14.20) is said to be sta-
tionary (m-periodic, almost periodic, recurrent), if the point z := (u,w) € X :=
E x Q is a stationary (m-periodic, almost periodic, recurrent) point of the skew-
product dynamical system (X,Z;,w), where 7 = (p,0), i.e. 7(n,(u,w)) =
(p(n,u,w),o(n,w)) for all n € Z4 and (u,w) € E x .

Lemma 14.3  Suppose that u € C(2, E) satisfies the condition
u(o(n,w)) = p(n,u(w),w) (14.32)

foralln € Zy and w € Q. Then the map h: Q1 — X, defined by
hw) = (u(w),w) (14.33)

for allw € Q, is a homomorphism of (2, Z+,0) onto (X,Z4, 7).
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Proof. 'This assertion follows from equalities (14.32) and (14.33) O

Remark 14.4 A function v € C(Q, E) with property (14.32) is called a con-
tinuous invariant section (or an integral manifold) of non-autonomous difference
equation (14.20).

Theorem 14.12 If a function v € C(Q, E) satisfies condition (14.32) and a
point w € Q) is stationary (m-periodic, almost periodic, recurrent), then the solution
p(n,u(w),w) of equation (14.20) also is stationary (m-periodic, almost periodic,
recurrent).

Proof. This statement follows from Theorem 14.11 and Lemma 14.3. O

Using Theorem 14.12 and the results from sections 3 and 4we obtain some crite-
rions of the existence of periodic (almost periodic, recurrent) solutions of equation
(14.15). For example, the following statements hold.

Theorem 14.13 Let (Q,Z4,7) be a dynamical system and Q consists of m-
periodic (almost periodic, recurrent) points. Then under the conditions of Theorem
14.3 the equation (14.15) admits an invariant integral manifold consisting from m-
periodic (almost periodic, recurrent) solutions.

Theorem 14.14 Let (Q,Z4,7) be a dynamical system and Q consists of m-
periodic (almost periodic, recurrent) points. Under the conditions of Theorem 14.4
for a sufficiently small \ the equation (14.16) admits a unique invariant mani-
fold vy consisting from m-periodic (almost periodic, recurrent) solutions of equation

(14.16).
Example 14.2 Consider the equation

Unt1 = f(n,uy) (14.34)

where f € C(Z4 x E, E); here C(Z4 x E, E) is the space of all continuous functions
Z+ x E — FE) equipped with a compact-open topology. This topology can be
metrized. For example, by the equality

. Ix 1 dn(f17d2)
d(f1, f2) :== Z 20 1+ dy(fi1,d2)

1

where d,,(f1,d2) := max{p(f1(k,u), f2(k,w)) | k € [0,n], |u| < n}, there is defined

a distance on C(Z4 x E, FE) which generates the topology of pointwise convergence

with respect to n € Z, uniformly with respect to u on every compact from E.
Along with equation (14.34), we will consider the H-class of equation (14.34)

Unt1 = g(n,on) (9 € H(S)), (14.35)
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where H(f) = {fm | m € Z4} and the over bar denotes the closure in C(Z4 x E, E),
and f(n,u) = f(n 4+ m,u) for all n € Z; and v € E. Denote by (C(Z4+ x
E,FE),Z,0) the dynamical system of translations. Here o(m,g) := g, for all
m € Zy and g € C(Z4 x E, E).

Let © be the hull H(f) of a given function f € C(Z4 x E, E) and denote the
restriction of (C(Z4+ x E,E),R,0) on Q by (Q,Z1,0). Let F: Q x E — E be a
continuous map defined by F(g,u) = ¢(0,u) for g € Q and u € E. Then equation
(14.35) can be rewritten in such form:

Upt1 = Fo"w, uy),
where w := g and ¢"w := g,.

Definition 14.13 The function f € C(Z4+ x E, E) is said to be periodic (almost
periodic, recurrent), if f € C(Z4 x E, E) is a periodic (almost periodic, recurrent)
point of the dynamical system of translations (C(Zy x E,E),Zy,0).

If the function f € C(Z4 x E, FE) is periodic (almost periodic, recurrent), then
the set  := H(f) is the compact minimal set of the dynamical system (C(Z4 X
E,FE),Z4,0) consisting from periodic (almost periodic, recurrent) points.

14.6 Pseudo recurrent solutions

Definition 14.14 Recall that an autonomous dynamical system (2, Z, o) is said
to be pseudo recurrent, if the following conditions are fulfilled:

a)  is compact;

b) (,Z4,0) is transitive, i.e. there exists a point wg € € such that Q =
{070 [n € Z1

¢) every point w € Q is stable in the sense of Poisson, i.e.

N, = {{nk} | c™w — wand n — +oo} £ (.

Lemma 14.4 Let (X,Z4,7),(Q,Zs,0),h) be a non-autonomous dynamical
system and the following conditions be fulfilled:

1) (Q,Z4,0) is pseudo recurrent;
2) vy € C(Q,X) is an invariant section of the homomorphism h: X — Q.

Then the autonomous dynamical system (y(2),Zy,m) is pseudo recurrent too.
Proof. Tt is evident that the space () is compact, because Q is compact and

v € C(2,X). We note that on the space v(2) we have the dynamical system
(v(Q),Z4,7) defined by the homomorphism v : Q@ — (). Namely, 7"v(w) :=
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v(o"w) for all n € Z; and w € Q. Hence, 7"y(w) = m"v(w) for all n € Z; and
w € Q. Now we will show that v(Q2) = {7"y(wo) | n € Z+}. Really, let x € ().
Then there exists a unique point w € Q such that z = y(w). Let {nx} C Z+ be a

sequence such that c™*wy — w. Then z = y(w) = klim Y(o™wy) = klim Ty (w)
— 400 ——+00

and, consequently, v(2) C {m™y(wo) | n € Z4+}. The inverse inclusion is trivial.
Thus, v(2) = {7"vy(wo) | n € Z4+}. To finish the proof of the lemma it is sufficient
to note that 91, C M, (,,) for every point w € Q and, consequently, every point y(w)

is stable in the sense of Poisson. The lemma is proved. (I

Lemma 14.4 implies that under the conditions of Theorem 14.2 (respectively of
Th. 14.3, 14.5 or Th. 14.9) equation (14.32) or equation (14.15)) admits a pseudo
recurrent integral manifold.

Therefore, we have the following result.

Theorem 14.15 Assume the driving dynamical system (Q,Z4,0) is pseudo re-
current, and assume the conditions of Theorem 14.2 (respectively of Th. 14.3, 14.5
or Th. 14.9) are satisfied. Then equation (14.32) (respectively, equation (14.34) or
equation (14.15)) admits a pseudo recurrent integral manifold.

14.7 Chaos in triangular maps

Let (X, p) be a metric space and (X,Z,7) be a discrete dynamical system gener-
ated by positive powers of the map f : X — X, ie. w(n,z) = f"z for all z € X
and n € Z,, where f* := f""lo f.

Definition 14.15 A subset M C X is called transitive, if there exists a point
xo € X such that H(zg) := {m(n,z0) | n € Z4+} = M.

Definition 14.16 {p,q} C X is called a Li-Yorke pair, if simultaneously

liminf p(m(n, p), (n, q)) = 0 and limsup p(x(n, p), 7(n, g)) > 0.

n—-+oo n—-+o0o

Definition 14.17 A set M C X is called scrambled, if any pair of distinct points
{p,q} € M is a Li-Yorke pair.

Definition 14.18 A dynamical system (X,Zy,7) is said to be chaotic, if X
contains an uncountable subset M satisfying the following conditions:

(1) the set M is transitive;

(2) M is scrambled;

(3) P(M) = M, where P(M) := {x € M | M, # 0} (i.e. x € P(M), if x is stable
in the sense of Poisson) and by bar we denote the closure in X.



Bibliography 479

Theorem 14.16 Let (X,Z4,7) and (,Z4,0) be two dynamical systems and v :
X — Q be a homeomorphism of (2, Z4,0) onto (X,Zy, 7). Assume that (Q,Z4,0)
is chaotic. Then the dynamical system (X, Zy,7) is chaotic too.

Proof. Let (2, Z4,0) be chaotic and v : X — € be a homeomorphism of (2,Z, o)
onto (X,Z4, 7). Then there exists a subset A C Q satisfying all the conditions of
Definition 14.17. Denote M := v(A). Then the set M is transitive and P(M) = M
(see the proof of Lemma 14.4). Note that the set M := v(A) is uncountable,
because the homeomorphism v : Q — X transforms different points to different
points. Finally, to finish the proof of Theorem 14.16 it is sufficient to note that the
homeomorphism v :  — X maps a Li-Yorke pair in (Q,Z,0) to a Li-Yorke pair
in (X,Z4,m). The theorem is proved. O

Using Theorem 14.16 and the results from sections 3 and 4 we will obtain some
criterions of the existence of chaotic sets for triangular maps. For example the
following statements are held.

Theorem 14.17 Let (Q,Z4,m) be a chaotic dynamical system. Then under the
conditions of Theorem 14.3 equation (14.15) (respectively triangular map) admits a
compact invariant chaotic set.
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V —monotone cocycle, 394
a-condensing, 295, 435
a-condensing cocycle, 299
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a-limit, 2

A-condensing, 35
A-contraction, 33

C-analytic dissipative dynamical system,
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C-analytic system, 123
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M-dissipative, 10
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w-limit, 2

€ > 0 shift (almost period) of point
re X, 2

r-cycle, 156
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1-cycle, 156

absorbing (uniformly absorbing), 270
almost recurrent (almost periodic), 2
asymptotic stable, 3

asymptotically T-periodic, 74

Index
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asymptotically compact, 31
asymptotically recurrent, 74
asymptotically stationary, 74
attracting, 3

autonomous Lorenz systems, 245

base of extension, 6

Bebutov’s dynamical system, 5
Bohr’s almost periodic function, 327
bounded, 36

bounded k (b)-dissipativity, 11
bounded dissipative, 10

cascade (discrete flow), 1

Cauchy’s matrix, 226

center of Levinson, 11, 12

chain recurrent, 155

chaotic, 478

cocycle, 7

collectively ( uniformly collectively)
asymptotic compact, 270

collectively compact dissipative, 268

compact k (b)-dissipative, 11

compact k (b)-dissipativity, 11

compact bounded, 36

compact dissipative, 10

compact dissipative cocycle, 249
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completely continuous, 30

condensing, 34
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condition (A), 70
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dissipativity of the equation, 120
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dynamical system, 1

dynamical system of translations, 5
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factor of dynamical system, 6
flow, 1
forward attractor, 290
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global attractor, 29
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jointly recurrent, 408
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Kuratowsky, 9
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monotone operator, 239
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non-autonomous dynamical system, 6
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Poincare transformation, 169
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projection, 463
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pullback attractor, 93
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stable (unstable) manifold, 3
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negative direction, 2

stable in the sense of Poisson in the
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point, 2

Stepanov almost periodic function, 330
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